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Fixed point theorems for single- and
set-valued F-contractions in b-metric spaces
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Abstract. Very recently, Miculescu and Mihail in (J. Fixed Point The-
ory Appl 19:2153-2163, 2017) gave a sufficient condition for Cauchy-
ness on sequences in b-metric spaces. In this paper, we give a weaker
sufficient condition. Also, to show the new sufficient condition is rea-
sonably weak, we give an example. Using the new sufficient condition,
we prove fixed point theorems for set-valued F-contractions in complete
b-metric spaces. We also prove a fixed point theorem for single-valued
F-contractions in complete b-metric spaces.
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1. Introduction
We begin by recalling the concept of a semimetric space.

Definition 1. Let X be a nonempty set and let d be a function from X x X
into [0, 00). Then (X, d) is said to be a semimetric space if the following hold:
(D1) d(z,z) =0.

(D2) d(z,y) =0=z=y.

(D3) d(z,y) = d(y,z). (symmetry)

The following concept is called a b-metric space or a pseudometric space.

Definition 2. ([2,3]) Let (X, d) be a semimetric space and let K > 1. Then
(X,d, K) is said to be a b-metric space or pseudometric space if the following
hold:

(D4) d(z,z) < K (d(z,y) + d(y, 2)). (K-relaxed triangle inequality)
We note that in the case where K = 1, every b-metric space is obviously

a metric space. So this concept is a weaker concept than that of metric space.
Very recently, Miculescu and Mihail proved the following lemma. The author
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strongly believes that this lemma will play a very important role in the fixed
point theory.

Lemma 3. (Lemma 2.2 in [6]) Let (X, d, K) be a b-metric space. Let {x,} be
a sequence in X. Assume {d(x,,Tn11)} € O(r™) for some r € (0,1). Then
{zn} is Cauchy.

Remark. See Definition 5 for the definition of O(r™). To speak exactly, the
assumption in [6] is a little stronger than Lemma 3. However, from the proof
in [6], we can tell that Miculescu and Mihail proved the above lemma in [6].

Wardowski in [11] introduced the concept of F-contraction and proved
the following fixed point theorem.

Theorem 4. (Theorem 2.1 in Wardowski [11]) Let (X, d) be a complete metric

space and let T be a F-contraction on X, that is, there exist a function F

from (0,00) into R and real numbers 7 € (0,00) and k € (0,1) satisfying the

following :

(F1) F is strictly increasing.

(F2) For any sequence {an} of positive numbers, lim,a, = 0 <&
lim,, F(a,) = —oo.

(F3) lim[tF F(t) : t — 4+0] = 0.

(F4) 74+ Fod(Txz,Ty) < Fod(x,y) for any x,y € X with Tz # Ty.

Then T has a unique fized point z. Moreover, {T™x} converges to z for all

reX.

In this paper, we generalize Lemma 3 (see Lemma 11). To show that
the assumption of Lemma 11 is reasonably weak, we give an example (see
Example 26). Using Lemma 11 essentially, we prove fixed point theorems
(Theorems 13 and 14) for set-valued F-contractions in complete b-metric
spaces. We also prove a fixed point theorem (Theorem 23) for single-valued
F-contractions in complete b-metric spaces.

2. Preliminaries

Throughout this paper, we denote by N the set of all positive integers and by
R the set of all real numbers. For an arbitrary set A, we also denote by #A
the cardinal number of A. For ¢t € R, we denote by [¢] the maximum integer
not exceeding ¢.

Definition 5. Let {a,} be a sequence in [0, 00) and let {b,} be a sequence in
(0,00). Then we write {a, } € O(b,,) if there exists C' > 0 satisfying a,, < C'b,,
for all n € N.

The following proposition is well known and is easily proved.

Proposition 6. Let r,s € (0,1) satisfy v < s and let o, 5 € (1,00) satisfy
a < B. Then the following hold :

(i) O(r™) C O(n™2).

(ii) {n=} ¢ O(r™).
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Definition 7. Let (X, d) be a semimetric space, let {x,} be a sequence in X
and let z € X.

{zy} is said to converge to x if lim,, d(x,,z) = 0.

{z,} is said to be Cauchy if lim,, sup{d(zy, zm) : m >n} = 0.

e X is said to be Hausdorff if lim,, d(z,,x) = 0 and lim, d(z,,y) = 0
imply z = y.

X is said to be complete if every Cauchy sequence converges.

In general, not every semimetric space is metrizable. However, it is well
known that every b-metric space is metrizable. So we can define the closed-
ness. See Proposition 14.5 in [3] and others.

Definition 8. Let (X, d, K) be a b-metric space. Let A be a subset of X.

e A is said to be closed if for any convergent sequence in A, its limit
belongs to A.
e A is said to be bounded if sup{d(z,y) : z,y € A} < c0.

Let (X,d,K) be a b-metric space and let CB(X) be the set of all
nonempty, bounded and closed subsets of X. For z € X and any subset A
of X, we define d(z, A) = inf{d(z,y) : y € A}. Then the Hausdorff-Pompeiu
metric H with respect to d is defined by

H(A, B) = max{sup{d(u, B) : u € A}, sup{d(v,A) : v € B}}
for all A, B € CB(X).

Lemma 9. Define a function f from N into NU {0} by

f(n) = —[—1logy n]. (1)
Then the following hold:
(i) 2kt <n <28 & f(n)=k for anyn €N and k € NU{0}.
(ii) (Lemma 7 in [8]) f is nondecreasing.
Proof. Obvious. O
Lemma 10. (Lemma 5 in [8]) Let (X,d, K) be a b-metric space. Define f by
(1). Forn € N and (xg,...,z,) € X",

n—1

d(l‘o,ﬂ?n) S Kf(n) Z d(l‘j,l‘j_H)
7=0

holds.
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3. Lemmas

In this section, we prove two lemmas, which are used in Sect. 4. We first
generalize Lemma 3.

Lemma 11. Let (X,d, K) be a b-metric space. Let {x,} be a sequence in X.
Assume

{d(@n, Tni1)} € U{O(niﬁ) 13> 1+log, K}
Then {x,} is Cauchy.

Remark. We do not know that the above assumption is best possible. How-

ever, at least, we can tell that the number 1 + log, K is best possible. See

Example 26 below. There exists a sequence {z, } in a b-metric space (X, d, K)

such that {z,,} is not Cauchy and {d(z,,2n+1)} € O(n~(+182K)) holds.

Proof. From the assumption, there exist 3 > 1+log, K and C' > 0 satisfying
d(xn, Tnt1) < cn P

for any n € N. We note 2 K < 2%, Choose p € N satisfying 2 K1*+1/# < 28,
Then we have

ot kP < 908 and hence KHT120 (-0 <1, (2)
Define a function h from N into itself by
Qumn
= - ni
h(n):=2+ 5 — 2+Z2

For k,m,n € N with h(k) <m <n < h(k+ 1), we have by Lemmas 9 and 10

n—1
AL, ) < KF7m) Z d(zj,2j41) (3)
j=m
h(k+1)—
< gt (hk+D)=h(k)) 3 d (27, 7j41)
j=h(k)
h(k+1)—
wk
= K/ Z d (@, 2541)
j=h(k)
h(k+1)—1
= KMk Z dx]vxﬁ-l
j=h(k)
h(k+1)—1
<CErF Y P
j=h(k)
h(k+1)-1
< O KMk / t=F dt
h(k)—1
h(k+1)—2+1/(2#—1)
< C Kr*k / t=9 dt
h(k)—2+1/(21—1)
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CK;Lk |:1 3 2u(k+1)/(2u71)
T "]

=13

1 —2on(1-8)
—CKMF ——
Bg—1

= M (K 2! Pk,

where we put M:=C (1 — 2+1=8))(2# — 1)8-1/(3 —
(K21—B)u = KHtl 2u(1—ﬁ)/K <1/K <1

holds by (2), we note

(2" —1

20k /(20 —1)
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)5,1 onk(1-p

1) > 0. Since

35

Jim M (K 2Bk — . (4)

For k,¢,m,n € Nwith k </, h(k) <m < h(k+1) and h({) <n < h(f+1),
we have by (2) and (3)

d(Tm, Tn)

< K d(zm, Thrs1)) + K d(@pet1), Tn)

< KM (K272 E 4 K2 d(z 1), Thiesa)) + K2 d(Thesa), Tn)

2
< Z KM (K 24Py 40 4 K3 d(wy 3y, )
l—k—1 _
<. < Z K+ 0\ 21—ﬁ)p(k+z) + Kk d(xh(é) xn)
=0
—k—1
< Z Kt 21*ﬁ)#(k+i) + Kk g (K 217[3)#2
=0
—k

S ZK1+1 K21 ﬁ);t (k+l)

S Z Ki—‘rl M (K 21—ﬂ)u (k+1)

=K M (K 2"k !

1 — Kpt+lop(1-6)"

Noting (4), we obtain that {z,} is Cauchy. O

The following lemma is essentially proved in the proof of Theorem 2.1

n [11].

Lemma 12. ([11]) Let {t,} be a sequence in (0,00). Assume that there exist
a function F from (0,00) into R and real numbers T € (0,00) and k € (0,1)

satisfying (F2),(F3) and the following:
e nT+ F(tn+1) S F(tl)
Then {t,} € O(n=/*) holds.
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Proof. From the assumption, we have lim,, F'(¢,) = —oco. By (F2), we have
lim,, t,, = 0. So, using (F3), we obtain lim,, t,* F(t,) = 0. We have
0= lim t,"(F(t,) — F(t1) — 7)
< liminf(—t,*n7) < limsup(—t,* n7)

<0,

which implies lim, nt,* = 0. Choose v € N satisfying nt,* < 1 for any
n > v. Then we have t,, < n~1/k for any n > v. We obtain the desired result.
O

4. Set-valued mappings

We prove fixed point theorems for set-valued F-contractions in complete b-
metric spaces.

Theorem 13. Let (X, d, K) be a complete b-metric space. Let T be a mapping
from X into CB(X). Assume that there exist a function F from (0,00) into
R,

ke (0,1/(1+log, K))
and 7 € (0,00) satisfying (F2),(F3) and the following:

(F5) For any x,y € X and u € Tz, there exists v € Ty such that either
v=u or

T+ Fod(u,v) < Fod(z,y)
holds.
Then T has a fized point.

Remark. We do not need (F1). On the other hand, we do need (F3). Compare
Theorem 13 with Theorem 23.

Proof. Arguing by contradiction, we assume that 7' does not have a fixed
point. Fix uy € X and ug € Tu;. We note ug # uy. Since ug & Tusg, from the
assumption, we can choose us € Tuy satisfying

T+ Fod(ug,us) < Fod(uy,usg).
Continuing this argument, we can choose a sequence {u,} in X satisfying
Unt1 € Tu, and 74 Fod(upt1, tnte) < Fod(up, Unt1)
for any n € N. So it is obvious that
ntT+ Fod(upi1,Unt2) < Fod(uy,us)
holds for any n € N. By Lemma 12, {d(upn, un41)} € O(n~'/*) holds. Since
1/k € (14 log, K, 00)
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holds, by Lemma 11, we obtain that {u,} is Cauchy. Since X is complete,
{un} converges to some z € X. For n € N, there exists z, € Tz such that
either
Zn =Upy1 OF T+ Fod(upy,zn) < Fod(up,z2)

holds. Let {f(n)} be an arbitrary subsequence of the sequence {n} in N. We
consider the following two cases:

o #{neN:zpp) = upm)41}) = 0.

o #{neN:zpp) = upm)41} < o0
In the first case, there exists a subsequence {g(n)} of {n} in N satisfying
Zfog(n) = Ufog(n)+1- 1t is obvious that lim, d(2feg(n),2) = 0 holds. In the
second case, there exists a subsequence {g(n)} of {n} in N satisfying

T+ Fod(Ugog(ny+1s Zfog(n) < F 0 d(tgog(n), 2)-
Since lim,, d(u,, z) = 0 holds, we have lim,, d(tfog(n)+1; Zfog(n)) = 0 by
(F2). We have
Jim d(zpoginy2) < lim K (d(Zfogn), trog(m+1) + d(Ugogmy41,2)) = 0.

Therefore, we have proved lim, d(zfo4(n),2) = 0 in both cases. Since f is
arbitrary, we obtain lim,, d(z,,z) = 0. Since Tz is closed, we have z € Tz.
This is a contradiction. Therefore, we have shown that T has a fixed
point. O

Altun, Minak and Dég in [1] proved a fixed point theorem for set-valued
F-contractions in complete metric spaces under the following assumption:

(F6) F(inf A) =inf FI(A) for all A C (0,00) with inf A € (0, 00).
It is obvious that under (F1),(F6) and the following are equivalent.
(F7) F is upper semicontinuous.

We extend Theorem 2.5 in [1] to b-metric spaces.

Theorem 14. Let (X,d, K) be a complete b-metric space. Let T be a mapping
from X into CB(X). Assume that there exist a function F from (0,00) into
R, k€ (0,1/(1+1logy K)) and T € (0,00) satisfying (F1)-(F3),(F7) and the
following:
(F8) For any x,y € X with Tx # Ty,

T+ FoH(Tx,Ty) < Fod(x,y)

holds.
Then T has a fized point.

Remark. Considering the continuous function ¢ +— In(t), we find that The-
orem 14 is a generalization of Corollary 14 in [8]. See also Example 2.1 in
[11].

Proof. Fix z,y € X and u € Tx. We consider the following two cases:
e d(u,Ty) =0.
e d(u,Ty) > 0.
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In the first case, since Ty is closed, we have u € Ty. In the second case, we
have Tz # Ty. So,

T4+ FoH(Tx,Ty) < Fod(x,y)
holds. From (F1) and d(u,Ty) < H(Tx,Ty), we have

T+ Fod(u,Ty) < Fod(z,y).
From (F6), we have

inf{F od(u,w) :w e Ty} = Fod(u,Ty) < Fod(x,y) — T
< Fod(z,y) —T1/2.

So we can choose v € Ty satisfying

7/2+ Fod(u,v) < Fod(z,y).

Thus, we have shown (F5) with 7:=7/2. By Theorem 13, we obtain the desired
result. O

5. Preliminaries, part 2

Throughout this section, we let 1 be a function from [0, 00) into itself. We
define the following condition:
(H1) For any sequence {a,} in [0, 00), lim, n(a,) =0 < lim, a, = 0. (See
Lemma 6 in Jachymski [4])
The proofs of the following lemmas are obvious.

Lemma 15. ([9]) The following are equivalent:
(i) n satisfies (H1).
(ii) The conjunction of the following holds:
(a) For any e > 0, there exists 0 > 0 such that t < § implies n(t) < e.
(b) For any § > 0, there exists € > 0 such that n(t) < € implies t < 9.

Lemma 16. (Lemma 2.2 in [10]) Let n satisfy (H1). Then n=(0) = {0} holds,
that is, n(a) =0 a=0.

Lemma 17. ([9]) Let (X,d) be a semimetric space and let n satisfy (H1).
Define a function p from X x X into [0,00) by p = nod. Let {x,} be a
sequence in X and let x € X. Then the following hold:
(i) (X,p) is a semimetric space.
(ii) {zn} converges to x in (X,d) iff {xn} converges to z in (X,p).
(iil) {xn} is Cauchy in (X,d) iff {z,} is Cauchy in (X,p).
(iv) (X,d) is complete iff (X,p) is complete.
(v) (X,d) is Hausdorff iff (X,p) is Hausdorff.

We will show that (D4) implies the following (D5).

Lemma 18. Let (X,d, K) be a b-metric space. Then the following holds:

(D5) For any € > 0, there exists § > 0 such that d(z,y) < 0 and d(y,z) < ¢
imply d(z,z) < e.
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Proof. Fixe > 0. Put 6:=¢/(2K) > 0. Let z,y, z € X satisty d(x,y) < J and
d(y,z) < 6. Then we have by (D4)

d(z,z) < K (d(z,y) +d(y,2)) <2Kd =e.
Therefore, we obtain (D5). O

Lemma 19. Let (X,d) be a semimetric space. Assume (D5). Let n satisfy
(H1). Then (D5) with d:=n o d holds.

Proof. Define p by p = nod. Fix ¢ > 0. Then by Lemma 15, there exists
e > 0 such that ¢t < e implies n(t) < ¢’. By (D5), there exists § > 0 such
that d(x,y) < 6 and d(y, z) < ¢ imply d(z, z) < . By Lemma 15 again, there
exists 0’ > 0 such that n(t) < ¢ implies t < 6. We let z,y,2 € X satisfy
p(z,y) < & and p(y, z) < §'. Then we have d(z,y) < § and d(y, z) < §. From
the above, d(z, z) < € holds. Hence, p(x, z) < ¢’ holds. We have shown (D5)
with d:=p. O

Lemma 20. Let (X, d) be a semimetric space. Assume (D5). Then (X,d) is
Hausdorff.

Proof. Assume lim, d(z,,z) = 0 and lim, d(z,,y) = 0. Fix ¢ > 0. Then
there exists § > 0 such that d(u,v) < § and d(v,w) < ¢ imply d(u,w) < e.
For sufficiently large n € N, we have

d(z,z,) =d(zn,z) < and d(z,,y) <.

Hence, d(z,y) < € holds. Since € > 0 is arbitrary, we obtain z = y. O

6. Single-valued mappings

We prove a fixed point theorem for single F-contractions in b-metric spaces,
using the following splendid fixed point theorem proved by Jachymski,
Matkowski and Swigtkowski in [5].

Theorem 21. (a corollary of Theorem 1 in [5]) Let (X,d) be a Hausdorff,
complete semimetric space. Assume the following:

(D6) There exist 6 > 0 and € > 0 such that d(z,y) < § and d(y, z) < & imply
d(z,z) <e.
Let T be a contraction on X, that is, there exists r € [0,1) satisfying
d(Tx,Ty) < rd(z,y)

for all z,y € X. Then T has a unique fixed point z. Moreover, {T"x} con-
verges to z for all x € X.

Theorem 22. Let (X, d) be a complete semimetric space. Assume (D5). Let T
be a mapping on X. Assume that there exist a function F from (0,00) into R
and a real number T € (0,00) satisfying (F2) and (F4). Then T has a unique
fized point z. Moreover, {T™x} converges to z for all z € X.
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Proof. Define a function 1 from [0, c0) into itself by

0 ift=0
n(t) = .
exp oF'(¢) if £ > 0.

From (F2), it is obvious that 7 satisfies (H1). By (F4), we also have
nod(Tx,Ty) < exp(=7)n o d(z,y)

for any z,y € X with Tx # Ty. It is obvious that this inequality holds even
when Tax = Ty. We note exp(—7) < 1. Define a function p by p = nod.
Then by Lemmas 17, 19 and 20, (X, p) is a Hausdorff, complete semimetric
space satisfying (D5). We note that (D6) is weaker than (D5). Thus, we have
shown all the assumptions of Theorem 21. So by Theorem 21, we obtain the
desired result. 0

Theorem 23. Let (X,d, K) be a complete b-metric space. Let T be a mapping
on X. Assume that there exist a function F from (0,00) into R and a real
number T € (0,00) satisfying (F2) and (F4). Then T has a unique fized point
z. Moreover, {T™x} converges to z for all x € X.

Remark. We need neither (F1) nor (F3).

Proof. By Lemma 18, (D5) holds. So by Theorem 22, we obtain the desired
result. g

Using Theorem 23, we obtain the following corollary.

Corollary 24. Let (X,d) be a complete metric space. Let T be a mapping
on X. Assume that there exist a function F from (0,00) into R and a real
number T € (0,00) satisfying (F2) and (F4). Then T has a unique fized point
z. Moreover, {T™x} converges to z for all x € X.

Remark. Considering the proof of Theorem 22, we can tell that Corollary 24
is a corollary of Theorem 9 in Jachymski [4]. See also Remark below the proof
of Theorem 17 in [7].

7. Counterexample

We give a counterexample concerning Lemma 11.

Lemma 25. Let {t,,} be a sequence in (0,00). Assume that there exist p €
(1,0), B,C € (0,00) and v € R such that

C

uk +v<n implies t, < 7F
L
for any k,n € N. Then {t,} € O(n=") holds.

Proof. Choose k € N satisfying pu® + v < p®*1. It is obvious that

uF <kt



Vol. 20 (2018) F-contractions Page 11 of 12 35

holds for any k > & because v < p® (u — 1) < p¥ (p —1). Fix n € N with
n > p" 4+ v. We choose k € N satisfying

uk+1/§n<uk+1+1/.

Then we have

Hence,

holds. Noting #{n € N:n < u"+v} < oo, we obtain the desired result. O

Ezample 26. (Example 11 in [8]) Let K > 1. Let X be a subset of [1,00)
satisfying N C X and #(X N[n,n+ 1)) = 2" for any n € N. Define a strictly
increasing function y from N into X satisfying x(N) = X. Define a sequence
{v;} in N satisfying x(v;) = j for any j € N. Define a sequence {a,} in
(0,00) by a,, = 27" K~". Define a function f from N into N U {0} by (1).
Define a function g from N U {0} into [0, c0) by

9(0) =0,
g(n) = (2n — 27y K0 4 (27 () — ) g7 ()1

for n € N. Define a function d from X x X into [0, 00) by

d(x(m), x(n))

0 ifm=mn
g(n —m) ag if v, <m < n < vy for some k € N
d(X(m)7] + 1) ifry <m< v S
= k—1
+ Z d(i,i+1) + d(kaX(n)) <n < vpyq for some j,k € N
i=j+1
d(x(n),x(m)) ifm>n

for all m,n € N. Then the following assertions hold:

(i) (X,d, K) is a b-metric space.
(ii) {x(n)} is not Cauchy.
(iii) {d(x(n), x(n+ 1))} c O(n_(1+1°g2 K)).

Proof. We have proved (i) and (ii) in [8]. Let us prove (iii). We note

1
ok <41 <okt o d(X(n),X(nJr 1)) S — R — 9—(1+log, K) k

for any n,k € N. By Lemma 25, we obtain {d(x(n),x(n + 1))} €
O(n7(1+log2K)). 0



35 Page 12 of 12 T. Suzuki JFPTA

Acknowledgements

The author is supported in part by JSPS KAKENHI Grant Number
16K05207 from Japan Society for the Promotion of Science.

Compliance with ethical standards
Conflict of interest The author declares that he has no conflict of interest.

References

[1] Altun, i., Mmak, G., Dag, H.: Multivalued F-contractions on complete metric
spaces. J. Nonlinear Convex Anal. 16, 659-666 (2015). MR3343167

[2] Czerwik, S.: Nonlinear set-valued contraction mappings in b-metric spaces. Atti
Sem. Mat. Fis. Univ. Modena 46, 263-276 (1998). MR 1665883

[3] Heinonen, J.: Lectures on Analysis on Metric Spaces. Springer, Berlin (2001).
MR1800917

[4] Jachymski, J.: Remarks on contractive conditions of integral type. Nonlinear
Anal. 71, 1073-1081 (2009). MR2527526

[5] Jachymski, J., Matkowski, J., SWi@tkowski, T.: Nonlinear contractions on semi-
metric spaces. J. Appl. Anal 1, 125-134 (1995). MR1395268

[6] Miculescu, R., Mihail, A.: New fixed point theorems for set-valued contrac-
tions in b-metric spaces. J. Fixed Point Theory Appl. 19, 2153-2163 (2017).
MR3692446

[7] Suzuki, T.: Discussion of several contractions by Jachymski’s approach. Fixed
Point Theory Appl. 2016, 91 (2016). MR3548683

[8] Suzuki, T.: Basic inequality on a b-metric space and its applications, J. Inequal.
Appl. 2017, 256 (2017). MR3711630

[9] Suzuki, T.: Fixed point theorems for contractions in semicomplete semimetric
spaces (submitted)

[10] Suzuki, T., Kikkawa, M.: Generalizations of both Ciri¢’s and Bogin’s fixed
point theorems. J. Nonlinear Convex Anal. 17, 2183-2196 (2016). MR3597354

[11] Wardowski, D.: Fixed points of a new type of contractive mappings in complete
metric spaces. Fixed Point Theory Appl. 2012, 94 (2012). MR2949666

Tomonari Suzuki

Department of Basic Sciences, Faculty of Engineering
Kyushu Institute of Technology

Tobata

Kitakyushu 804-8550

Japan

e-mail: suzuki-t@mns.kyutech.ac. jp



	Fixed point theorems for single- and set-valued F-contractions in b-metric spaces
	Abstract
	1. Introduction
	2. Preliminaries
	3. Lemmas
	4. Set-valued mappings
	5. Preliminaries, part 2
	6. Single-valued mappings
	7. Counterexample
	Acknowledgements
	References




