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Abstract. In this paper, we deal with the nonlocal Cauchy problem for a
class of two-term time fractional differential equations in Banach spaces.
By constructing a suitable measure of noncompactness on the space of
solutions, we prove the existence of a compact set containing decay mild
solutions to the mentioned problem.

Mathematics Subject Classification. 34A08, 35B35, 47TH08, 47H010.

Keywords. Decay mild solution, fractional differential equation, nonlocal
condition, measure of noncompactness.

1. Introduction

We consider fractional differential equations with nonlocal conditions in a
Banach space X of the form

DS u(t) + pDfu(t) — Au(t) = F(t,u(t)), >0, u>0, (1.1)
u(0) + g(u) = zo, we(0) + h(u) = yo, (1.2)

where 0 < a < 8 <1, Dy is the Caputo fractional derivative of order o with
the lower limit 0, A : D(A) C X — X is a closed linear operator, and A gen-
erates a strongly continuous family {S, g(t)} of bounded and linear operators
on X, zg € X, yo € X.

Fractional differential equations also have been proved to be useful tools
in modeling of phenomena in various fields of science and engineering. There
has been significant development in fractional differential equations in recent
years; see the monographs [16, 17, 27], the papers [4, 9, 18, 19, 20, 21, 25] and
the references therein. Initial value problems for nonlinear fractional differ-
ential and integrodifferential equations are discussed in [2, 10, 15, 22, 26, 28],
and Dirichlet or Neumann-type of problems for nonlinear fractional differen-
tial equations are studied in [12, 13]. In these papers, techniques of functional
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analysis such as fixed point theory, the Banach contraction principle, Leray—
Schauder theory, etc. are applied for solving such kind of problems.

Equation (1.1) with classical initial conditions comes from recent inves-
tigations where a related class appears in connection with partial differential
equations and Cauchy-time processes, a type of iterated stochastic processes
(see [5]). In the case 0 < & < 1, B =1, u = 0, equation (1.1) is model of a
fractional diffusion-wave equation (see [25, 26]). Recently, in [15] Keyantuo,
Lizama and Warma have studied equation (1.1) with classical initial condi-
tions and the right-hand side F' = D§ f, in which f is a Lipschitzian function
for the second variable.

Motivated by [15], we deal with the two-term time fractional differential
equations with nonlocal conditions in Banach spaces. The concept of nonlo-
cal conditions was first used by Byszewski [7]. This notion is more appropri-
ate than the classical one to describe natural phenomena because it allows
us to consider additional information, see Deng [11], Byszewski and Laksh-
mikantham [8]. The purpose of this paper is to use a fixed point principle
for condensing maps for measures of noncompactness [14] and the theory of
(o, B)-regularized families [15] to prove the existence of decay mild solutions.

The rest of the paper is organized as follows. Section 2 introduces some
useful preliminaries. In addition, we construct a regular measure of noncom-
pactness (MNC) on BC(R™; X) and give a fixed point principle. In Section 3,
we prove the existence of mild solutions on [0,7T], T > 0, for problem (1.1)-
(1.2). Section 4 is devoted to show the decay mild solutions. In the last
section, we give an example to illustrate the abstract results obtained in the

paper.

2. Preliminaries
In this section, we introduce preliminary facts which are used throughout the
paper.

Definition 2.1. For a function f € CV(R,;X), the Caputo derivative of
order o with the lower limit O is defined by

s t 75]\/'70471 (N) s)ds if o B
D () = ey J, 9 ) c(N-1N),
7 ®) if a = N.

Definition 2.2. Let ¢ > 0 and 0 < «,8 < 1 be given. Let A be a closed
and linear operator with domain D(A) on a Banach space X. We say that A
is the generator of an (a, f3),-regularized family if there exist w € R and a
strongly continuous function S, g : Ry — Z(X) such that

{xett 4+ pX? i Re(N) > w} C p(A)

and

AT (AT 4 — A)_lx = / e MSyp(t)zdt, Re(\) >w,z € X.
0
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It is known that in the case p = 0, @ = 0, this is a Cy-semigroup; while if
=0, a =1, we have a cosine family. The existence and characterization of
generators of (a, 3),-regularized families were discussed in [19]. Specifically,
let A be a closed and densely defined operator. An operator A is said to
be w-sectorial of angle 6 if there exist § € [0,7/2) and w € R such that its
resolvent is in the sector

oJ—I-Sg::{w+/\:)\E(C,|arg()\)|<;T—i—e}\{w}, (2.1)

and

[(A=A4)7" < A€w+ S (2.2)

M
A—wl’
The following results are established in [15].

Lemma 2.3. Let0 < a < <1, u> 0 and let A be an w-sectorial operator of
angle Bm/2. Then A generates an exponentially bounded (e, 8),,-regularized

family Sap(t).

Lemma 2.4. Let 0 < o« < 8 <1, 4 > 0 and w < 0. Assume that A is an
w-sectorial operator of angle S /2. Then A generates an (v, f3),-regularized
family Sap(t) satisfying the estimate
C
>0, (2.3)

Sap®)] < , b
IS5 < Ty 2

for some constant C' > 0 depending only on «, f3.

We now look for suitable concept of mild solutions to problem (1.1)-
(1.2). Denoting by .£ the Laplace transform for X-valued functions acting
on Ry, putting v(t) = F(t,u(t)) and applying the Laplace transform to (1.1)—
(1.2), we have

(A p) — A) L) (V)
= Xu(0) + A 1, (0) + A7 u(0) + L] (N), Re(N) > w.
So
LIu)(A) = A (AT 4+ A — A) 7 u(0) + AT AT 4 — A) g (0)
NPT — A) T u(0) + (AT 4 A — A) T2 (V)

for all A such that Re(\) > w, AT+ M € p(A). Let S, 5(t) be an (av, ) -
regularized family generated by A, then
ZLu(A) = Z[Sa.sl(Mlwo — g(w)] + L[e1]ZL[Sa,5](N) [vo — h(u)]
+ 1L [P11a-p]Z[Sa,](N)[zo — g(u)]
+ Z[5a,8](0)ZL[pa] (N)ZL[V](A), Re(A) >w,

where
th—1

I(p)’

wa(t) t>0,8>0.
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Inversion of the Laplace transform shows that
u(t) = Sa,5(t)[xo — g(u)] + (1 % Sa,8)(t) [yo — h(u)]
+ (P14a—p * Sap) () [xo — g(w)] 4 (Sap * o * v)(1).

In this paper, we assume that f(¢, u(t)) = o * F(t,u(t)). Motivated by (2.4),
we give the following definition of mild solutions.

(2.4)

Definition 2.5. Let 0 < < < 1 and g > 0. A function u € C(R4, X) is
said to be a mild solution of problem (1.1)—(1.2) if it satisfies

u(t) = Sas(0feo = 9] + (1 % S 5)(Olo ~ h(uw)]
+hlpreas * Sa.0) ()0 — g(u) (25)

/ Sapt—1)f(r,u(r))dr
for each t € Ry and (zg,y0) € X x X.

In the following part, we recall the knowledge of the measures of non-
compactness in Banach spaces. Among them, Hausdorff measure of noncom-
pactness is important. Next, we mention the condensing maps and fixed point
principles for condensing maps. We denote the collection of all nonempty
bounded subsets in X by Bx, and the norm of space C([0,T]; X) by | - |lc,
with [[ullc = supye o,z [u(t)]1x-

Definition 2.6. A function ® : Bx — [0,+00) is called a measure of non-
compactness (MNC) in X if

®(co) =P(Q) Ve By,
where €6 (2 is the closure of the convex hull of 2. An MNC @ in X is called
(i) monotone if for all Q,Qs € Bx, Q1 C Qs implies P(Q;) < (Qy);
(ii) nonsingular if ®({z} UQ) = &(N) for all x € X and all 2 € Bx;
(iii) invariant with respect to union with a compact set if ®(K UQ) = ®(Q)
for every relatively compact K C X and {2 € By;
(iv) algebraically semi-additive if ®(Qq + Q3) < ®(Qy) + P(Q) for any
24,9, € Bx;
(v) regular if ®(Q2) = 0 is equivalent to the relative compactness of .

An important example of measures of noncompactness is the Hausdorff
MNC x(-) which is defined as follows:

x(2) = inf{e > 0: Q has a finite e-net} (2.6)

for all Q2 € By.
For T > 0, it is known that the Hausdorff MNC on C([0, T],R™) is given
by (see [1)

1
Q)=-1 t) — n. 2.7
xr(@) =5 lim sup omaxfu(t) - u(s) s (27)



Vol. 18 (2016) Two-term time fractional differential equations 421

The last measure can be seen as the modulus of equicontinuity of a subset in
C([0, T);R™). In C([0,T]; X) with X being of infinite dimension, there is no
such formulation as (2.7). However, if Q C C([0,T]; X) is an equicontinuous
set, then

xr(Q) = sup x (1)), (2.8)
t€[0,T)

here x is the Hausdorff MNC in X.

Consider the space BC(R™; X) of bounded continuous functions on R*
taking values on X . Denote by 7 the restriction operator on this space; i.e.,
mp(u) is the restriction of u on [0,T]. Then

Xoo(D) = sup xr(mr(D)), D c BC(R*;X), (2.9)

is an MNC. We give some measures of noncompactness as follows:

dr(D) = sup fgglIU(t)llx, (2.10)
deel(D) = Jim dr(D), (2.11)
X*(D) = Xoo(D) + doo(D). (2.12)

The regularity of MNC x* is proved in [2, Lemma 2.6]. Then the following
property is evident.

Proposition 2.7. Let x be the Hausdorff MNC on a Banach space X, Q) € Bx.
Then there exists a sequence {x,}52; C Q such that

x(Q) <2x({z,}52,) +e Ve >0. (2.13)
We have the following estimate whose proof can be found in [14].

Proposition 2.8 (See [14]). Let x be the Hausdorff MNC on a Banach space X
and let {u,}52, C L1(0,T;X) such that ||u,(t)]|x < v(t), for every n € N*
and a.e. t € [0,T), for some v € L1(0,T). Then we have

X ({/Ot un(s)dx}> < Q/Otx({un(t)}) ds (2.14)

To end this section, we recall a fixed point principle for condensing maps
that will be used in the next sections.

forte0,T).

Definition 2.9 (See [3]). Let X be a Banach space, x an MNC on X and
0 # D C X. A continuous map ® : D — X is said to be condensing with
respect to x (x-condensing) if for all Q € Bp, the relation

x(9) < x(2(Q))

implies the relative compactness of €.
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Theorem 2.10 (See [14]). Let X be a Banach space, x an MNC on X, D a
bounded conver closed subset of X, and let ® : D — D be a x-condensing
map. Then the fized set of @,

Fix(®) ={z € D:z=d(z)}

18 a nonempty compact set.

3. Existence result

In formulation of problem (1.1)—(1.2), we assume the following.
(G) The function g : C([0,7]; X) — X obeys the following conditions:
(i) g is continuous on X, and
lg(u)llx < O4(Jlullc) (3.1)
for all u € C([0,T]; X), where 6, : Rt — R* is nondecreasing;
(ii) there exists a nonnegative constant 7, such that
x(9(9)) < nyxr(Q) (3:2)

for all bounded sets Q C C([0,T]; X).
(H) The function h: C([0,T]; X) — X satisfies the following conditions:
(i) for all uw € C(]0,T]; X),

1h(w)llx < On(llullc), (3-3)

where 05, : Rt — R™T is a continuous and nondecreasing function;
(ii) there exists a nonnegative constant ny, such that

x (M) < nrxr () (3.4)

for all bounded sets Q C C([0,T]; X).
(F) The nonlinear function f : RT x X — X satisfies the following condi-
tions:
(i) f(-,u(-)) is measurable for each u(-) € X, f(¢,-) is continuous for
a.e. t € [0,77], and

1f (£ 0) |x < m(t)0s([[v]lx) (3.5)
for all v € X, where m € L1(0,T), 67 : Rt — R™ is a continuous
and nondecreasing function;

(ii) there exists ny : RT™ — R™ such that ny € L1(0,T) and
xX(f(tQ) < ns(6)x(9) (3.6)
for all bounded sets 2 C X.

Remark 3.1. Let us give some comments on assumptions (G)(ii), (H)(ii) and
(F)(id).

(1) If g, h are Lipschitzian, then (3.2) and (3.4) are satisfied. These condi-

tions is also satisfied with 8, = 0, = 0 if g, h are completely continuous.
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(2) If f(t,-) satisfies the Lipschitzian condition for the second variable, i.e,

[f(tua(®) = F(tuz(®)) || < kp@®)]ur —u2llc

for some ky € L1(0,T), then (3.6) is satisfied. Furthermore, if f(¢,) is
completely continuous (for each fixed ¢), then (3.6) is obviously fulfilled
with ng = 0.

We denote
M :={ue C([0,T]; X) : |lullc < R},

where R > 0 is given. We conclude that M is a bounded convex closed
subset of C'([0,77; X). For each u € M, we define the solution operator
d: M — C([0,T); X) as follows:

D(u)(t) = Sap(t)[zo = g(w)] + (1 % Sa,p) () [yo — h(u)]

+ 1(p14a—8 * Sa,8) () [ro — g(u)] (3.7)

/ Sapt—1)f (7' u(T ))dT

Then « is a mild solution of problem (1.1)—(1.2) if it is a fixed point of the
solution operator ®.

Thanks to the assumptions imposed on g, h, f, then ® is continuous
on M. We denote

M := sup ||5a6( Mz,
tel0,T

A = sup ||901 * Sa,p(t )Hf(X)’
tel0,T

Or = b[up ||801+a 5% Sa,()|l2x)
tel0

Lemma 3.2. Let 0 < a < <1, u>0, and let A be an w-sectorial operator
of angle Bm/2. If hypotheses (G), (H), (F) are satisfied and

. 1
nlggo E (M + u@T)Hg(n) + ATGh(n)

(3.9)
+0;(n) sup / 1Sus(t — 1)l m(r)dr| < 1,
t€[0,T]

then there exists R > 0 such that F(M) C M.

Proof. Assume to the contrary that for each n € N, there exists a sequence
{un}22, € M with ||unllc < n but ||®(uy)|lc > n. From the formulation
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of ®, we have
12 (un) (®)|x < 1Sa,s (Ol ([lzoll + llg(un)ll)

+ o1 % Sas Ol (Iyoll + 12 (un)]l)

+ uller+a—g * Sa,s Ol (Izoll + llg(un)l)

+—/£ 1S5t — )| 1 (7, un(r))]| dr
< M(|Jzoll + 8,(n)) + Ar(lyoll + 8x(m) + 1O (Izol] + 85(n))

t
+6s(n) /0 ||Sa75(t — 7')||m(7') dr
From the inequality above, it follows that

[®(un)llc < (M + 1Or) ([zoll + 04(n)) + Az (llyoll + On(n))

+6( sup/HSaﬁthHm )dr.
te[OT]

Therefore,

L < 10 4 100) (Joll + 5(m)) + A (ol +0n(n)

+607(n) sup / ||Saﬁt—7’|}m )dr|.
tEOT

Passing to the limit in the last inequality, one gets a contradiction. The proof

is just completed. O

In order to deploy the fixed point theory for condensing maps, we will
establish the so-called MNC estimate for the solution operator ®.

Lemma 3.3. Let 0 < a < <1, u>0, and let A be an w-sectorial operator
of angle pr/2. If hypotheses (G), (H), (F) are satisfied, then

xr(®(D)) < {(M + uOT)ng + Armp
(3.9)

¢
+2 sup / ”Sa’ﬂ(t—T)HT]f(T)dT x7(D)
te[0,7] J0

for all bounded sets D € M.

Proof. Setting
O1(w)(t) = Sa,p(t) [0 — g(w)] + 1(Pr1a—p * Sap) (t) [20 — g(w)],
Do (u)(t) = (1 * Sap) (t) [yo — h(u)],

D3 (u)(t) = /0 Sa,p(t — T)f(T, u(T)) dr,
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we have
xr(®(D)) < x7(21(D)) + x7(®2(D)) + x7(P3(D))- (3.10)
(1) For every 21,20 € ®1(D), there exist uj,us € D such that for
t€[0,1],
zi(t) = @1(ui)(t), i=1,2.
We have
121(8) = 22(D)l] = 1S, ()] lg(ua) — g(u2)l|
+ il (Pra—p * Sa) ) [|9(u1) — g(u2)]]-
It implies that
|21 — 22llc < (M + M@T)HQ(UQ) - g(ul)H
Hence,
xr(®1(D)) < (M + pOr)x(9(D)) < (M + uO7)ngx7 (D). (3.11)
(2) By similar arguments as above, we get
xr(®2(D)) < Arnnxr(D). (3.12)

(3) Apply Proposition 2.7 again, there exists {u,, }>2 ; C D such that for
every € > (0, we obtain

XT (<I>3(D)) < 2XT({<I>3(un)}fL°:1) +e. (3.13)

We also have {®3(u,)(t)} which is an equicontinuous set of functions. We
invoke Proposition 2.8 to deduce that

W({@5(u) (1)}) < 2 / 3 (Sas(t — 1) (7 1n(7))) dr

< 2/0 HSa,g(t—T)an(T)dTXT(un).

It is inferred that

o ({®5(un)}) <2 sup / 150,50t = D[ mp(r) dr xr(un). (3.14)
tel0,T]1Jo
From (3.13) and (3.14), we obtain
xr(®5(D)) <2 sup / 150.5(t — 7| n (v) dr X (D). (3.15)
tel0,7T]J0o

Combining (3.10), (3.11), (3.12) and (3.15) yields

xr(®(D)) < [(M +puO7)ng + Ay,
(3.16)

t
+ 2 sup / HSa,g(th)an(T)dT x7 (D).
t€[0,7] J0

The proof is completed. O
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Theorem 3.4. Let 0 < a < 5 <1, u> 0, and let A be an w-sectorial operator
of angle B /2. If hypotheses (G), (H), (F) are satisfied. Then problem (1.1)—
(1.2) has at least one mild solution on [0,T] provided that

lim — (M—l—,u@T)Q (n) + Arbp(n)

n—oo N

(3.17)
+0¢(n sup / ||Sa5t—THm } 1,

i= (M +pOr)ng + Arnn + 2 sup / |Sa,(t —7)||ng(r) dr < 1. (3.18)
te[0,T]

Proof. By inequality (3.18), the solution operator ® is a yr-condensing. In-
deed, if D C M is a bounded set such that xr(D) < x7(®(D)), applying
Lemma 3.3, we obtain

xr(D) < xr(®(D)) < Ixr(D).

Therefore x7(D) =0 and D is a relative compactness.

By assumption (3.17), applying Lemma 3.2, we have F(M) C M. Ap-
plying Theorem 2.10, the xr-condensing map ® defined by (3.7) has a fixed
set Fix(®) € M which is compact, and is not an empty set. It implies that
problem (1.1)—(1.2) has a mild solution u(t), t € [0, 7], described by (2.5). O

4. Existence of decay mild solutions
In this section, we consider the solution operator ® on the following space:
My ={u € BC(R"; X) :u(t) = 0 ast — oo}.

We are going to prove that ®(My) C My and, using the MNC y*
defined by (2.12), to prove that ® is a x*-condensing map on M,. In hy-
potheses (G), (H), (F), we consider the conditions of g, h, f for any T' > 0.
The norm || - ||¢ is replaced by the norm || - ||, ||t]lcc = supsep+ [Ju(t)|x
for every uw € BC(R™; X). The condition m,ns € L1(0,T) is replaced by the
condition m,ny € L(R"). Furthermore, we assume that
(A) A is an w-sectorial operator of angle f7/2 with w < 0,0 < a < 8 <1,

w>0.

Lemma 4.1. If hypothesis (A) is satisfied, then
Sa,8(t), (01 % Sa8)(t), (P14a-p * Sa,p)(t) = 0 ast — oo

The lemma is proved by using Lemma 2.4 (see the proof of [15, Theo-
rem 4.3] for more details).

Lemma 4.2. Let hypotheses (G), (H), (F), (A) hold. Then we always have
P(My) C Moo
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Proof. Let u € Mo with ||ul]|oc = R > 0. For every € > 0, there exists T > 0
such that for any ¢t > T, we get

[Sa,s(®ll <& lpr*Sap)t)l <& l(prra—p*Sap)t)| <e.
We find that for every t € RT,
12(w) ()l x < [|Sas(t)wo — g(w)] + klr1ra—p * Sa,p)(t)[z0 — g(w)]||

+ || (1 * Sa8) () [yo — h(w)]||

i H /ot Sap(t —7)f (T, u(r)) dr )

= P+Q+K.
(4.1)
Then for any ¢ > T, we have
P <e(l+p) (ool +04(R), @ <e(llyoll +0n(R)) (4.2)
and
K < |01 % Sa,p) Ol mll oo sy 05 (R) < ellmllLoe gy 0p(R).  (4.3)

From (4.1), (4.2) and (4.3), we obtain ||®(u)(t)||x — 0 as t — oo for all
u € My,. The proof is completed. O

Lemma 4.3. Let hypotheses (G), (H), (F), (A) hold. Then we have

t
X*(@(D)) < (C’—l—,u@oo)ng—l—/\oonh-i-i;lg/o HSa”g(t—T)an(T) dr|x*(D)

(4.4)
for all bounded sets D C M.
Proof. Let D C My, be a bounded set. We have
X (2(D)) = X (®(D)) + doo (®(D)). (4.5)

Thanks to Lemma 3.3 and hypothesis (A), we obtain the following es-
timates:

Xoo (P(D)) < Xoo (P1(D)) + Xoo (P2(D)) + Xoo (P3(D)),  (4.6)
xoo(<1>1 D)) < (C+ 1Oc0) g Xoo (D), (4.7)
Yoo (@2 (D) ) Aooth Xoo (D), (4.8)
Yoo (B3(D)) gsup/ 150.5(t — )| 7 (7) dr xo0 (D). (4.9)
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From (4.6)—(4.9), we have

t
Xoo((I)(D)) < (C+/1'600)779+Aoonh+§gg/ HSa,ﬁ(t_T)an(T) dr XOO(D)
>0.Jo
(4.10)
Next, we find that

doo (®(D)) = lim_dr(®(D)), dr(®(D)) = sup sup | (u) (1)) x-

Applying Lemma 4.2, we obtain
doo (®(D)) = 0. (4.11)
From (4.5), (4.10) and (4.11), we obtain (4.4). The proof is completed. [

Theorem 4.4. Let hypotheses (G), (H), (F), (A) hold. Then problem (1.1)-
(1.2) has at least one mild solution uw € Mo, provided that

t
loo 1= (C+u®w)ng+Awnh+sglg/ |Saa(t = 7)||ns () dr| <1, (4.12)
t> 0

and (3.8) holds for all T > 0.

Proof. By inequality (4.12), the solution operator ® is y*-condensing. Indeed,
if D C M is bounded such that x*(D) < x*(®(D)). Applying Lemma 4.3,
we obtain
X* (D) < x*(®(D)) < leox*(D).
Therefore x*(D) = 0, and so D is relative compactness.
Thanks to Lemma 4.2, we have

P(My) C M.

Applying Theorem 2.10, the x*-condensing operator ® defined by (3.7) has
a fixed set Fix(®) C M, which is compact, and is not an empty set. This
confirms that problem (1.1)—(1.2) has a mild solution u(t), t € RT, described
by (2.5) which satisfies lim;_, ||u(t)|| = 0. O

5. An example

Let Q be a bounded domain in R™ with the boundary 92 smooth enough.
Let the operator

L:= g a;j(z) =———
ig=1 81},‘81‘]‘
have the property

n

3 ai(@)&E > e VEER", 2 €Q

4,j=1
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with ¢ > 0. With 0 < a < 5 <1, u > 0, ag > 0, we consider the following
problem:

Dgu(t, ) + uDgu(t,x) — Lu(t,z) + apu(t,x) = F(t,z,u(t,x)), (5.1)

u(0,x) + /Q k(x,y)u(0,y) dy = up(x),

n (5.2)
u(0,2) + Z Ciu(ty, z) = ui(z),
i=1

'LL|8Q = 0, (5.3)
where 0 < t; <ty < --- < t, < 400, C4,...,C, are positive constants and

the function k : Q x Q — Lo(Q) satisfies
/ / |k(x,y)]? dzdy = C < +oc. (5.4)

oo

Let X = L*(Q), A = L — ag with D(A) = H?(Q) N H}(). Then problem
(5.1)—(5.3) is in the form of the abstract model (1.1)—(1.2) with

F(t,u(t)(x) = F(t,z,u(t,z)),

g(u)(z) = / k(1) u(0, y) dy,

h(u)(z) = Z Ciu(t;,x).

(A) It is known that (see [23, Theorem 3.6]) L = A-+ay is a sectorial operator
of angle 7/2 (and hence of angle f7/2). Therefore, we have that A is
an w-sectorial operator of angle f7/2 with w = —ag < 0.

Now we give a description for the functions g, h and f.

(G) g: BC(R4, X) — X is continuous.
(i) llgw)lx < Cllu(0)[x < Cllufle-
(ii) By [24, Theorem 8.83], ¢ is a compact operator, so x(g(D)) =0
for all bounded sets D C BC(R4; X). Therefore, we can choose
ng = 0.
(H) h: BC(R4, X) — X is continuous.
(i) For all uw € C(R"; X), we have

A ()| x = Zcium,x)

<Y Cillu(ti2)llx <Y Cillulw.  (55)
X i=1 i=1
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(ii) Next, for every uy,us € BC(Ry, X), we get

1A (ur) = hus)lx = ||D_ Cilur(ti, x) — ua(ti, z)]
i=1 X
Z illur (ts, @) — ua(ti, ) || x
Z illus — walloo-
Therefore,
D)) €3 CoxmlD) (56)
i=1

for every bounded set D C BC(R™T; X).
(F) Suppose that f(¢,u(t)) = pq * F(t,u(t)). The nonlinear function f :
R* x X — X satisfies the following conditions:
(i) f(-,u(-)) is measurable for each u(-) € X, f(¢,-) is continuous for
a.e. t € Ry, and

I1£ (¢, v)llx < m ()05 ([lv]lx) (5.7)

for all v € X, where m € L*(R,), 6y : RT — RT is a continuous
and nondecreasing function.
(i) There exists ny : RT — R such that ny € L>(R™) and

X (f(t, Q) < nst) x(2) (5.8)
for all bounded sets 2 C X.

Under the above settings, applying Theorem 4.4, one can state that
problem (5.1)-(5.3) has at least one mild solution in M, provided that

Ao ZC +sup/ “Sagt—r"nf )dr < 1.

i=1

6. Conclusion

In this paper, we discussed the existence of decay mild solutions for two-
term time fractional differential equations with nonlocal conditions in Banach
spaces. The result of the existence has been established under general settings
via measures of noncompactness, which is more extensive than that in [15].
Furthermore, we obtained the existence of decay mild solutions u with u(t) —
0 as t = oo. The results are illustrated with a well-analyzed example in
Section 5.



Vol. 18 (2016) Two-term time fractional differential equations 431

References

[1] R. R. Akhmerow, M. I. Kamenskii, A. S. Potapov, A. E. Rodkina and B. N.
Sadowskii, Measures of Noncompactness and Condensing Operator. Birkhauser,
Basel, 1992.

[2] N. T. Anh and T. D. Ke, Decay integral solutions for neutral fractional dif-
ferential equations with infinite delays. Math. Methods Appl. Sci. 38 (2015),
1601-1622.

[3] J. Appell, Measures of noncompactness, condensing operators and fized points:
An application-oriented survey. Fixed Point Theory 6 (2005), 157-229.

[4] B. Baeumer, S. Kurita and M. M. Meerschaert, Inhomogeneous fractional dif-
fusion equations. Fract. Calc. Appl. Anal. 8 (2005), 371-386.

[5] B. Baeumer, M. M. Meerschaert and E. Nane, Brownian subordinators and
fractional Cauchy problems. Trans. Amer. Math. Soc. 361 (2009), 3915-3930.

[6] J. Banas$ and L. Olszowy, On a class of measures of noncompactness in Banach
algebras and their application to monlinear integral equations. J. Anal. Appl.
28 (2009), 475-498.

[7] L. Byszewski, Theorems about the existence and uniqueness of solutions of a
semilinear evolution nonlocal Cauchy problem. J. Math. Anal. Appl. 162 (1991),
494-505.

[8] L. Byszewski and V. Lakshmikantham, Theorem about the ezistence and
uniqueness of a solution of a nonlocal abstract Cauchy problem in a Banach
space. Appl. Anal. 40 (1990), 11-19.

[9] F. L. Chen, J. J. Nieto and Y. Zhou, Global attractivity for nonlinear fractional
differential equations. Nonlinear Anal. 13 (2012), 287-298.

[10] A. Debbouche, D. Baleanu and R. P. Agarwal, Nonlocal nonlinear integrod-
ifferential equations of fractional orders. Bound. Value Probl. 2012 (2012),
doi:10.1186/1687-2770-2012-78, 10 pages.

[11] K. Deng, Ezponetial decay of solutions of semilinear parabolic equations with
nonlocal initial conditions. J. Math. Anal. Appl. 179 (1993), 630-637.

[12] M. A. E. Herzallah and D. Baleanu, Dumitru ezistence of a periodic mild so-
lution for a nonlinear fractional differential equation. Comput. Math. Appl. 64
(2012), 3059-3064.

[13] M. A. E. Herzallah, M. El-Shahed and D. Baleanu, Mild and strong solutions
for a fractional nonlinear Neumann boundary value problem. J. Comput. Anal.
Appl. 15 (2013), 341-352.

[14] M. Kamenskii, V. Obukhovskii and P. Zecca, Condensing Multivalued Maps
and Semilinear Differential Inclusions in Banach Spaces. Walter de Gruyter,
Berlin, 2001.

[15] V. Keyantuo, C. Lizama and M. Warma, Asymptotic behavior of fractional
order semilinear evolution equations. Differential Integral Equations 26 (2013),
757-780.

[16] A. A. Kilbas, H. M. Srivastava and J. J. Trujillo, Theory and Applications
of Fractional Differential Equations. North-Holland Mathematics Studies 204,
Elsevier Science B.V., Amsterdam, 2006.

[17] V. Lakshmikantham, S. Leela and J. Vasundhara Devi, Theory of Fractional
Dynamic Systems. Cambridge Scientific Publishers, Cambridge, 2009.



432 V. T. Luong JFPTA

[18] V. Lakshmikantham and A. S. Vatsala, Basic theory of fractional differential
equations. Nonlinear Anal. 69 (2008), 2677-2682.

[19] C. Lizama, An operator theoretical approach to a class of fractional order dif-
ferential equations. Appl. Math. Lett. 24 (2011), 184-190.

[20] F. Mainardi, The time fractional diffusion-wave equation. Radiophys. Quantum
Electronics 38 (1995), 13-24.

[21] F. Mainardi, The fundamental solutions for the fractional diffusion-wave equa-
tion. Appl. Math. Lett. 9 (1996), 23-28.

[22] G. M. N’Guéreskata, A Cauchy problem for some fractional abstract differential
equation with nonlocal conditions. Nonlinear Anal. 70 (2009), 1873-1876.

[23] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differen-
tial Equations. Springer, Berlin, 1983.

[24] M. Renardy and R. S. Rogers, Introduction to Partial Differential Equations.
Springer, New York, 2004.

[25] K. Sakamoto and M. Yamamoto, Initial value/boundary value problems for
fractional diffusion-wave equations and applications to some inverse problems.
J. Math. Anal. Appl. 382 (2011), 426-447.

[26] X. B. Shu and Q. Q. Wang, The ezistence and uniqueness of mild solutions for
fractional differential equations with nonlocal conditions for order 1 < a < 2.
Comput. Math. Appl. 64 (2012), 2100-2110.

[27] Y. Zhou, Basic Theory of Fractional Differential Equations. World Scientific,
Singapore, 2014.

[28] Y. Zhou and F. Jiao, Nonlocal Cauchy problem for fractional evolution equa-
tions. Nonlinear Anal. 11 (2010), 4465—4475.

Vu Trong Luong

Department of Mathematics

Tay Bac University

Sonla

Vietnam

e-mail: vutrongluong@gmail.com



	Decay mild solutions for two-term time
fractional differential equations
in Banach spaces
	Abstract
	1. Introduction
	2. Preliminaries
	3. Existence result
	4. Existence of decay mild solutions
	5. An example
	6. Conclusion
	References




