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Brake orbit solutions for semilinear elliptic
systems with asymmetric double well
potential
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Abstract. We consider a class of semilinear elliptic system of the form:
— Au(z,y) + VW (u(z,y)) =0, (z,y) € R, (0.1)

where W : R? — R is a double well potential with minima at € R?. We
show, via variational methods, that if the set of minimal heteroclinic
solutions to the one-dimensional system —{(z) + VW (¢(z)) =0, z € R,
up to translations, is finite and constituted by not degenerate functions,
then Eq. (0.1) has infinitely many solutions v € C*(R?)?, parametrized
by an energy value, which are periodic in the variable y and satisfy
limg 400 u(z,y) = a+ for any y € R.
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1. Introduction
We consider semilinear elliptic system of the form:

— Au(w,y) + VW (u(z,y) =0, (z,9) € R? (1.1)
where W € C?(R?) satisfies

(W7) There exist ayx € R?, such that W(ay) = 0, W(§) > 0 for every
¢ e R?\{a1} and D?*W (ay) are definite positive.

(W3) There exists R > 0, such that infje_p W(§) = wo > 0 and
VW (€)E > 0 for |¢] > B
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The problem of existence of differently shaped entire solutions for equa-
tions or systems of the form (1.1) has been widely studied in the last years,
both in the autonomous or non-autonomous cases (see [3,7,8,10-18,21-27]
and the references therein).

Here, we look for solutions u € C?(R?)? of (1.1) satisfying the asymp-
totic conditions:

lim w(z,y) =ay uniformly wrt. yeR. (1.2)

r—Foo
Problems (1.1)—(1.2) arise considering the reaction-diffusion system
opu(w,y) — 2 Au(w,y) + VW (u(z,y)) =0, (z,y) € Q CR? (1.3)

in the limit as ¢ — 0%. Solutions to (1.3) converge almost everywhere to
global minima of W and sharp phase interfaces appear (see [19,29,31]) with
the first term in the expansion represented by solution to (1.1)—(1.2).

The problem of existence of planar solutions to (1.1)—(1.2) was stud-
ied by Alama et al. in [1] under the additional symmetry condition on the
potential:

(W3) W(=&1,&) = W(&,&)  forany  (£1,&) € R

In [1] is first considered the set of one-dimensional minimal solutions to
(1.1)—(1.2), that is, the set of solutions to

{—d(m) +VW(g(z)) =0, z€R

lirjx:l q(z) = ay. (1.4)

which are, furthermore, minima of the action

Vi) = [ S+ Wo) da
R
on the class of symmetric functions
I, ={qe H'(R)’|q(£oc) =ax and q(—z) = (—qi(z),q(x))}.
Denoting M, = {q € I's | V(¢) = infyer, V(¢)} in [1], it is proved that
if M, is a finite set, i.e., if Mg = {q1,...,qr} with k > 2 and ¢; # ¢; when
i # j, then there exists a solution v € C?(R?)? to (1.1) and (1.2) which is
asymptotic as y — oo to two different one-dimensional solutions ¢+ € M.
The result in [1] was strengthen in [2] where assuming (W7), (W3), and
(W3) and adapting to the vectorial case an energy constrained variational
argument used in [4-6,9], it is shown that (1.1)—(1.2) admit infinitely many
planar solutions whenever the set of one-dimensional minimal symmetric het-
eroclinic solutions is not a continuum. More precisely, a first result states that
if My decomposes in the union of two disjoint set:

(k)  Mg=M, UM, _ with distp2g) (M4, M) >0,
then, there exists a solution wu,, € C%(R?)? of (1.1)—(1.2) verifying w,, (-, y) €
I's for all y € R and distz2(g2)2 (um (-, y), Ms.+) — 0 as y — +oo. Together

with this first existence result, in [2], it is proved the existence of infinitely
many energy prescribed solutions of (1.1)—(1.2). To give an idea of the result,
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let us observe that any solution w of (1.1)—(1.2) verifying u(-,y) € T's for all
y € R can be roughly seen as a trajectory y € R — u(-,y) € 'y, solution to
the infinite dimensional Lagrangian system:

d? o

@u(vy) =V (u(ay»

Since y is cyclic in the equation, the corresponding energy is conserved
along such solutions, i.e., the function E, (y) = 3|9, u(-, y)||%2(]R)2 —V(u(-,y))
is constant on R (see [20] for more general identities of this kind). In particu-
lar, denoting m = minp_ V, the above solution u,, is such that E,, (y) = —m
for every y € R and it connects as y — oo the two disjoint parts M 4 of
the level set {¢g € T's|V(¢) < m}. In [2], this kind of result is generalized
to different value of the energy. Indeed, if b € (m,m + A) with A > 0 small
enough, by (%), the sublevel set {¢ € I's |V (q) < b} separates into two well
disjoint parts: {g € T's | V(q) < b} = V* UVY with distz2(V?, V%) > 0. Theo-
rem 1.2 in [2] establishes in particular that for any b € (m, m+ M), there exists
a solution u, € C%(R?)? of (1.1) and (1.2) with energy E,, (y) = —b which
connects (periodically or asymptotically depending on whether the value b is
regular or not for V) the set V* and V2.

Both the papers [1] and [2] use minimization arguments and the sym-
metry assumption (W3) is used to obtain compactness in the problem. The
existence problem for planar solutions of (1.1) and (1.2) avoiding the use
of the symmetry condition (W3) was first done by M. Schatzman in [30]. To
overcame the difficulties due to lack of compactness, in [30], it is assumed that
the set of (geometrically distinct) minimal one-dimensional heteroclinic con-
nections consists of two elements which are supposed to be non-degenerate,
i.e., the kernels of the corresponding linearized operators are one dimension.
In [30], it is shown that this assumption is generically satisfied by potentials
W satisfying (W7) and (W3).

Precisely, letting zg any smooth function, such that zp(z) = a4 forx > 1
and zo(x) = a_ for z < —1 and defining

I =2+ H'(R), m:irrlfV, M={qeT|V(g) =m}.
It is well known that (W7) and (Ws) are sufficient to guarantee that M # ().
Then, in [30], it is assumed that
(¥)—(i) There exists z_ # z; € I" such that
M={s_(—1),2:(— ) | t,s €R}.
()~(ii) The operators A+ : H2(R)? C L?(R)? — L?(R)?, Arh = —h +
D?W (z4)h, are such that Ker(AL) = span{z4}.

By the discreteness assumption (*)—(i), the minimal set M decomposes in
the disjoint union of the set of the translated of z_ and z,:

M =C(z_)UC(zy)

where we denote C(z4) = {z4(-—s) | s € R}. The non-degeneracy assumption
(%)-(ii) implies, roughly speaking, that in the directions orthogonal to C(z4 ),
V has a local quadratic behaviour (see Lemma 2.11 below) which allows to
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avoid sliding phenomena for the minimizing sequence of the problem along
the (non-compact) sets C(z4). In [30], it is proved that if (W7), (W3), and (%)
are satisfied (with W € C3(IR?)), then there exists u € C?(R?)? solution of
(1.1) and (1.2), such that lim, 4+ u(z,y) = 24+ (r —s+) for certain constants
s+ € R.

The aim of the present paper is to obtain as in [2] energy prescribed
solutions in the non-symmetric setting studied in [30]. Indeed by (x)-(i), anal-
ogously to what happens in the symmetric case, we have that if A > 0 is
sufficiently small and b € (m, m + \), then

{geT|V(g) <b}=V> UV, with distz=(V' V%) >0,

and we prove that there is a solution vy, of (1.1), (1.2) with energy E,, = —b
which connects in a periodic way the sets V4. More precisely

Theorem 1.1. Let W € C*(R?) be such that (W), (Wa) and (x) are satisfied.
Then, there exists N\g > 0, such that for any b € (m,m + Xg), there are
vp € C2(R?)? and T, > 0, such that v, solves (1.1)-(1.2) on R?, and moreover

() Fun () = 210,0(, )2 s — V(0(9)) = —b for ally € R.

i) vp(+,0) € V2, vp(-, Tp) € VY (and so dyv(-,0) = dyv(-,T) = 0).
i) vp(-,—y) = vp(-y) and vp(-,y +T) = vp(-, T —y) for any y € R.
) V(ve(y)) > b fory € (0,T).

Note that the solution v, is a periodic solution of period 27}, being
symmetric with respect to y = 0 and y = T}. As a trajectory, the function
y € R — uy(-,y) € T oscillates back and forth along a simple curve inside
the set {g € T | V(¢) > b} connecting the two turning points at its boundary
vy(-,0) € V¥ and vy(-,T;) € V2. In the dynamical system language, we can
say (see [32]) that v is a brake orbit solution of (1.1) and (1.2).

To prove Theorem 1.1, we apply an energy constrained variational argu-
ment analogous to the one used in [2] (see also [3-6,9] for different problems
in the scalar situation). Given b € (m,m + Xo), we look for minima of the
renormalized functional

o) = / 110,0(,9) 22z + (Vo)) — b) dy

on the class of functions u € H} _(R?)?, such that u(-,y) € I for almost every
y € R and which verify the constraint condition:

lim inf dist 2 (r)> (u(-,9),V2) =0 and inf V(u(-,y)) > b.
y—+oo yER

The lack of compactness due to the lack of symmetry in the problem is
overcome using (). The quadratic behaviour of the functional V' around the
sets C(z+) allows us to adapt to the present context some arguments devel-
oped in [9] to control sliding phenomena constructing a suitably precompact
minimizing sequence (v,) (see Lemma 3.12). Denoting ¥ its weak limit and
defining 5 = sup{y € R/9(-,y) € V*} and 7 = inf{y > 5 /9(-,y) € VL }, we
prove that & < 7 € R, v(-,5) € V*, 9(-,7) € V4 and V(9(-,y)) > bfor any y €
(,7). From the minimality properties of ¥, we recover that ¥ solves in a clas-
sical sense (1.1)—(1.2) on Rx (5, 7) and E;(y) = —bfor any y € (5, 7). Then, v
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satisfies the boundary conditions lim,_,;+ 9,0(-,y) = lim,_.>- 9,0(-,y) = 0,
and the solution v, is constructed from o by translations, reflections, and
periodic continuation.

We conclude with a brief outline of the paper. In Sect. 2, we present
a list of preliminary properties of the one-dimensional problem studying in
particular some consequences of the assumption (*). In Sect. 3, we introduce
our variational framework and prove Theorem 1.1.

Remark 1.1. We precise some consequences of the assumptions (W7) — (W),
fixing some constants and notation. For all x € R?, we set

x(&) = min{|z —a_| |z — a, |}
First, we note that since W € C%(R) and D?W (a..) are definite positive, then
Vr > 03w, >0 suchthatif x(z) <7 then W(x)>w,x(x)® (1.5)

Then, since W(ay) = 0, DW(ag) = 0, and D*W(ay) are definite
positive, we have that there exists § € (0, %) two constants w > w > 0, such
that if x(z) < 26, then

4w|é|? < D*W(z)¢ - € < 4w|¢|*  for all € € R? (1.6)

and
wy(z)? < W(z) <wx(z)?> and |[VW(z)| < 2wx(z). (1.7)
Finally, given q1,¢2 € L*(R)?, we denote ||¢1]| = [|q1llz2@®)2, (01,42) =

(q1,92) L2(r)2, and given A, B C L?(R)?, we denote
dist(4, B) = inf{||¢1 — ¢2|| | 1 € 4, ¢2 € B}.

2. The potential functional

PRELIMINARIES. In this section, we recall and list some well-known properties
of the functional

Vi) = [ 3P+ Wi

on the space I' = zg + H(R)%. Endowing I' with the Hilbertian structure

induced by the map @Q : H'(R)? — T, Q(2) = 20+ 2, we have that V € C?(T")

and that critical points of V' are classical solutions to the one-dimensional
heteroclinic problem associated to (1.1), that is

—G(t) +VW(q(t)) =0, teR,

: (2.1)

, hin q(t) = ax.

In particular, we are interested in the minimal properties of V' on I' and we
set
m:irrlfV and M={qgel|V(q) =m}

More generally, if I is an interval in R, we set

xmm:[aWW+WM@Mu
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noting that V; is well defined on H} (R)? with values in [0, +oc0] for any
ICR

Note that if ¢ € H (R)? is such that W(g(t)) > u > 0 for all ¢ €
(o,7) C R, then

Vier (@) > siim51a(r) = a(o)]* + p(r — 0) > /2 |a(7) —q(0)].  (2.2)
As consequence, by (W3), we obtain

Lemma 2.1. For any A > 0, there exists Ry > 0, such that if ¢ € T' and
llallLoe(r)2 = Ry, then V(q) > m + A.

Remark 2.2. By Lemma 2.1, we can fix R,,, > R, such that if ||¢|| . ®)> > R
and g € T, then V(q) > 2m.

By Lemma 2.1, if (¢,) C{V <m+A}:={q¢eT/V(q) <m+ A}, then
lgnllze® < Rx and ||¢n|lL2myy < 2(m + A) for any n € N. Hence, by the
semicontinuity of the L? norm with respect to the weak convergenze and the
Fatou Lemma, we recover

Lemma 2.3. Let (g,) C {V < m + A} for some X\ > 0. Then, there exists

q € H- (R)? with gl Lo )2 < R, such that, along a subsequence, g, — q in

loc
L2 (R)2, g, — ¢ weakly in L*(R)?, and moreover, V (q) < liminf,, . V(g,)

We can strength the result in Lemma 2.3 when A is sufficiently small
proving that, in this case, the set {V < m + A} is weakly precompact with
respect to the H} (R)? topology. To this aim, observe first that using (2.2)
and (1.7), one obtains

Lemma 2.4. For all § € (0,25) ifq€ T, t_ <ty € R are such that |q(t+) —
ai| =24, then
Vie_ey(q@) > m — 52(1 + 2w).

Then, fixing §y € (0,0) and setting po = inf{W (&) | x(£) > 6o} > 0, we
choose a constant:

X € (0,min{\/10/29,62(1 + 2w)}). (2.3)
Moreover, given g € I', we define
o, =sup{t e R/|q(t) —a_| <} and 7, = inf{t > o,/ |q(t) —at| > do}.
Since ¢ € I' and it is continuous, we have 0, < 7, € R and
lg(oq) —a_| =|q(1y) —ay| = dp and x(q(t)) > do for all t € (04, 74). (2.4)
There results

Lemma 2.5. There exists Ly > 0, such that for every ¢ € {V < m + A}, we
have

(i) g — o4 < L.

(i) Ift < oq, then |q(t) —a_| <26, and if t > 7, then |q(t) —ay| < 26.
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Proof. By (2.2) and (2.4), we have V5, ;)(q) > po(ry — 04) and since
Vieyr)(@) <V(q) <m+ A, (i) follows with Lo = (m + \)/po.

To prove (ii), assume by contradiction that there exists o < oy, such
that [¢(0) —a_| > 26 or 7 > 7,, such that |¢(7) —a| > 25. In both the cases,
there exists an interval (t_,¢;) C R\(oy,7,), such that |x(q(t))| > d for any
t e (t_,ty) and |q(ty) —q(t_)| = 6. Then, W(q(t)) > po for any t € (t_,ty),
and hence, by (2.2) and (2.3), Viz_¢,y(q) > V206 > 2. By Lemma 2.4, we
conclude m+Xo > V(q) > Vi, r)(@) + Vie_ 2,)(q) > m— S2(1+2w) + 2X >
m + A, a contradiction which proves (i4). O

The concentration property of the functions ¢ € {V < m+ A} described
in Lemma 2.5 allows us to obtain the following compactness result.

Lemma 2.6. Let (q,) C {V < m + A} be such that the sequence (o) is
bounded in R. Then, there exists a subsequence (qn,) C (qn) and q € T,
such that q,, —q — 0 weakly in H'(R)?. Moreover, if V(gn,) — V(q), then
Gn,, —q — 0 strongly in H'(R)?.

Proof. By Lemma 2.3, there exists a subsequence (¢,,) C (¢n), ¢ € H} (R)?,
such that ¢ € L?(R)?, llallL=®) < Rx, qn, — q weakly in Hlloc(R)Q, Gny, — ¢
weakly in L?(IR)2. For the first part of the lemma, we have to show that ¢ € T
and that g,, — ¢ — 0 weakly in L*(R)2.

To this aim note that since the sequence (oy,) is bounded in R and
(q,) € {V < m+ A}, by Lemma 2.5, there exists Ty > 0, such that for any
neN

if t < —Tp then |g,(t)—a_| < 26 and if t > T then |g,(¢t) —ay| < 25. (2.5)

. .
By the LfS, convergence, we derive

if t < —Tp then |g(t) —a_| < 25 and if t > Tj then |g(t) —a,| < 20. (2.6)
Then, by (1.7) and (2.6), we have

/ lg—a_[*dt = / x(g)*dt
t<—To t<—To
<z / W(g)dt < 2V(g) < 2(m+ X)
t<—Ty o o

and analogously ft>TO lg —a]? < i(m + A). Since we already know that
G € L?(R)?, this implies that ¢ — z9 € H'(R)?, i.e., g € T.
By (1.7) and (2.5), we obtain also f|t\>T0 X(qn)3dt < i(m—l—;\) for any n € N,
and so, by Lemma 2.1, the sequence ||g, — ql[z2(r)2 is bounded. This implies,
as we claimed, that ¢,, — ¢ — 0 weakly in L?*(R)2.

To prove the second part of the lemma, assume V(q,,) — V(q). Since
Gn, — q in L (R) and ¢,, — ¢ weakly in L?*(R), given any T' > Tp, we have

loc

1. .
V(an)—V(q) = §||an—CI||2+ il TW(an)_W(Q) dt+0(1)7 as k — oo
>

and since V (¢, ) — V(q), we derive
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1. . .
§||an—qH2—|— [ Wign,)dt = Wi(g)dt+o(1), as k—oo. (2.7)
[t|>T [t|>T

By (1.7) and (2.5), we have W (gqy, (t)) > wx(gn, (z))? for [t| > Tp, and
so, by (2.7)

1. .
2||qn,€q||2+w/| X(qn,)* dt < W(g)dt+o(1), as k— oo.
t|>T

[t|>T
(2.8)
By (2.5), for [t| > Tp, we have |gn, (t) —q(t)|* < 2(x(an, (£))* +x(a(1))?).
Since for any 1 > 0, we can choose T, > Tp, such that flt\>Tn W(q) dt +
w J s, x(¢)?dt < n/2, by (2.8), we finally obtain

1, . .
5 ldns —q\|2+w/ |Gn, —al?dt <n+o(l) as k— +oc.
[¢]>T,

Since 7 is arbitrary and ¢,, — ¢ in L2 (R)?, we conclude ||gn, —

qllz1(ry2 — 0 as k — oo and the lemma is proved. g

By Lemma 2.6, we derive in particular the compactness of the minimiz-
ing sequences of V in T

Lemma 2.7. Let (g,) C T be such that V(q,) — m. Then, there exists ¢ € M,
such that, along a subsequence, |qn (- + 04,) — qlla1 ()2 — 0 as n — co.

Remark 2.8. Lemma 2.7 readily implies the following property: for any r» > 0,
there exists A, > 0, such that

if qien/{/t lg = dllmry> > then V(g) >m+ A, (2.9)

CONSEQUENCES OF THE ASSUMPTION (x). Recall the assumption:
(%)—(i) There exists z_ # z4 € I, such that

M={z_(—1),z:(-—s) | t,s € R}.

(x)—(ii) The operators Ay : H*(R)? C L*(R)? — L*(R)?, Axth = —h +

D?W (24)h are such that Ker(Ay) = span{z4}.

Here, below z will denote any one of the functions z, and A the corre-
sponding operator. Since z is a minimum for V on T', we have V" (2)hh > 0
for any h € H'(R)?; since V" (2)hk = [y h -k + W"(z)hkdz = (Ah, k) for
any h,k € H?(R)?2, we derive that A is a positive self-adjoint operator. The
assumption (*) implies, moreover, the following.

Lemma 2.9. There exists ji > 0, such that
V" (2)hh > bl Fgye, YR HY(R)? / (b, 2) = 0.

Proof. Let wg be the minimum of the lowest eigenvalues of D?W(a_) and
D?W (ay), then the essential spectrum of A is [wg, +00). Since Ker(A4) =
span{Z}, we have that 0 is a simple eigenvalue of A, whose eigenspace is
span{Z}, and since we already know that (Ah,h) = V”(z)hh > 0 for any
h € H?*(R)?, 0 is the minimum eigenvalue of A. By the min-max eigenvalue
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characterization ([28], Theorem XIII.1), we have o(A4) N (—oo,wg] = {0 <
w1 < ...}, where

= sup inf (A, ¢)
! XCH2(R),dimX=j ¥LX, [[¢[=1
We have that p; is either equal to wg or strictly less than it. In any
case, since 0 is a simple eigenvalue, we obtain that u; > 0. If h € H?(R)?
is such that ALz, using, e.g., the resolution of the identity relative to A, we
obtain V"' (z)hh = (Ah, h) > ui||h||? for any h € H?(R)? such that hlz. By
density

V"(2)hh > pi||h||>  for any h e H'(R)®> suchthat hlz.  (2.10)
To conclude the proof, setting w = max;cg |[D*W (2(t))], we note that if
h € H*(R)? is such that (h, 2) = 0, then
/ \Vh|2 + DWW (2)hhdt > puy||h|| > —ul/ DIWE) .,
R R

Hence, [, [Vh|*> + D?*W (z)hhdt > i | VA||? and the Lemma follows.
O

We now set
C(z) ={z(-—s) | s e R}.

Note that the functions z — a4, 2, Z, and 2" are continuous on R and,
by (W1), converge exponentially to 0 as t — +oco. Then, 2 € H?(R)2. In
particular, the function s € R + 2(- — s) € ' is C? with respect to the H*

topology on I' and 4Lz(- —s) = —%(- — s) and d‘i—;z(- —5) = Z(-—s). We have

Lemma 2.10. There exists 7 € (0,1), such that if ¢ € T and dist(¢,C(z)) <
7, then there is a unique ¢, € R werifying ||¢ — 2(- — ()| = dist(q,C(2)).
Moreover

(g—2(-—Gg) 2(- = ) = 0.
Proof. We set ¢; = ||Z]|, ca = ||Z]|, c3 = maxg |D?*W (2(t))|, and let p(n) =
inf{|s — 2(-— )| | |s] > n} for n > 0. Clearly, p(0) = 0, 0 < p() < p(1)
whenever 0 < 7y < 12 and p(n) — 400 as n — +oo. Moreover, ||z(- — s1) —
z(- — s2)|| = p(|s1 — s2|) for any s1,s2 € R. Let
nozmin{i,i—;} and 2?:min{l,%,p(no)}
and let ¢ € T be such that dist(q,C(z)) < 7. Since the function s — |lg — z

(- — 5)||? is continuous and tends to +oco as s — 0o, we derive that there
exists ¢, € R, such that ||¢ — z(- — {,)|| = dist(g,C(z)). We have

disllq - Z( - Cq)HZ = 2<q - Z( - Cq)vz(' - Cq)> =0
Llla =2 = QIP = 201217 = 2(g = 2(- = &), 2 = &) = 26} — 207 > .
Moreover, if s € R, since 2 = VW (z) and (2, 2) = 0, we have

Lllg—2(- = )I? = 2/{g — 2(- — 5), D*W(2(- — 5))2(- — 5))|
< 2cie3llg — =(- - 5)]|. (2.11)
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Let 5 € R be such that ||g — z2(- — 3)|| = |lg — 2(- — {,)||. Clearly, |z
(+—5)—2z(-— ()|l < 27, and so, since 27 < p(n9), we have |5—(,| < 19. Then,
since z(- —s) = z(- — ¢;) — f;q Z(- — t) dt, we derive that for s between 5 and
(g we have [[2(- =) = 2(- = (o) || < e1fs = (g] < moci, and so

lg = 2(- = s)|| < dist(q,C(2)) +moc1 <7+ nocs.

By (2.11), we obtain that for any s between § and ¢,, we have

[isslla = 2( = $)[1°] < 207+ mocr)eser
and by the Taylor Formula and the choice of 19 and 7, we obtain
C2 - — —
lg — 2(- = 8)[I” > dist(q,C(2))* + G5 = CI* = 5(F +moc)escrnols — o
> dist(,C(2))* + 315 —
which shows that 5 = (. O

By Lemma 2.10 we can uniquely associate to any ¢ € I', such that
dist(¢,C(z)) < 7, the nearest point z(- — (4) in C(z) which, for the sake of
brevity in the notation, we will denote from now on with z,. Using Lemma 2.9,
we can further characterize the behaviour of V in a suitable H'-neighborhood
of C(z) inT.

Lemma 2.11. There exists o € (0,7), such that if ¢ € T' and distg(g)>
(q,C(Z)) S To, then

2 b
LV (zg+ 50— 29) = §lla — 2l F e for any s €[0,1].

Proof. Set W = sup¢|< .. [D*W(£)]. We claim that there exists 7 € (0,7),
such that if dist g1 (r)2(q,C(2)) < ro, then

sup [q(t) — 74 (1)] < 5. (2.12)
teR

Indeed, let us assume by contradiction that there exists (¢;) C I' and
(sj) € R, such that |lg; — 2(- — s;)[[m1 @)y — 0 as j — +oo and |[|g; —
zg; || Lo®)> > 57 for any j € N. Then, ¢;(- 4+ s;) — 2z — 0 in H'(R)?, and
since |lg; — zq; || < [lg; — 2(- — 85) | a1 (m)2 — 0, we derive that z,, (- +s;) — 2 =
2(-— (g, +55)—z—0in L?(R)2. This implies Cq; — 55 — 0 and consequently
zq, (- +85) —z — 0 in H'(R)?. Hence

lg; — zg; |l )2 < llgj — 2(- = i)l w)z + 12, — 2(- = 5) |1 )2 — O
as j — +oo

in contradiction with the assumption [|q; — zg, || Lo ®)> > % for any j € N.
Now note that for any s € [0,1], we have |D*W (z, + s(q — z4)) — D*(z,)| <
Wlgq — 24|, and so by (2.12)

‘(V”(zq +5(q — Zq)) - V/I(Zq))(q - Zq)(q - Zq)‘ < %”q - Zq||2-

Since by Lemma 2.10, we have (¢ — z,) L 2,4, by Lemma 2.9, we derive
that for any s € (0,1), we have
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SV (za+s(a = 2)) =V" (24 + 5(a = 2))(a = 2)(a = 20) 2 5lla = Zll i gye-
O

Remark 2.12. By Lemma 2.11, we recover that if ¢ € " and dist ;1 (g2 (¢, C(2))
<rg, then

1
2 —
V/(g)(g — 2q) = / LV (o 5(a — 24)) ds > Ellg — 2 271y

Lemma 2.11 holds true both for z = z_ or z = z; and we can assume
that this occurs for the same value of r¢. In particular, denoting N, (C(z)) =
{¢ € H'Y(R)? | distyir)2(¢q,C(2)) < 7o}, we have that N, (C(2-)) N
N,,(C(z4)) = 0. Considering ro smaller, if necessary, we can, furthermore,
assume that

dist(Nyy (C(2-)), Ny (C(24))) = 5rp. (2.13)
By Remark 2.8, we can fix \g < min{\,m} (\ given by (2.3)), such that
if V(g) <m+X then g¢e& N, (C(2-))UN, (C(z4)). (2.14)

For any b € (m,m+ Xo), we then have that {V < b} = V* UV}, where
V2 ={V <b} NN, (C(2=)) and Vi ={V <b} NN, (C(24)).

The set Vi is invariant with respect to the action of the group of trans-
lations and it is not weakly closed. The following lemma states that it is
"locally” weakly closed

Lemma 2.13. If (q,) C V4 is such that (o4,) is bounded, then there eists
q € VY, such that, along a subsequence, q, — q weakly in H} (R)2.

loc

Proof. Let (gn,) C V' be such that (o,,) is bounded. By Lemma 2.6, there
exists ¢ € T', such that, along a subsequence, ¢, — ¢ weakly in Hlloc(IE{)2
and V(q) < b. Since distg1(r)2(qgn,C(2-)) < 7o, there exists s,, such that
llgn — 2= (- — )| < ro. Since (o, ) is bounded, by Lemma 2.5, we recognize
that also (s,) is bounded and so convergent to sy € R up to a subsequence.
Then, z_(- — s,) — z_(- — s9) — 0 in H'(R)?, and by semicontinuity, we
conclude ||¢ — z— (- = s0) || g2 (ry2 < liminf [|g, —2z_(- = 5,) | g1 (r)2 < 70, Which
implies that ¢ € V. The case (g,) C Vi is analogous. O

Remark 2.14. By Lemma 2.13, we obtain in particular that if (¢,) C V% is
bounded in I" with respect to the L?(IR)? metric, since this implies that (o, )
is bounded in R, there exists q € Vi, such that along a subsequence, ¢, — ¢
weakly in H (R)2.

Remark 2.15. Since M = C(2_)UC(z4), we easily recognize that if (¢,) C T
and dist g1 ()2 (gn, M) — 0 then V(g,) — m. Equivalently, we can say that
for any b > m there exists r, > 0, such that if V(q) > b then disty1(g)2
(g, M) > 7p. In particular, by Remark 2.12, we derive that for any b €
(m,m + Ao), we have

inf V'(q)(q — zq) >

—2 =v(b) > 0. (2.15)
qev o\t 4
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3. Planar solutions

THE VARIATIONAL SETTING. We denote S(y1,y2) := RX (y1,y2) for (y1,y2) C
R and, more simply, Sg := S(—L, L) for L > 0. We consider the space

H =2+ ﬁL>0H1(SL)2.
Note that, if v € H, then v(-,y) € I for a.e. y € R. Moreover

Y2
[ o) = oz < e =l [ 10,00 dyde
Y1
and so, any v € H verifies the continuity property
[o(,y2) = v(,91)]|* < ||3y”||2L2(S(y1,y2))|y2 —ul, Y(y,y2) CR. (3.1)
Considering the functional V extended on 2o + L?(R)? as
Vw), ifuel,
Viu) = ~ 22\ 771 (R)2
+oo, ifu € zg+ LA(R)*\H'(R)?,
we have

Lemma 3.1. If v € H then the function y € R — V(v(-,y)) € RU {400} is
lower semicontinuous.

Proof. Let y, — yo € R be such that liminf,_, V(v(-,y)) = lim,— 4
V(v(,yn))- By (3.1), we have v(-,y,) — v(-,50) — 0 in L?(R)2. Up to subse-
quences, we have either: (a) sup,ey ||0zv(,yn)|| < +oo or (b)
limy,— 4 oo ||020(, yn)|| = +o00. In the case (a), we have v(-,y,) — v(-,y0) — 0
weakly in H(R)? and by semicontinuity lim,, 1 V(v(-,yn)) > V(v(-,y0)).
If (b) occurs, then lim,, 4o V(v(-,yn)) = +00, and the Lemma follows. O

Fixed any b € (m, m + \g), we consider the subspace of H
Hy={veH/ limjitnf dist(v(-,»),V5) =0 and ireliV(v(-,y)) > b}
y—Foo y
on which we look for minima of the functional

o) = / 10,00, 9)[1? + (V(u(9)) — b) dy.

Remark 3.2. Note that, if v € H,, then V(v(-,y)) > b for every y € R, and
so @ is well defined and non-negative on Hj. Moreover, we plainly recognize
that Hy, # 0 and mp, = inf,ep, p(v) < +00.

Remark 3.3. More generally, given an interval I C R, we consider the func-
tional

or(v) = / 110,00, )12 + V(o(-)) — bdy

which is well defined for any v € H, such that V(v(-,y)) > b for a.e. y € I or
for every v € ‘H if I is bounded.

We will make use of the following immediate semicontinuity property
of @r-
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Lemma 3.4. Let v € H be such that V(v(-,y)) > b for a.e. y € I C R.
If (vn) C Hy is such that v, — v weakly in H*(SL) for any L > 0, then
wr(v) < liminfe;(vy,).

Remark 3.5. Concerning coerciveness properties of ¢, it is important to dis-
play the following simple estimate. Given v € H and (y1,y2) C R, we have

Y2 Y2
Ply,y2) (V) = %/ ”@,U(,y)”% dy +/ V(v(-,y)) —bdy
Y1 1
1 Yz 9 Y2
2 m/w(/ |0yv(x, )| dy) dz+/ V(v(-,y)) —bdy

At Y1
Y2

> gl = o)l + [Vt - by,
Y

1

In particular, if V(v(-,y)) > b+ v > b for any y € (y1,y2), then

Plyn) ()= 5 [0 () —0(, 1) P4 (2 =) = V20 [[o(, y1) — o (- 10
(3.2)

Remark 3.6. By (2.13), (2.14), and (3.1), if v € H,, there exist y; < y2 € R,
such that ||v(, 1) — v(-, y2 )H > 4rg and V(v(-,y)) > m + Ag for any y €
)

(y1,y2). Then, by (3.2), we obtain @y, 4.y(u) > 4y/m+Xg —brg > 0. In
particular

my > 4ron/m + Ao — b.

ESTIMATES AROUND V® AND Vi. The study of the coerciveness prop-
erties of ¢ needs some local results. Given b € (m, m + Ag), we define the

constants
B=b+mt0=b and Ag=,/mtje=bre (3.3)
where Ao and 7 are defined by (2.13) and (2.14), noting that

dist(Ve,V8) > dist(V?, V7)) > 5r. (3.4)
We denote I = (—00,0), I+ = (0,400), and, given ¢y € T,
'Hgtqo ={veH /v(-,0) = qo, inf V(v(-,y))>b, liminfdist(v(-,y), V%) = 0}.
? yEIi yHiOO

Next Lemma states that if ¢r, (v) is small for a v € Hgtqo, then v(-,y)
remains close for y € I+ to the set V] with respect to the L2(R)? metric.

Lemma 3.7. If qo €T, V(go) > b, v € H;—t%, and o1, (v) < Ay, then
dist(v(-,y),Vi) <ry forevery ye&li.

Proof. By (3.1), the function y € [0,+00) — v(-,y) — 20 € L*(R)? is con-
tinuous. If, by contradiction, yo > 0 is such that dist(v(',yg),v_’f) > 1o,
since lim inf,_, o dist(v(-, y), V%) = 0, by continuity, there exists an interval
(y1,y2) C R such that ro/2 < dist(v(-,y),sz) < g for any y € (y1,y2) and
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[ 1) =v(-,92) || = r0/2. By (34), v(-,y) ¢ VI UV? and so V(v(-,y)) —b >
B—b=(m+ X —b)/4 for all y € (y1,y2) . By (3.2), we conclude

Ao > 9(0,400) (V) = Py ) (V) 2 /552 0 1) — w(92) | 2> 240,

a contradiction. Analogous is the case v € H, 0o O

Clearly, the infimum value of ¢7, on Hg:qo is close to 0 if dist(qo, V%) is
+

small. Next result displays a test function w;i € Hy oo

information

which gives us refined

Lemma 3.8. For allb € (m,m+Xg), there exists C(b) > 0 such that for every
qo € Vi\Vi, there s w;% € Hl:fqo’ such that we have

sup lwgo (o) = qoll < 3755 (V(go) = b) and g1, (wg,) C0)(V(q0) — 0)*'?,
yels

where v(b) is defined in (2.15).

Proof. Assume qq € Vf\Vi (the proof is symmetric in the case go € VZ\V?).
Since gy € Vf C Nyy(C(2-)), by Lemma 2.11, there exists a unique sg € (0, 1),
such that V' (z4,+5(qo—24,)) > bforany s € [so,1) and V(z¢, +50(qo—2¢,)) =
b. Moreover, for the constant v(b) defined in (2.15), we have

1 —s0 < 57(V(g0) = b). (3.5)
Indeed, by Lemma 2.11

1 s 32 1
d
V((IQ) —b= / /0 dSQV(Zq0+U(q0 _Zqo)) dUdSZ/ S%HqO_ZQOH%{l(R)Q ds
So

S0

i
> (1- 38)1”‘10 — 20|l Ty = (1 = s0)v(b).

We define
q0() y <0,
wih (@,9) = 200(@) + (1= %) (00(@) = 2(2)) y € (0, v2T0),
240 () + 50(a0(2) — 24, (1)) Y= V0.

We have wj, € H;,and by (3.5)

sup [|wg, (+,y) = goll = (1 = s0)lla0 — za0 | < 555 (V(g0) ~ D)ro-
y=

Again, using (3.5), we obtain
B0, 00) (W) = 310y (1= %) (a0 — za0) I3 dy
2(1-s0) R
+/ V(zo + (1—%)(qo—zq0)) —bdy
0

V/2(1—50) . ) 2(1-s0)
< / L%l — 7|3y + / V(qo) — bdy
0 0
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< i (45202 + (V(qo) ~ b))
3/2
<\ (s + DV (a0) - )

and the Lemma follows considering C(b) = ,/V(Qb)(gy(b) +1). O

For any b € (m,m + Ag), we fix b* € (b, 3], such that the following
inequalities hold true:

Vo <3, max{l, O} —b)V <t COOT -0 <Ay, (36)

where Ay is defined in (3.3). Together with Lemma 3.8, next, result will
play an important role in the study of the compactness properties of our
minimization problem.

Lemma 3.9. Assume that qo € Vf’: \Vi and v € H;fqo verify

PV (0(p) B Jor ay € [0,1) then gy 4o (v) < COV (00, 5)) — b2,

(3.7)

Then, there exists § € (0,1), such that V(v(-,§)) = b, v(-,§) € Vi and
0(y5) = b for every y € |7, +00).

Proof. We first note that, since g € V4 \V% and v € H; 400 We have V(v(-,0)) =

V(qo) < b*, and hence, by (3.7) and (3.6), we have o, +Oo)( v) < C(b)(V(go)—

b)3/2 < Ag. By Lemma 3.7, we then deduce that dist(v(-,y), f)

< 1o for any y > 0 and by the definition of 7y, we obtain that v(-,y) ¢ V¥

for any y > 0. In particular, if y > 0 and V(v(-,y)) < b*, then v(-,y) € VY
We claim that there exists a sequence (&,) C [0, 3), such that

fnfl <£n§§n71+(43(*n_7bl))1/4<% and V(v(afn))_b < b4:b7 Vn € N.

b*

(3.8)
Indeed, defining &, = 0, by (3.6) and (3.7), we have that for any £ > &
3
¢ V(0(-,8) = bds < 9y, 100)(0) < CO)V (0(-,60)) — b)*/?

< O(b) (b — b)3/? < E=b(pr —p)/4,
and so
3& € (S0.%+ (b —b)Y")  such that  V(3(-,&)) — b < 572,

3.
Note that, by (3.6), & + (b* —b)Y* < &+ 1 < %, and so & € (0, 2).
Now, if &, verifies (3.8), by (3.7), we obtain that for any £ > &,

3
V(u(-,8)) = bds < p(e, 100y (1) < CONV(v(:,6n)) = b)*/?

fn
< OM)(b" — b)) (B < B (),

9)

implying that
3§n+1 € (gnagn ( 42n )1/4) such that V(U(',§n+1)) —b < Zni?a
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and, by (3.6)

+oo
b*—b\1/4 _ 1/4 1 1
§”+1<§:42J / *_b)/§:§<§'
Jj=0

Then, by 1nduct10n, (3.8) holds true for any n € N.

Now, note that by (3.8), we have &, — 7 € (0, 2] as n — +o00. Moreover,
since v € Hy, 4, there result V(v(-,£,)) > b for all n € N, and hence, by (3.8),
V(v(-,&,)) — b. Then, by Lemma 3.1, we deduce V(v(',y)) = b. Moreover,
by (3.1), v(-,&,) — v(-,4) — 0 in L?(R)? and weakly in H'(R)?. Then, by
Remark 2.14, we have v(-,7) € V4, and hence, using (3.7) that (5 4 o0)(v) <
C(®)(V(v(-,§)) — b)*/? = 0, which implies v(-,y) = b for every y > 7. O

Remark 3.10. A symmetric argument shows that: if gy € VE*\VE and v €
H, ,, verify

if V(U(’y)) < b for a y e (_170] then (P(foo,y)(v) < C(b)(V(’U(,y)) - b)3/2,

then there exists 4§ € (—1,0), such that V(v(-, 7)) = b, v(-,5) € V* and
v(-,y) = b for every y < 7.

Lemma 3.9, Remark 3.10, and Lemma 3.8 have the following conse-
quence which will be used in the construction of minimizing sequences for ¢
with suitable compactness properties.

Lemma 3.11. Letb € [m, m+\o), then, for every qo € V& \V4 and v € H,::qo,
there exists 0 € Hiqo, such that
sup [[0(-,y) —qoll €1 and 1. () <min{Ao, o7, (v)}.
yels
Proof. We prove the lemma only in the case ¢y € Vf \Vﬁ_7 since the same
argument can be used in a symmetric way for the case gy € V? \V?.
By Lemma 3.8 and (3.6), since ¢ € Vf’; \Vi, we have that there exists
w, such that o7, (w}) < Ag and [Jw] (-,y) — qol| < 3 for any y > 0. In
particular, if v € H;qo is such that ¢, (v) > Ao, then the statement of the
lemma holds true with o = w .
To prove the lemma, we argue by contradiction assuming that there
exist qo € V_b: \Vf,’r and v € HIqO with @7, (v) < Ag, such that

01, (0) > ¢r, (v) forevery o€ sz, such that sup ||0(-,y) — o] < 1.
yel

(3.10)
By (3.10), we have sup ¢, [[v(-;y) —qoll > 1, and since v(-,0) = go, by (3.1),
we recover that
Jyo > 0 such that [[v(-,y0) — qo|| = 3 and [[v(-,y) — qoll < 3 (3.11)
for any v € [0,0).

As already noted in the proof of the previous Lemma, by Lemma 3.7,
since ¢y, (v) < Ag, we have that if y > 0 and V(v(-,y)) < b*, then v(-,y) €
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Vf. We claim that
if g€[0,90) and V(v(,g)) <b" then
(5 100)(0) < CONV (u(-§)) — b)*/2. (3.12)
Indeed, considering the function
ﬁ(wy)—{v(ly) UEvey
wv(.,g)('ay —9) Y=7,

we have U € ’Hl':qo. Now note that for every y € [0,7) C [0, yo), by definition
of yg, we have ||0(-,y) — qo| = ||v(,¥) — qol| < %, while if y > 7 by Lemmas
3.8 and (3.6)

19+3) — aoll = w3y (9 — ) — ol
b* —b

—9y) —v(-,y ) — < -

< lwy 5 Gy =3) = v P+ o 9) — aoll < O

This shows that sup,,~ [|7(-,y) —qol| < 1, and so, by (3.10), 0 < ¢7, (7)—
er, (v) = o1, (wj(g)) — P(j,400) () which together with Lemma 3.8 imply
(3.12).

Finally note that, by Remark 3.5, ga(o vo) (V) > 2y0 lo(-,v0) — 8;0
and S0, by (36) and (312)7 = W > 1. Then, by (3 12) and
Lemma 3.9, there exists g € (0, 1), such that v(-,y) € VfL and v(-,y) = v(-,9)
for any y > g. Hence, using (3.11), we obtain 1 < sup ¢y, [[v(-,y) — qol =

al* =

supye(o,5) 1 V(- ¥) = ol < supye(o,y01 100 y) —qoll = 1, a contradiction which
proves the Lemma. O

MINIMIZING . Our first step in minimizing ¢ on H; is to select a
minimizing sequence with suitable compactness properties.

Lemma 3.12. For every b € (m,m + Xo), there exists Ly > 0, C1,Cy > 0 and
(vn) C Hyp, such that o(v,) — mp and

(i) dist(vn(-,y), V?) <o for any y <0 and n € N.
(ii) dist(v, (- ,y),Vf) <o for anyy > Lo and n € N.
(iil) Jlon(,y) —2z—|| < Cy for any y € R and n € N.
(iv) For every bounded interval (y1,y2) C R, there exists C > 0, depending
on ys — y1, such that ||v, — Z—||H1(S(y1,y2))2 < C.
(v) ||'Un||Loo(R2)2 < C5 for any n € N.

Proof. Let b € (mg, mo + Ao) and (w,) C Hy be such that p(w,) < myp + 1
for any n € N and ¢(w,) — mp. We prove the lemma producing various
modifications of the minimizing sequence w,. The first step is to modify
(wy,) with a simple cutoff procedure to obtain a new minimizing sequence
(¢,) bounded in L>(R)?.

Let R, be given by Remark 2.2. We define

. 2R,
Yn(z,y) = min {1, Iwn(:v,y)l} wp (2, y) (3.13)
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(Yn(z,y) = 0 if wy(2,y) = 0) observing that ||t | pe®)> < 2R,,. We claim
that

(’l/}n) C Hy, and QP(T/Jn) — Myp. (314)

Indeed, let us first show that (¢,,) C Hp, and so that for any n € N, we
have
inf V(¢ (-,y)) > b and liminf dist(¢, (-, y), V%) = 0. (3.15)
yER y—Foo
To this aim, we observe that given y € R, if [|w, (-, y)||r=m®>2 < Rum,
thena by deﬁnitionv djn(ay) = wn(ay) and V(wn(ay)) = V(wn(,y)) >
b. If otherwise [[wy,(-,y)||L~®)> > Rm, again, by definition, we have also
|Vn (s ¥) || Loe r)2 > R, and by Remark 2.2, we conclude V (¢, (-, y)) > 2m >
m ~+ Ag > b. Then, V(¢,(-,y)) > b for any y € R and the first part of (3.15)
is proved. For the second part, observe that since w, € Hj, there exist a
sequence y; — —oo and a sequence (g;) C VP, such that ||w,(-,y;) — ;|| — 0.
By Remark 2.2, we have [|g; ||z ®)> < R.,. Moreover, by definition of v, if
|wy, (2, y;5)| > 2R, we have ¢, (z,y;) = #Mwn(x,yj), so that we derive

wn (2, ;) — ¢; (@) = v (2, y5) — q;(2) ]

|wn(m,yj)| — 2R,
|wn (7, y;)|

> (Jwn(z,y5)| = 2Rm) (Jwn (2, y5)| + 2Rm — 2[g;(z)]) > 0.

Hence, we have [, (z,y;) — ¢;(2)] < |w,(x,y;) — gj(z)] for any z € R
and j € N, and so [|¥,(-,y5) — ¢;|| < [lwn(-,y5) — ¢;ll = 0 as j — 4o00. This
shows that liminf,_, . dist(¢, (-, ), V2) — 0 and (3.15) follows showing in
a symmetric way that liminf,_, . dist(¢,(-,y), V%) — 0. To conclude the
proof of (3.14), observe now that |0, ¢, (z, y)| < |Oywy (z,y)| for almost every
(Iay) € sz and Since, by (WQ)a V(’lpn(7y)) < V(wn(ay)) for any y € Ra we
derive my, < (1) < o(w,) — My,

We now further modify the sequence (¢,,). Let

Sp = SuP{y eR ‘ P(—o0,y) (wn) < AO}
By Remark 3.6, (3.3), and (3.15), we have Ag < my < o(1r), and
50 5, € R and ¢(_oos,)(¥n) = Ag. Since ¢, (-,- + 5,) € Hy oy (s and
1 (n(+,-+s5n)) = Ao, by Lemma 3.7, we derive that dist(¢, ( y+sn), V?) <

7o for any y < 0, and so, by (3.4) and (3.6), dist(¢,(-,y), VY ) > 4rg for any
y < Sy. In particular,

= |wn(z,y;)] — 4R7, - 2

q; () wn (2, y;)

if y < s, and V(,(-,y)) < b* then ¢, (-,y) € i (3.16)
A symmetric argument shows that there exists ¢, > s,, such that

if y > t, and V(¥ (-, y)) < b* then ¢, (-, y) € V. (3.17)
Define now

Yy, =sup{y € R[¢y,(y) € V2 1
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By (3.17), we have y,; < t,, and since liminf,_,_ V (¢, (-,y)) = b < b*,
by (3.16), we obtain that y,, € R. Defining, furthermore

v = inf{y >y [$aly) € VLD,
by Remark 2.14 and (3.1), we obtain that
U <Ub ER, Yn(yy) € VY and yn(ut) €V
Moreover, V (¢, (-, y)) > b* for any y € (y,,,y;") and by (3.2), we derive

_ Py @n)
Yt =y, < s < bl o [ and
SUp (1) — ()| < L (318)
YE(Wn yn)
ist o - ThE +
By Lemma 3.11, there exist 0,, € Hb’%(_’yg) and v, € Hbﬂ/fn(-,yﬁ)’ such that
sup ”67:(7y) 7wn(ay;)” <1
y€(—00,0)
y€(0,+00)
P(—00,0)(Tn) S min{Ao, 0 = (¥n)}, ©(0,400)(T7)
< min{A07 w(y?{,«koo) (wn)} (319)

Eventually retracting the functions ¢ as in (3.13), the argument used
at the beginning of the proof shows that we can assume also that

sup |0, ()| L ®)2 < 2Ry and sup |0 ()| Lo @)z < 2R (3.20)
y<0 y=>0

We modify the function 1, defining
Un(w,y) = Vn(,y) ifye [y;’y;ﬂ?
ﬁDrJLr(xay*er{) iny(y:Lr,+OO),

observing that ¥, € Hp and my, < () < ©(¥n) — b. By (3.20) and the
definition of 1,,, we also have

9| Loe m2y2 < 2R (3.21)

We can now finally VerifX that suitable translated of the function 1&,1
satisfies (i)~(v). Indeed, since 9, (-, y,,) € V¥ C N, (C(2_)), there exists o,,,
such that

[ (54 ) — 2= (- = an)ll < 0. (3.22)

Then, for any n € N, we consider the functions
Un(7,y) = @Z’n(x + 00,y + Yy )

We plainly have (v,) C Hp and ¢(v,) = ©(1hn) — mp as n — +oo. By (3.21)
[vn | oo (r2)2 = [0l Lo (r2y2 < 2R and (v) follows. By (3.19) and (3.18), we
have ©(—so,0)(vn) < Ao, and @1, +00)(vn) < Ag. Then, by Lemma 3.7, we
derive (i) and (ii).
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To prove (iii) we observe that, by (3.22), [[v,(-,0) — z_|| = ||tn(- +
OnsYn) — 2—|| < 7. Then, by (3.19), we derive that for any y < 0, we have
[on(9) = 22| = [n (- + on,y +y5) = 2| < [9n (- + 0,y + )

— U+ 00, g )+ 10n (- + on,97) — 2|
= 5 () = tha ()l +70 < T+ 70

Moreover, by (3.18), for any y € (0,3, — y,,), we have

vn (o y) = 221l < 1Pn oy + ) = Ya Gy )+ (- + on,0) — 2|l
< —metl +’)"0.

= \/2(b*—b)

Again, using (3.19), if y >y, — y,,, we finally derive

[on () = 2| = ¥n (- + o,y + ) — 2|l
<y +ym) = PGy + 1on (- + on, ) — 2|
=5 oy + ym = ud) = w4 1 (- 0))
— oy 4o <1+ —ZeEl_ 4 2p

/2(b*—b)
and (iii) follows.
Finally, if y1 < y2 € R, we have

1900 — 2 )2ags, o < 20V lBags,, e + (2 — )l Bageye)
< 2(20(0n) + 2(y2 — Y1) (0 + 12172 ()2));
and (iv) follows from (iii) concluding the proof of the lemma. O

By Lemma 3.12, (v,,) be the minimizing sequence which verifies (i)—(v),
then there exists v € X, such that, up to a subsequence

Vp — 2 — U — z_ weakly in H'(Sp)? for any L > 0.

We do not know if & € Hy, since the constraint V(v(-,y)) > b for any y € R
is not necessarily preserved by the weak convergence. In any case, using
arguments similar to the ones introduced in [2,6,9], we can conclude the
proof of Theorem 1.1 showing that the minimality properties of the function
v are sufficient to recover from it an entire solution as in the statemen of our
main Theorem.

The following Lemma lists some immediate properties of the
function 2.

Lemma 3.13. For any b € (m,m + Ag), there exists v € H salisfies
(i) Given any interval I C R, such that V(0(-,y)) > b for a.e. y € I, we
have ©1(0) < my,.
(i) dist(o(-,y), V) < ro for any y <O0.
(iii) dist(o(-, y),Vf) <rg for any y > Lg.
(iv) |o(-,y) — z—|| < Cy for any y € R.
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(v) for every (y1,y2) C R, |0 — z— | m1(s(y1,42)) < C(¥1,92),
(vi) [|9]|poe(r2y2 < Co,

where Lo, Cyi, Co, and C(y1,y2) are given by Lemma 3.12.

Proof. Let us consider the function o described above. Property (i) follows
by Lemma 3.4, since liminf,,_, 4 o @7 (vy,) < limy,— 40 ©(vn) = myp. Properties
iv), v), and vi) are direct consequences of Lemma 3.12 (iii), (iv), and (v). To
show (ii) observe that by Lemma 3.12 (iii), we have ||v, (-, y) — z_|| < O} for
any y € R and n € N. In particular, for any y < 0, the sequence (v, (-,y)) is
bounded in I' with respect to the L?(R)? metric. Since by Lemma 3.12 (i), we
have dist(vy,(-,y), Vf) <o for any y < 0 and n € N, using Lemma 2.13 and
Remark 2.14, we recover dist(v(-,y), Vf) < 1o for any y < 0. In a symmetric
way, we derive also (iii) and the Lemma is proved. O

Even if we do not know if & € H;, we can now select an interval (5, 7) C
R on which the trajectory y — (-, y) makes a transition between the sets V*
and VY satisfying the property V(v(-,y)) > b for any y € (7, 7). Precisely,
we let
g = sup{y € R /dist(v(-,y), V2 ) < o and V(0(-,y)) < b},
7=inf{y >a /V(o(,vy)) <b}
with the agreement that & = —oco whenever V(o(-,y)) > b for every y € R,

such that dist(9(-,y), V*) < r¢ and that 7 = +oco whenever V (9(-,y)) > b for
every y > &. The following Lemma states some natural properties of &, 7.

Lemma 3.14. We have 6 € [—00, Lo] and 7 € [0, +0], and moreover
(i) o< 7.
(ii) If ¢ € R, then v(-,5) € V* and if T € R then v(-,7) € VY.
(iil) If [y1, 2] C (7,7), theninfycpy, ) V(0(-,y)) > b. Moreover, p(5 7)(0) <

my.

(iv) [fbar = —o0, then liminf, ., V(9(-,y)) — b = liminf, ., dist(3(-,y),
V2) =0.

(v) If T = 400, then liminf, . V(0(-,y)) — b = liminf, . . dist(o(-, y),
Vi) =0.

Proof. We prove only (iv) (and symmetrically (v)), since the other properties
can be showed following the reasoning displayed in [9] (see Remark 3.19).

Let & = —oo. Then, V(4(-,y)) > bfor any y € (—oo, 7). By Lemma 3.13—
(i), we then have p(_ 7)(7) < my and we derive that there exists a sequence
Yn — —00, such that V(o(+, y,)) — b. By Lemma 3.13—(ii), we have moreover
that dist(o(-, y), Vf) < rg for every y < 0 and so we can assume 0(-,y,,) € Vo
and dist(9(-, yn), V) > 4ry. Arguing as in the proof of Lemma 3.8 and using
(2.14) and Lemma 2.10, for any n € N, there exist z(. ) € C(2-) and s, €
(0, 1], such that \|6(~,yn)fz1—,(.,yn)|| <y, V(z@(.,yn)+sn(6(~,yn)fz;,(.,yn))) = b,
Zi(eoyn) T 50 (00 Yn) = Zo(.yn)) € V0 with 1—s,, < (V(0(-,y,)) —b)/v(b) — 0.
Then, we derive as we claimed that dist(v(-,y,), V%) < (1 — s,)[|0(-, yn) —
Zo(-y) |l — 0.
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Lemma 3.14 explains what we mean when we say that the trajectory
y +— 0(-,7) makes a transition between the sets V* and V_l;_ on the interval
(0,7) € R. Moreover, by (iii), we know that ¢ 7 (v) < my. Thanks to
the following Lemma (whose proof can be obtained by mirroring the one of
Lemma 3.4 in [6]), we have in fact that o5 7)(0) = m.

Lemma 3.15. Let v € H and —oo < o < 7 < +00 be such that
(i) V(v(-,y)) > b for any y € (0,7);

(ii) either 0 = —oo and liminf,_,_ dist(v(-,y),V?) = 0 or 0 € R and
’U(~,O’) € VE:

1) ewther 7 = 400 and limint, o dist(v(:,y), = or T € an

(i) eith d limind, 4o, dist(v(,y), V%) = 0 R and
v(,7) € Vi

then @57y (v) = my. Finally, o5 7)(v) > my if liminf, .+ V(v(-,y)) > b or
liminf, .- V(v(-,y)) > b.

We can now conclude the proof of Theorem 1.1. Even if from now on the
arguments are closely related to the ones used in some previous works (we
refer in particular to [9]), we give for completeness the details of the proofs.

Lemma 3.16. For any b € (m,m + \g), we have
(i) ¢(,7)(0) =mp and liminf, .- V(v(-,y)) = liminf, 5+ V(0(-,y)) = b,
(ii) 7,7 € R.
(iii) For every h € C§°(R x (&,7))2, with supph C R X [y1,y2] C R x (7, 7),
there exists t > 0, such that ¢z 7 (0 +th) > ¢ 7 (D), Yt e (0,1).
(iv) Ey(0(,y)) = 318,00, 9[> = V(3(-,y)) = =b for every y € (5, 7).
(v) liminf, .- [|0,0(,y)|| = liminf,_ 5+ [|0,0(-,y)|| = 0.

Proof. (i) As already noted, we have that ¢ 7 (v) = my, and, by Lemma
3.15, we derive that liminf, ;- V(9(-,y)) = liminf, _,+ V(0(-,y)) = b.
(ii) Assume by contradiction that & = —oo. Fixed a yo < 7, such that ¢o :=
o(-,y0) € VY \V_?_, we have (-, -+yo) € H, - To obtain a contradiction,

we show that

if V(o(,y)) <b* fora y<yg then
P(—o0,y) (’D) < C(b)(V(’f}(, y)) - b)3/2' (323)
By (3.23), Lemma 3.9 states the existence of a § € (yo — 1,90),
such that V(9(-,7)) = b, contradicting that & = —oc.
If (3.23) does not hold, by Lemma 3.8, there exists § < yo with
o(-,9) € V¥ and O(—o0,5) (V) > w(,m}o)(w;(‘,g)). Then, defining

~ ~Joty) Y=

’U('7 y) - — ~ ~

w@(.,g)('a' -9 y<7,
we obtain ¢(_ o 7)(0) < ©(—c0,7) (V) = my. Using Lemma 3.15, this leads
to a contradiction. Indeed, by definition of W 5> there exists y_ < g,
such that o(-,y_) € V2, V(9(-,y)) > b for any y € (y_,7) and either
o(-,7) = 0(-,7) € VL if T < 400 or liminf, 4 dist(d(-,y),V}) = 0
if 7 = 4o00. In other words, v satisfies the assumption of Lemma 3.15
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on the interval (y_,7) and we get the contradiction my < ¢, 7)(7) <
O(—o00,7) (D) < My, To prove also that 7 € R, we can argue in a symmetric
way.

Let h € C°(R x (7,7))? with supph C R x [y1,92] C R x (,7). By
Lemma 3.14 that there exists p > 0 such that V(o(-,y)) > b+ p for any
y € [y1,y2]. We also recognize that

3t >0 such that V(v(,y)+th(,,y)) >b for any
y € [y1,y2] and te(0,1). (3.24)

Indeed, if this is not true, there exists a sequence ¢, — 0 and a
sequence (s,) C [y1,¥2], such that s, — yo € [y1,y2] and V(D(-, s,) +
tnh(-, s,)) < b. Arguing as in the proof of Lemma 3.1, a semicontinu-
ity argument shows that b < V(9(-,y0)) < lUminf, ..o V(9(-, sn) +
toh(-, s,)) < b, a contradiction.

By (3.24), the function v+th verifies the assumption of Lemma 3.15
on the interval (7,7) for any ¢ € (0,f) and we deduce @5 (0 + th) >

= ¥(a, T)( ) for any ¢ € (O {)

For any ¢ € (7,7) and s > 0, the function

_ )ty +€) y<0,
Us(~,y)_{v("z+£) 0<y

verifies the assumption of Lemma 3.15 on the interval (6 — &, s(7 — €)).

Then, ©—¢ s(r—¢))(Us) = My = Po—¢,7—¢)(0(-,- 4+ §)), and so, for any
s > 0, we have

0< 90(6—5,5(?—5))(55) - @(6—5,?—5)(5('a -+ 5))

—(-1) /;é”ayv("y)2dy+(3—1)/;V(v(~,y))—bdy.

Setting A = f $10,9(-,y)||* dy and B = fg V(v(-,y)) — bdy, the
real function s — (s ) A(L—1)+ B(s—1) is non-negative on (0, +00)

and then that 0 < min(s) = g[}(\/%) = — (VA — V/B)?, that implies
A = B, that is

/ V(o y)) — bdy = / " 110,50, 9)|2 dy
13 3
for any ¢ € (,7). (3.25)

By (iii) and since v € L°°(R?)2, we have that v is a weak solution
of (1.1)~(1.2) on R x (7,7), and, again using the fact that v € L>°(R?)?,
regularity elliptic arguments (see [17]) give v € C?(R x (7, 7))? verifies
(1.1) and (1.2) and ¥ — z € H?(R x (y1,y2))? whenever [y1,ys] C (7, 7).
This implies that the function y — 3[19,0(-,y)[|> — V(v(-,y)) is contin-
uous and (iv) follows by (3.25).

It follows by (i) and (iv).
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THE BRAKE ORBIT-TYPE SOLUTION. For every b € (m,m + Ag), by
Lemma 3.16, starting from the function o given by Lemma 3.13, by reflection
and periodic continuation, we can construct a solution to (1.1)—(1.2) on all
R? which is periodic in the variable y. In fact, we define

Qi

) ifreRandye[0,7—3)

z,y+ —0
2,7+ (T—-0—y)) fzeRandye[r—7,2(T—7)

-

and vy(z,y) = v(z,y + 2k(T — 7)) for all (z,y) € R?, k € Z.

ST~

—~

Remark 3.17. Let T =7 —¢

(i) The function y € R +— v,(-,y) € L*(R)? is continuous and periodic with
period 27. By Lemma 3.14 (ii) and (iv), we have v,(-,0) € V* and
vp(-,T) € V4. By definition, vy(-,—y) = vp(-,y) and vp(-,y + T) =
vp(-, T — y) for any y € R.

(ii) vy € H and, by (v) of Lemma 3.14, V(vp(-,y)) > bforany y € R\{kT / k €
Z}.

(ili) By (v) of Lemma 3.16, for any k € Z, we have liminf, ;7= [[0,vp(-, )|
=0.

(iv) By (iii) of Lemma 3.16 , v, € C%(R x (0,7))? satisfies —Av(x,y) +

v(@,y) — f(v(z,y)) =0 for (z,y) € R x (0,T).

Theorem 1.1 finally follows by the following result.

Lemma 3.18. For every b € (m,m+ o), vy € C2(R?)? is a solution of (1.1)—
(1.2) on R%. Moreover, E,(y) = 1||0,v(-,y)||> = V(v(-,y)) = —b for ally € R
and Oyv(-,0) = dyv(-,T) = 0.

Proof. Let us prove that vy, is a classical solution to (1.1)—(1.2) on R?. To this
aim, we first note that by Remark 3.17 (iii), there exist sequences (¢3), (n;F),
such that e, <0 <eb, n, <0<yt forany n €N, ef, nf — 0 and

im el = Tim e T+l =0 (3.26)

Fixed any ¢ € C§°(R?), by Remark 3.17 (i)—(iv), we obtain that for any
k € Z and n sufficiently large, we have

(k41T
0= / / —Avp ) + VW (vp) o dy da
RJ2

ET+ei

(2k+1)T+n,,
= / / VurVip + VW () dy dz
RJ2

ET+ed

+/8yv(x,2kT—|—€Z)w(x,2sz+s:{)dx
R

— / Oyup(z, 2k + 1)T 4+, )(x, 2k + 1)T +n,, ) dz
R
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and analogously

2kT+e]
0= / / VorVib + VW (vp) ¢ dy dz
R J(2k—1)T+nt
- / Oyup(x, 2T + €, )(x, 2kT + ¢,;) da
R

+ /Rayvb(x, 2k — V)T +n))(z, (2k — DT +nt) da.

By (3.26), in the limit for n — 400, we obtain that for any k € Z, we
have

2T
O:// VurVip + VW () dy do
R J(2k—1)T

(2k+1)T
:// VoV + VW (vp) ¢ dy de.
R J2kT

Then, v, satisfies

VurVip + VW (vp)pdzdy =0, Vo € C5°(R?)?,
RZ
and so, since v, € L°°(R?)?2, elliptic regularity arguments (see [17]) give that
vp is a classical solution to (1.1)—(1.2) on R? which is periodic of period 2T
in the variable y. Since by (v) of Lemma 3.13, we have ||0s(-, y)|| 71 (s(0,7))2 <
C depending only on 7', by definition of v, and using (1.1), we recover
that v, € H?(R x (y1,92))? for any bounded interval (yi,y2) C R and
0ol 72 (S (41 ,y2))> < € with C' depending only on yo —y;. Then, the functions
y € R dyup(,y) € L2(R)? and y € R — vp(-,y) € HY(R)? are uniformly

continuous and so lim,_,g+ V(vs(-,y)) — b = liminf, o+ ||Oyvs(-,y)| = 0 and
lim, _7- V(vp(-,y)) — b = lim, - [|9yvp(-,y)|| = 0. By continuity, we derive
that dyup(-,0) = yup(-,T) = 0. O
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