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Existence and nonexistence of solutions
to pure supercritical p-Laplacian problems
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Abstract. We establish multiplicity and nonexistence of solutions to the
quasilinear problem

—Apv = || ?vin Q, v =10 on 99,

in some bounded smooth domains Q in RY, for 1 < p < N and some
supercritical exponents ¢ > p* := NN fp. Multiplicity is established in
domains arising from the Hopf maps. We show that, after a suitable
change of metric, these maps become p-harmonic morphisms, i.e., they
preserve the p-Laplace operator up to a factor. We use them to reduce
the supercritical problem to an anisotropic quasilinear critical problem

in a domain of lower dimension.
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1. Introduction and statement of results

This paper is concerned with the existence and nonexistence of solutions to
the quasilinear supercritical problem

—Ayv =" v inQ, v =0 on 99, (0q)
where (2 is a bounded smooth domain in RV, Ajv := div(|Vo|P "% Vo) is the
Np_

p-Laplace operator, 1 < p < N, and ¢ > p* := N5

In the semilinear case p = 2 there has recently been some progress,
and existence, nonexistence and multiplicity results have been established
for particular classes of domains.
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A remarkable result due to Bahri and Coron [1] establishes the existence
of a positive solution to the critical problem (ps+) in every bounded domain €2
having nontrivial reduced homology with Z/2-coefficients. Rabinowitz asked
whether this remains true for supercritical exponents g > 2* as well; see [4,
Question 2]. In [10,11] Passaseo gave a negative answer: for each 1 < k <
N — 3 he exhibited a domain which has the homotopy type of a k-dimensional
sphere, in which problem (p,) does not have a nontrivial solution for any
q>2y = %Jj,:f% The exponent 27 ; has been called the (k +1)-st critical
exponent in dimension N.

More general domains in which problem (gp,) does not admit a solution
for p = 2 and every ¢ > 2}, were introduced in [6]. These are domains of
the form

Q= {(y.2) e R*I X RY M2 (Jyl,2) € O}, (L.1)

where O is a bounded smooth domain in RV ~* having the geometric property
stated in the following definition.

Definition 1.1. A bounded smooth domain © in (0, 0c) x RV ~*~1 is said to be
doubly starshaped if there exist two numbers 0 < ¢y < 1 such that ¢ € (tg, 1)
for every (t,z) € © and © is strictly starshaped with respect to &y := (tg,0)
and & := (t1,0), i.e.,

(0 =&, v(0))>0 Vo € 00\{¢&}, i=0,1,

where v(0) is the outward-pointing unit normal to 0O at o.

The nonexistence results in [6] can be extended to the quasilinear case.
We shall prove, e.g., the following one.

Theorem 1.2. Let 1 < k < N —p. If © is a bounded smooth domain in RN ~F
which is doubly starshaped and Q0 is given by (1.1), then problem (p,) does

not have a nontrivial solution in §) for any q > ply ;= %V:kli)i.

The special case where p = 2 and © is a ball centered on (0, 00) x {0}
is the example given by Passaseo in [10,11]. Note that PN > p* for every
1<k<N —p.

Until quite recently, only few existence results were known for supercrit-
ical problems. A fruitful approach which has been applied in recent years in
the semilinear case, consists in reducing the supercritical problem to a more
general elliptic critical or subcritical problem, either by considering rotational
symmetries, or by means of maps which pull back local harmonic functions,
or by a combination of both techniques. We refer the reader to the survey
paper [7] for a detailed discussion.

In our recent paper [8] we considered domains 2 of the form (1.1) and,
under some symmetry assumptions on ©, we obtained multiplicity results for
the supercritical quasilinear problem (ppi‘v,k) by reducing it to an anisotropic
quasilinear critical problem in the domain ©.

Here, we shall obtain some existence and multiplicity results in a differ-
ent type of domains, arising from the Hopf maps. So let us recall what are
these maps. For N = 4,8,16 we write R¥N=K x K, where K is either the
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complex numbers C, the quaternions H or the Cayley numbers Q. The Hopf
map 9 : R?24mE — K « K — K x R = REmE+1 ig defined by

(21, 22) == (27120, | 21| — |22]).

Its restriction to the unit sphere is the Hopf fibration f: S2dimE—-1 _, gdimK
So, in spherical coordinates,

H(s9) = 53§ (9) for s € [0,00),0 € SPAImE-L

Hopf maps were used in [6] to obtain multiplicity results for problem
(pq) with p = 2 in domains of the form Q = 71 (U) where U is a bounded
smooth domain in RY™E+1 The main property of Hopf maps, which was
used to obtain those results, is that they are harmonic morphisms, i.e., they
preserve the Laplace operator, up to a factor. For p # 2 there is a similar
notion: p-harmonic morphisms were introduced by Loubeau in [9] and further
studied in [5]. They commute with the p-Laplace operator, up to a factor. The
Hopf maps are not p-harmonic, but we shall prove that, after replacing the
standard metric in the target space R1™E+1 by g suitable conformal metric,
$) becomes a p-harmonic morphism. This will allow us to reduce problem (g, )
in a domain of the form Q = $H~!(U) to an anisotropic quasilinear problem
in U. Then, we will apply the existence and multiplicity results obtained in
[8] for the latter problem to derive existence and multiplicity results for the
former one. The following theorem is one of them. Others will be given in
Sect. 2.

The sphere of units Sk := {¢ € K: || = 1} in K acts by multiplication
on Kx K and the Hopf map is Sk-invariant, i.e., $({z1, (z2) = H(z1, 22) for all
¢ € Sk, 21, 22 € K. As usual, we denote by O(n) the group of linear isometries
of R™ and, for a subgroup T" of O(n), we denote by 'z := {yx : v € T'} the
T-orbit of a point © € R™ and by #I'z its cardinality. Recall that a subset X
of R™ is said to be I'-invariant if vz € X for every v € I' and € X, and a
function f: X — R is I-invariant if f(yz) = f(x) for every v € I’ and z € X.

Theorem 1.3. Let d = 2,4,8, p € (1,d + 1), and Q be an Sk-invariant
bounded smooth domain in R24. If () is invariant under the action of a
closed subgroup T' of O(d+1) and #T'y = oo for every y € H(QY), then problem
(©ps, ,,) has infinitely many Sk-invariant solutions in €.

(d+1)p
d+1—p

We wish to stress that it does not suffice that Q is I-invariant and
has infinite I-orbits, for some subgroup I' of O(N), to ensure that problem
(pq) has a solution, as Theorem 1.2 shows. This stands in contrast to the
critical case, where problem (g, ) has infinitely many solutions if the domain
is T-invariant and all of its I'-orbits are infinite; see [8, Theorem 2.1].

Note that pj dd—1 = is supercritical in dimension 2d.

In the following section, we will prove this and other multiplicity results
in domains arising from the Hopf maps, and we will give some examples. The
proof of Theorem 1.2 is given in Sect. 3.
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2. Existence

Let (MM, h) and (N, g) be Riemannian manifolds. A map ¢: (M, h) — (N, g)
is horizontally weakly conformal if, at each point x € 9 for which d¢, # 0,
the restriction de¢,: Hy — Ty, to the horizontal space H, := (ker dd)z)J‘
is surjective and conformal, i.e., there exists A(z) € (0, 00) such that

g(d¢,(X),do,(Y)) = A2 (2)h(X,Y) for every X,V € H,.

Defining A(x) := 0 if d¢, = 0, one obtains a continuous function A: M —
[0, 00) which is called the dilation.

Let p € (1,00). A map ¢ : (M, h) — (N, g) is p-harmonic if ¢ | K is a
critical point of the p-energy

1
By (0. K) = /K g, |? da

for every compact subset K of 91.

A map ¢: (M, h) — (M, g) is a p -harmonic morphism if it pulls back
local p-harmonic functions on 9 to local p-harmonic functions on M. If p = 2
it is simply called a harmonic morphism; see [3]. The following useful char-
acterizations were obtained by Burel and Loubeau in [5,9].

Theorem 2.1. Let ¢ : (MM, h) — (M, g) be a C>-map and p € (1,00). Then,
the following statements are equivalent:

(a) ¢ is a p-harmonic morphism;
(b) ¢ is horizontally weakly conformal and p-harmonic;
(¢) There exists a (unique and continuous) function A on I such that

Al(uod) = A [(Afu) o ¢]

for every C%-function u defined on a nonempty open subset of M, where
AZ and A9 denote the p-Laplace operators on (9, h) and (N, g), respec-
tively.

For K = C, H or O, we set d := dimK and we write R?? = K x K and
R+ =K x R. The Hopf map $ : R?*? — R4*+! defined by

(21, 22) = (27122, |Zl|2 - |22\2)a 21,22 €K,

is a harmonic morphism with dilation A(z) = 2 |z|, but it is not a p-harmonic
morphism for p # 2; cf. [5, Theorem 4.9.]. Next, we will show that, if we re-
place the standard metric in R%! by a suitable conformal metric, $ becomes
a p-harmonic morphism. We start with the following lemmas.

Lemma 2.2. Let ¢: (IMM™, h) — (N",g) be a Cl-map without critical points
(i.e., dp, # 0 for all x € M) which is horizontally weakly conformal with
dilation A\, m # 2 and p € (1,00). Then ¢ is p-harmonic if and only if ¢ is
harmonic with respect to the conformally related metric on 9 given by

= (nA\2(z)) 5= h.
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Proof. Lemma 1.2 in [2] asserts that, under the above assumptions, ¢ is p-
harmonic if and only if ¢ is harmonic with respect to the conformally related
metric on M given by

2(p—2)

b= |dé,| ™2 h,
where |d¢,| is the Hilbert—Schmidt norm of d¢,, which is defined by

|da|* = " g(dea(es), dou(e:))

i=1
for any orthonormal basis {e;} of T,90. As ¢ is horizontally weakly conformal
with dilation A, we get that |dé,|* = nA2(z). O
Lemma 2.3. Let C € (0,0), $ € R. Then, the Hopf map

5 (R*\{0}, h) — (RT\{0}, g)
is a harmonic morphism with respect to the conformally related metrics
h:=(C |x\2)56¢jdxidxj and g := |y|*” Sidytdy’.
Proof. Let
~v(s) := %ln {(CSQ)ﬁ} and p(t) :==1In (tﬁ) .

Then, h = 627(“”|)5ijdxid:vj and g = 62“(‘9‘)5ijdyidyj. Now, for each s €
(0,00), $ maps the (2d — 1)-sphere of radius s onto the d-sphere of radius s
via the scaled Hopf fibration, and has dilation 2s. Therefore, the diagram

R2d 9, Rpd+1

Il L

[0, 00) = [0, 00)
commutes, where f(z) := |z|, f(y) := |y| and a(s) := s. These data satisfy
the assumptions of Corollary 13.4.2 in [3], which says that $) is a harmonic
morphism with respect to the conformally equivalent metrics h and g if and
only if

(2d = 2)a’(s)7(s) = (d — 1)4s?/ (a(s)),

i.e., if and only if v and p satisfy

7 (s) = s/ (s%),
as they clearly do. 0
Proposition 2.4. Let p € (1,00), p # d+ 1. Then, the Hopf map

$:R*N\{0} — (RT1\{0}, g)

is a p-harmonic morphism with respect to the standard metric on R%¢ and
the conformally related metric

-2 . .
g:=|y| -7 9;;dy*dy’
2(d—1)
on R¥TL. [ts square dilation is given by \*(x) = 4 |z|#+1-> .



380 M. Clapp, S. Tiwari JFPTA

Proof. Set n:==d+1, f:= 2(’;;21)) and C := (4n) 3% . Then g = |y|25 8;;dy’

dy’, and the Hopf map
1 R0} — (RT\{0}, 9)
is horizontally weakly conformal with dilation A\(z) = 4(|z|*)2°*

= 4(|z| )n v By Lemma 2.2 and Theorem 2.1, it is a p-harmonic morphism
ift

$ : (R*N\{0}, h) — (RT\{0}, g)
is a harmonic morphism with respect to the conformally related metric h :=
(n)\Q(x))%éijdxidxj on R??\{0}. This is true, by Lemma 2.3, because

(nX2(2))#77 = [dn(jof*) 5] 7D = (Claf*)?
and therefore h = (C' || )ﬁéijdxldxj. O
Corollary 2.5. Let p € (2,d+1), $ : R?¢ — R be the Hopf map, and U be
a bounded smooth domain in RTN\{0}. Then, u € C3(U) satisfies
. (p—2)(d—2p+3) p—2 q—2
—div(ly| 2@ [Vu|’ " Vu) = zply‘ [ul"""u in U,
u=0 on U,

()

if and only if v :=wo § solves problem (p,) in Q= H71(U).

Proof. Set n :== d+ 1 and § := 25;21)). For the conformal metric g :=
ly[? 6;;dyidy? on Rd“\{o} we have that |g| := det(gi;) = |y|**" and

d1v varl |y|_2ﬁ(p 1)|Vu|p 2Vu>

Adu = (
—div <| (n=2p+2) |7 P2 Vu) .

Setting v :=uo $ and y := H(x), from Proposition 2.4 and Theorem 2.1 we
obtain

Ap(v) () = N (@) (Adu) ()
(n=2)  (p=2)n (pP=2)(n— )
= 27 |y 550 5 div (Jy) T [Vu(y) P Vu(y) )

(p=2)(n—2p+2) _
=27 fyldiv (Jy| = VUl V) (y).
This immediately yields the claim. U

(d+1)p
d+1—p

[8] and multiplicity results were obtained under some symmetry assumptions.
We combine them with Corollary 2.5 to obtain multiplicity results for problem
(pg) in domains of the form Q = §~1(U).

Proof of Theorem 1.3. Theorem 2.1 in [8] says that, if U is a bounded smooth
domain in R4t which is invariant under the action of a closed subgroup I' of
O(d+1) and every I'-orbit of U is infinite, then the anisotropic critical prob-
lem (p7) with ¢ = f;fll_)z has infinitely I'-invariant solutions in U. Theorem

1.3 now follows from Corollary 2.5.

The anisotropic critical problem (pf) with ¢ = was studied in
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Next, we fix p € (1,d + 1), a closed subgroup T of O(d+1) and a I-
invariant bounded smooth domain D in R?*! such that #I'y = oo for every
y € D. Then, the following statement holds true.

Theorem 2.6. There exists an increasing sequence (€y,) of positive real num-
bers, depending only on f, D and p, with the following property: If Q is an
Sk-invariant bounded smooth domain in R?? such that D C H(Q) C RN\ {0}
and $H(Q) is T-invariant for some closed subgroup T off for which

min_|y|? #Iy > 2P~4"1¢,,

yEH(Q)
with o = (d+1)2(5&2+)1(‘f;)2p+3) + (d+;)7p, then the supercritical problem
(9ps, ,,) has at least m pairs of Sg-invariant solutions Fvi,...,+vy, in
Q of the form v; = uj o 9; uy is positive, ua, ..., Uy, change sign, and u; is

T-invariant and satisfies

1 (d+1)p
/U 9 |y| |Uj‘d+lfp S ng(d-'rl)/p fOT‘ everyj = 17 ...,m,
where S is the best Sobolev constant for the embedding Dlm(RdH) I
(Rd-i-l).

Proof. By Theorem 2.2 in (8], there exists a sequence (£,,) as above with the
property that, if U is a bounded smooth domain in R*! with D ¢ U C
RI*+1\{0} which is invariant under the action of a closed subgroup I' of 'y,
and

min 2P [y | #Ty > L,

yeU

holds true, then the anisotropic critical problem (pq#) with ¢ = gfll_)f;

least m pairs of I'-invariant solutions +uyq, ..., +u,, in U with the properties
stated above. This, together with Corollary 2.5, yields the result. O

has at

Theorems 1.3 and 2.6 extend some results proved in [6] for the semilinear
case p = 2.

Theorem 2.6 gives many examples of domains in which the supercritical
problem (pp;d,d—l) has a prescribed number m of solutions. Namely, write
RI*1 = C¥2 xR and let T, := {e?™9 : 0 € [0,1)} act on R+ by el(2,1) :=
(e2,t) for = € C¥2, ¢t € R. Fix a bounded smooth domain O in R? with
O C (0,00) x R and define

D:={(z,t) € CY2 xR : (|2|,t) € O}.

Then D is I'o-invariant invariant and every I'o-orbit in D is a circle.
Now, fix a cylinder Z := {(z,t) : Ry < |2| < Rz}, R1,Rs € (0,00), and,
for r € N, let T, := {e*™9/7 . j = 0,...,7 — 1}. Then #I',y = r for every
y € Z. According to Theorem 2.6, for every bounded smooth domain U in
R*! such that D C U C Z, which is I',-invariant for some r satisfying

7> 2" max{R %, Ry},

the supercritical problem (gp,; ) has at least m solutions in Q := H~HU).
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Theorem 2.6 requires that all T-orbits in $(£2) have large enough car-
dinality. Our next result allows $(€2) to have small T-orbits, provided it is
close enough but does not touch {0} x R. Although a more general result can
be derived from Theorem 2.3 in [8], for the sake of clarity we state only the
following special case.

Fix p € (1,d], r > 2 and a I',-invariant bounded smooth domain U in
R4\ {0}, with T, as before, such that U N ({0} x R) # . For & > 0 set

U. :={y € U :dist(y, {0} xR) > ¢}.
Then, the following statement holds true.

Theorem 2.7. Let m be the largest integer such that

roinf |y|? >m inf ly|?
yeU yeUN({0} xR)

(d+1)(p=2)(d=2p+3) | (d+1)
2p(d+1—p) p
property: If Q is an Sk-invariant bounded smooth domain in R*® such that

H(Q) is I'y-invariant,

BN ({0} xR) =0 and U. C H(Q) c U,

~L. There exists € > 0 with the following

with o =

then the supercritical problem (ppéd dil) has at least m pairs of Sk -invariant
solutions *vy, ..., Lvy, in ) of the form v; = u;08$; uy is positive, ua, . .., Un
change sign, and u; is I'r-invariant.

Proof. This follows from Theorem 2.3 in [8] and Corollary 2.5. O

3. Nonexistence

In this section, we prove some nonexistence results for problem (p4) in do-
mains of the following form: Fix kq,..., &k, € Nwith k:=k; +--- 4+ k,, and
1<m < N —k—p, and define € as
Q:={@",...,y" 2) € REFL oo x RFmFL
xRN —k-—m . (|y1|,...,|ym|,z) € 0}, (3.1)

where © is a bounded smooth domain in RV =" whose closure is contained in
(0,00)™ x RN—F=m,

Fix 11,...,7Tm € (0,00) and, for each i = 1,...,m, let ¢; be the solution
to the problem

{wé(t)t + (ki + Dei(t) =1, ¢ € (0,00),

Then @; is given by ¢;(t) = g1 — ()1, so it is strictly increasing in
(0,00). Now, for y* # 0 we consider the vector field

X(yl, CER ym’ Z) = (@1(|y1|)y17 ceey (pm(‘ym‘)ym’ Z) (32)
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Lemma 3.1. x has the following properties:
(i) divx =N —k,
(ii) For every y' € RFFT1\{0}, z e RN=k=m ¢ e RN p € (1,00),
(dx(y's. - y™ )€l 1EP72€)
< max {1 — ki1 (y']), .- 1= kmepr (Jy™)). 1} €7

Proof. These statements follow immediately from Lemma 4.2 in [6]. O

Theorem 1.2 is proved by the same argument used in [6] for the semi-
linear case. We give the details for the reader’s convenience.

Proof of Theorem 1.2. Let ty be as in Definition 1.1 and let x be the vector
field defined in (3.2) with m = 1 and 7 = o, i.e., k1 =k, p(t) = 1-
(f2)k+1] and
X(,2) = (p(lyhy,z)  for (y,2) e RFFE xRV F71y 0.
Since 1 — ko(t) < 1 for t € (t9,00), Lemma 3.1 yields
(Ax(@)[€], [E[P~26) < [P Vo e Q.6 eRY.

Therefore, if u € C?(2) N C*(Q) is a solution to problem (gp,), the varia-
tional identity (4) in Pucci and Serrin’s paper [12] applied to the function
Flu, X) := %|X|p — %|u|q7 (u, X) € R xR, together with Lemma 3.1,
implies that

-1
pi/ [Vul? (x - vq) do
P Jao

1
ol

- / (divy) (1|u|q— 1vup> d:c+/<dx[Vu], VulP2Vu) da
Q q p Q

S/Q(N—k) (;—;+N1_k> IVl dz, (3.3)

where v is the outward-pointing unit normal to 0f2.
Next, we claim that

((p(t)t,2), vo(t 2)) >0 V(t z) € 900\{&, &1} (3.4)
where vg(t, z) is the outward-pointing unit normal to 90 at (¢, z), which we
write as vo(t,2) = (v1(t,2),1a(t,2)) € R x RN=F=1 and & := (t9,0) and
&1 := (t1,0) are as in Definition 1.1.

To prove this claim, let (¢,2) € 00\{&,&1}. Since © is doubly star-
shaped we have that
(t —t)v(t, z) + (z,va(t,2)) > 0 for i =0, 1.
Therefore, setting 1(t) := ¢(t)t — ¢, we obtain

((p(®)t, 2),v0(t, 2)) = p(t)tn(t, 2) + (2,12(t, 2))

> (@)t —t+t)v1(t, 2) = (P(t) + t;)va(t, z) for i = 0, 1.
Note that ¢’(t) = —ke(t) < 0if t > tg. So, as t € (to,t1) for every (¢,2) € O,
we have that

pti)ty —ty = Y(t1) <P(t) <P(to) = —to Y(t,2) € 00.
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If v1(t,z) <0, then
<((p(t)t’ 2)7 V@(ta Z>> > (1/)(75) + tO)Vl (ta Z) Z 0
and if 14 (¢, z) > 0, then
<(90<t)t7z)71/@(t7z)> > (’L/)(t) + tl)yl(t>z) 2 <P(t1)t1V1(f,Z) > 0.

This proves inequality (3.4).
Since Q = {(y,2) € RFFL x RN=k=1 . (|y],2) € O}, from inequality
(3.4) we conclude that

(x(0),va(0)) >0 Vo€ IN{(y,0) € 0N |y| # to, [yl # t1}. (3.5)
If u # 0, this inequality combined with (3.3) gives

1 1 1
O</ N —k <——|— )Vupd:z:,
(-0 (5 -2+ 5= 7l

which implies that ¢ < py - O

It is an open question, even in the semilinear case, whether Theorem
1.2 holds true for a domain of the form (3.1) with m > 1. A partial result,
which was proved in [6] for p = 2, can be extended to the quasilinear case as
follows.

Theorem 3.2. Given e > 0 and 7 = (71,...,7m) € (0,00)™ there erists o €
(0, min;—1,... m 7;) such that, if © := Bévfk(T) is the ball in (0, 00)™ x RN —k=—m
centered at (1,0) of radius ¢ and Q is defined as in (3.1), then problem (pq)
does not have a nontrivial solution in ) for every q > Py TE

Proof. The proof is a straightforward adaptation of the proof of Theorem 1.3
in [6]. O

Note that, if © is a ball, 2 has the homotopy type of the product of
spheres SF x ... x S#=_ It turns out that the radius p — 0 as ¢ — 0, so
Theorem 3.2 does not provide an example of a domain of the form (3.1) with
m > 1 in which problem (g ) does not have a nontrivial solution for ¢ = PN -
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