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Abstract. Brezis and Mironescu have announced several years ago that
for a compact manifold N C R” and for real numbers 0 < s < land 1 <
p < oo, the class C™° (@m; N™) of smooth maps on the cube with values
into N™ is dense with respect to the strong topology in the Sobolev
space W*P(Q™; N™) when the homotopy group 7|, (N™) of order |sp|
is trivial. The proof of this beautiful result is long and rather involved.
Under the additional assumption that N™ is |sp| simply connected, we
give a shorter and different proof of their result. Our proof for sp > 1
is based on the existence of a retraction of R” onto N" except for a
small subset in the complement of N and on the Gagliardo—Nirenberg
interpolation inequality for maps in W9 N L. In contrast, the case
sp < 1 relies on the density of step functions on cubes in W*P?.
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1. Introduction

We address in this paper the problem of density of smooth maps in the
fractional Sobolev spaces W*P with values into manifolds. More precisely,
let 0 < s <1land 1 < p < 400, and let N” be a compact manifold of
dimension n imbedded in the Euclidean space R”. The class of Sobolev maps
WeP(Q™; N™) on the unit m dimensional cube Q™ with values into N is
defined as the set of measurable maps u : Q™ — RY such that

u(z) € N* for ae. z € Q™

having finite Gagliardo seminorm [13],

Ju(z) — u(y)l” v
[ ]WSP(Qm)_ </m/m |$_ |m+€p dxd;y) :

) Birkhauser
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The following question arises naturally, does W*P(Q™; N™) coincide with the
closure of smooth maps Cm(@m; N™) with respect to the distance given by

dsp(u,0) = [[u— | Le@m) + [u — V]wer@m)?
This is indeed the case when sp > m.

Proposition 1.1. If sp > m, then the family of smooth maps Cm(@m; N™) is
strongly dense in WSP(Q™; N"™).

Here is the sketch of the argument: given u € W*P(Q™; N™), we con-
sider the convolution ¢, * u with a smooth kernel .. If the range of ¢, * u,
which is a subset of R”, lies in a small tubular neighborhood of N™, then we
may project @, * u pointwise into N™. We can always do this for € > 0 suffi-
ciently small as long as sp > m. Indeed, in this case W*?(Q"; R”) imbeds into
the space of functions of vanishing mean oscillation VMO(Q™;R"), whence
dist (e * u, N™) converges uniformly to 0 as e — 0 (see [11, eq. (7)]).

The counterpart of Proposition 1.1 for WP (Q™; N™) and p > m is due
to Schoen and Uhlenbeck [27]. The role played by VMO functions in this
problem was first observed by Brezis and Nirenberg [11].

In the subtler case sp < m, the answer to the density problem only
depends on the topology of the manifold N™.

Theorem 1.2. If sp<m, then C'*° (@m; N™) is strongly dense in WP (Q™; N™)
if and only if w5, (N™) ~ {0}.

We denote by | sp] the integral part of sp and for every £ € N, m(N™) is
the /th homotopy group of N™. The topological assumption 7, (N™) ~ {0}
means that every continuous map f : SI) — N™ on the |sp| dimensional
sphere is homotopic to a constant map. The necessity of this condition has
been known for some time (see [12, Theorem 3], [27, Section 4, Example],
[24, Theorem 4.4]).

Brezis and Mironescu have announced this beautiful result in a personal
communication in April 2003 and up to now only a sketch of the proof is avail-
able [23, pp. 205-206]. The analogue of Theorem 1.2 for WP Sobolev maps
had been obtained by Bethuel in his seminal paper [2] (see also [16]). Partial
results for fractional Sobolev exponents s were known when the manifold N
is a sphere with dimension n > sp (see [12]) and also in the setting of trace
spaces with s =1 — 1/p (see [3], [14], [25]).

The proof of Theorem 1.2 is long and quite involved and we refer the
reader to the work in progress of Brezis and Mironescu for the detailed argu-
ment. In this paper we prove the reverse implication of Theorem 1.2 in the
case of | sp| simply connected manifolds N™. Under this assumption, we give
a shorter and different argument which leads to the following theorem.

Theorem 1.3. If sp < m and if for every ¢ € {0, ..., |sp]},
m(N") ~ {0},
then C=(Q"™; N™) is strongly dense in WP(Q™; N™).
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The [sp] simply connectedness assumption of the manifold N™ allows us
to focus on the target N™ by using a retraction of a large part of R” onto N™.
The proof under the weaker assumption 7|, (N™) ~ {0} relies instead on
constructions in the domain Q™. In the same order of ideas, the |p]| sim-
ply connectedness condition has been used by Hajlasz [15] to give a simpler
proof of Bethuel’s density result for WP, In [8], we explained how Hajtasz’s
strategy can be implemented for every Sobolev exponent s > 1 using some
pointwise estimates involving the maximal function operator inspired by the
work of Maz’ya and Shaposhnikova [21].

In order to treat the case s < 1, we introduce here an additional ingredi-
ent based on the density of maps which are smooth except for a small set. The
case sp > 1 is covered by Proposition 2.1 below which relies on a projection
argument due to Hardt and Lin [17] (Lemma 2.2 below) and on analytical
estimates by Bourgain, Brezis and Mironescu [6]. The case sp < 1 is based
on the density of step functions on cubes (Proposition 3.2 below) inspired by
the works of Escobedo [12] and Bourgain, Brezis and Mironescu [7].

Theorem 1.2 settles the question of strong density of smooth maps in
WeP(Q™; N™) for 0 < s < 1. In contrast, the problem of weak sequential
density of smooth maps in the case where strong density fails has not been
fully understood. As far as we know, the answer is negative for sp ¢ N—
as in the setting of WP maps [2, Theorem 3]—and positive in W32 (S?;8h)
(see [26, Theorem 1.2]). Concerning more general manifolds, a first step would
be to prove that smooth maps are weakly sequentially dense in WP (Q™; N™)
when N™ is |sp — 1] simply connected. This would be the counterpart of
Hajtasz’s weak density result for W1? maps [15, Theorem 1(b)].

2. Strong density for sp > 1

The proof of Theorem 1.3 for sp > 1 is based on two main ingredients:

(1) when the manifold N™ is |sp| simply connected, smooth maps are
strongly dense in W14(Q™; N™) for every 1 < ¢ < |sp] + 1,

(2) locally Lipschitz continuous maps outside a set of dimension m—|sp|—1
are dense in W*P(Q™; N™).

The proof of the first assertion can be found in [15, 8]. Before giving the
precise statement of the second assertion, we introduce, for j € {0,...,m—2},
the class R;(Q™; N™) of maps u : Q™ — N™ such that

(i) there exists a finite union of j dimensional submanifolds T C R™ such
that wu is locally Lipschitz continuous in @m \T,
(ii) for almost every z € Q" \ T,

C

1Pu()| < Gor )

for some constant C' > 0 depending on wu.
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We observe that for every 1 < ¢ < m — j, R;(Q™; N") C Wh(Q™; N"™),
whence by the Gagliardo—Nirenberg interpolation inequality (see [10], [22,
Remark 1]), for every 0 < s < 1,

Ri(Q™;N™) CW*H(Q™ N™).
In particular, R, | sp)—1(Q™; N™) is a subset of W*P(Q™; N™).
Assertion (2) above can be stated as follows.

Proposition 2.1. If 1 < sp < m and N™ is |sp| — 1 simply connected, then
the class Ry, |sp|—1(Q™; N™) is strongly dense in W*P(Q™; N™).

The proof of Theorem 1.2 by Brezis and Mironescu is based on the
fact that R,,_|sp|—1(Q™; N™) is strongly dense in W*P(Q™; N™) for every
compact manifold N™. This is also known to be the case for every s € N,
(see [2, 9]). In both cases, in order to approximate a map u € W*P(Q™; N"),
one first constructs a map v € Ry,—|sp—1(Q™; N™) of the form v = u o @,
where @ : Q™ — Q™ is smooth outside a small subset of Q™. Our proof of
Proposition 2.1 is based on a different strategy. Indeed, we consider a map w
of the form ¥ o u, where ¥ : R¥ — N™ is a retraction onto N" which is well
defined and smooth outside a small subset of R”. A similar method has been
used in the case where N is a sphere; see [4] for the space WP (QLPI+1; Slpl)
and [26] and [6] for W22(Q2;S!). In that case, the retraction W has the
following simple explicit expression: one first introduces the map

o) =

e —al

r—a

for some point a € R”, |a| < 1. Then, one defines for € R” \ {a},

U(z) = (malsv-1) " (ma ().
The map ¥ is smooth on R” \ {a}. The choice of the point a depends on the
map u to be approximated.

When the sphere is replaced by an [sp| — 1 simply connected submani-
fold N™, the retraction ¥ cannot be described by a simple analytic formula.
Moreover, V¥ is only defined outside a finite union of planes, in contrast to
the case of a sphere where the singular set of the retraction was just a point.
This involves new technical difficulties; see Lemma 2.3 below.

We expect that Proposition 2.1 remains true for every noninteger s > 1
by adapting the proof of the case 0 < s < 1. This would yield the first result
on the density of the class R, |sp)—1(Q™; N") for noninteger s > 1 and
manifolds N™ different from the sphere.

We temporarily assume Proposition 2.1 and complete the proof of The-
orem 1.3.

Proof of Theorem 1.3 when sp>1. By Proposition 2.1, we only need to prove
that any map u € Ry,—|sp)-1(Q™; N") can be approximated in the W*P
norm by smooth maps.

Since u € WH4(Q™; N™) for every 1 < q < |sp| + 1, by the topologi-
cal assumption on the manifold N™ there exists a sequence of smooth maps
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converging to u in W14(Q™; N™). When sp > 1, we may take ¢ = sp and by
the Gagliardo—Nirenberg interpolation inequality [7, Lemma D.1], the same
sequence converges to u in W*P(Q™; N™). The Gagliardo-Nirenberg inter-
polation inequality fails for ¢ = 1 in the sense that W' N L* is not contin-
uously imbedded into W5, When sp = 1 we then take any fixed 1 < ¢ < 2
and by the GagliardoNirenberg interpolation inequality W1¢ is continu-

ously imbedded into W#P. This implies that the sequence converges to u in
WP (Q™; N™) as before. O

We now turn ourselves to the proof of Proposition 2.1. The main geo-
metric ingredient asserts the existence of a retraction from a cube Q% onto
N™ except for a small set [17, Lemma 6.1].

Lemma 2.2. Let £ € {0,...,v—2}. If N™ is £ simply connected and contained
in a cube Q% for some R > 0, then there exist a closed subset X C Q% \ N"
contained in a finite union of v — € — 2 dimensional planes and a locally
Lipschitz retraction k : Q%% \ X — N such that for v € Q% \ X,

C

|Dr()| < dist (z, X)

for some constant C > 0 depending on v and N™.

Proof. Let K be a triangulation of a polyhedral neighborhood K of N such
that N™ is a Lipschitz deformation retract of K”. In particular, K* and N"
are homotopically equivalent [18, p. 3] and there exists a Lipschitz retraction
h: K" — N". We extend IC as a triangulation of Q% that we denote by T.
Since for every j € {0,...,¢},

mi(KY) = m;(N") = {0},
there exists a Lipschitz retraction g : T**' UK" — K. Denoting by £ a dual
skeleton of T (see [28, Chapter 6]), let f: (7" \ L*~*"2)UK"” — T*T' UK"
be a locally Lipschitz retraction such that for every z € (T”\ L*~*~2) UK,

1

|IDf(x)] < CW-

The conclusion follows by taking
X = Lv—t=2\ KV and k:=hogo f. O

The next lemma ensures that the approximation we construct in the
proof of Proposition 2.1 belongs to a suitable class R ;.

Lemma 2.3. Let Q C R™ be an open set, v € C°(;RY) and let X € N be
such that A < min{m,v}. If Y C R” is a finite union of v — \ dimensional
planes, then for almost every & € RY,

(i) the set v 1Y +€) is a finite union of smooth submanifolds of R™ of
dimension m — A,
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(ii) for every compact subset K C Q there exists a constant C' > 0 such that
for every x € K,

dist (z, v (Y + €)) < Cdist (v(z),Y +€).

Proof. We first assume that Y is a single v—\ dimensional plane and, without
loss of generality,

Y ={0'} x RV (2.1)
with 0/ € R*. Let P : R x R»~* — R* be the orthogonal projection on
the \ first coordinates. For every & = (£/,¢"”) € R» x RV™2,

Y+ &) =0T (Y +(§,07) =0 (PTIH{ED) = (Powv) T ({E')).
By Sard’s lemma, almost every ¢ € R is a regular value of the map P o v.
We deduce in this case that v (Y +£) is an m — A smooth submanifold of Q.
We pursue the proof of the estimate in (ii) by assuming that £ = 0 and Y’
is of the form (2.1) where every element of Y is a regular value of Pov. Given
a €  such that v(a) € Y, the linear transformation P o Dv(a) is surjective,

whence there exist § > 0 with Bj*(a) C Q and a smooth diffeomorphism

¥ : Bj*(a) — R™ such that for every z € B}"(a),

Pov(z) =P o Dv(a)[t(x)]. (2.2)
This is a consequence of the inverse function theorem. Indeed, let 11 be the
orthogonal projection in R™ onto ker P o Dv(a) and let

~1
P2 = (P o Dv(a)|(er PoDu(a))t)  ©Pow.

Then, D(¢1 + ¥2)(a) = idgm, whence by the Inverse function theorem the
function v = 1 + 5 is a smooth diffeomorphism in a neighborhood of a and
satisfies P ov = P o Dv(a) 0.

It follows from (2.2) that dist (v(z),Y") = dist (Dv(a)(¢(z)),Y). Denot-
ing

V = (Dv(a))~(Y),
we observe that for every y € B*(a), v(y) € Y if and only if ¢/(y) € V. Since
1 is a diffeomorphism, there exist C; > 0 such that for € By (a),

dist (x, v~ 1Y) N By (a)) < Cy dist (¢(x), V N(BF(a))).

By the counterpart of (ii) for linear transformations, there exists a constant
C5 > 0 such that for every z € R™,

dist (z,V) < Cy dist (Dv(a)[z],Y);

this property can be proved using the linear bijection Ro Dv(a)|y 1, where R
is the orthogonal projection onto Y *. Thus, for every x € Bj'(a),

dist (¢(x), V) < Cadist (Dv(a)[y(z)],Y) = Ca dist (v(z),Y).
To conclude the argument, take 0 < § < ¢ such that for every = € Bj"(a),
dist (z,v™1(Y)) = dist (z,v " (Y) N B{*(a))

and
dist ((x), V) = dist (), V 1 o(BF (@),
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We deduce from the above that for z € Bj*(a),
dist (z,v"1(Y)) < C1Cy dist (v(z),Y).

Using a covering argument of K Nv~1(Y), the conclusion follows when Y is
a single v — A\ dimensional plane.

We now assume that Y is a finite union of v — A dimensional planes
Yi,...,Y]. The first assertion is true for almost every £ € R”. Concerning the
second assertion, note that for every = € () and for every £ € R”,

dist (z, v (Y +€)) {T{lin _}dist (z, v (Y; +9))
j

.....

%

and

dist (v(z),Y + &) = iE{I{linj} dist (v(z),Y; 4+ &).

Let £ € R. If the estimate holds for every Y; with some constant C! > 0,
then for every z € K,

dist (z, v (Y +€)) < ( max C{) min _dist (v(x),Y; + &)
i€{l,....5} i€{l,....5}

= < max O{) dist (v(z), Y +&).
i€{l,....5}

This concludes the proof of the lemma. ([

Given a domain Q C R™ and a measurable function u : @ — RY, we

now estimate the convolution function ¢; % u and its derivative in terms of a

fractional derivative of u. More precisely, given 0 < s < 1 and 1 < p < 400,
define for x € Q (see [22]),

R G N 7GR 161 Y
D)= ( [ )

We assume that ¢ : R™ — R is a mollifier. In other words,
peCX(B"), ¢>0in B and / =1 (2.3)
Bin

For every t > 0, define ¢; : R™ — R for h € R™ by

o) = o (7).

Using the notation above we have the following lemma.

Lemma 2.4. If u € WP(Q;RY), then for every t > 0 and for every x € Q
such that dist (x,0Q) > t,

(i) |t * u(z) — u(x)| < Ct°D%Pu(zx),

(ii) [D(pe *u)(x)] < C't= =) D¥Pu(a),
for some constants C > 0, depending on ¢, and C' > 0, depending on D¢
and p.
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Proof. By Jensen’s inequality,

lpe * u(z) — u(x)” < / pi(h)|u(x = h) = u(z)[” dh

m

_ ep 0z~ 1) — (@)l
= [ ettt

Since ¢, is supported in B, for every h € R™, ¢;(h)|h|™ 5P < C1t*P. The
first estimate follows.
Next, since [p,, Dy =0,

D % u)(@)]| < / Der (W) Ju(x — h) — u(x)] dh.

m

C
/ |‘D30t| S 727
o t
p—1

Do a)@P < S [ Dellute =) - u(@)l ah

crt sy |u(T —h) —u(z)|P
= tjfl /Rm|D(pt(h)||h| +p‘ ( |h|rzL+sp( )| dh.

Since

by Jensen’s inequality,

Since for every h € R™, |Dy;(h)||h|™FsP < Cst5P~1, the second estimate
follows. 0

If w € WSP(Q;RY) and k : RY — RY is Lipschitz continuous, then
kou € WP(Q;R”) and

[k o ulwer(o) < [ElLipe) [Uwer ), (2.4)

where |k|pipmrv) denotes the best Lipschitz constant of x. The next lemma
gives the continuity of the composition operator u — ko u in W*P,

Lemma 2.5. Let Q@ C R™ be a bounded open set and v € W*P(Q; RY). For ev-
ery € > 0, there exists § > 0 such that if k : R¥ — RY is Lipschitz continuous,
ve WP(Q) and |[u — v||wsrmry) < 0, then

[H oOUu— KO U]Ws,p(ﬂ) § |H|Lip(R")€-

By a result of Marcus and Mizel [20, Theorem 1] in the scalar case v = 1,
the map u € WHP(Q;R) — kou € WHP(Q;R) is continuous. Lemma 2.5 has
been proved by Bourgain, Brezis and Mironescu [6, Claim (5.43)]. For the
convenience of the reader we present their proof, organized differently.

Proof of Lemma 2.5. For u,v € W%P(Q;R") and x : R — R”, define for
x,y € Q,

|r(u(z)) = wv(@)) — wluly)) + KoY

o =y

I(Ivy) =

)
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so that

[kou—Kov]wsrq) = / / I(z,y) da dy.
QJa
Observe that

< gp-1 [8(u(2)) = (V)P + [k (uly)) — w(u(y))”

I($7y) o |1v _ y|m+sp

< 2P~ 1|H|L1p ®) Ju(z) — Uii)f;nti(sz) —v(y)?
and that
Ty 2ot P ) — L
< op—1 lu(z) —u(y)|P + |v(x) — v(y)|P
|K"L1p(Ry) |z — y|mtep
u(x) —u(y)? u(x) —v(z) —uly) +v(y)|P
< Chl I ey <| lizym(i)i n u(z) g(czmm(ﬁ/s)p (v)l )

Given € > 0, let
Ave={(20) € QX ule) —v@)? +uly) — o) > el —y™ ).
Using the first upper bound of I(z,y) on the set (2x )\ A, . and the second
one on the set A, ., we get

_ P
[kou nov]wsp( Q)

u p
< |K'|L1p(R” (2]9 16|Q|2+C //dedy—FOﬂu—v]gvs,p(Q))

Since u € W*P(Q) and |Ay ] — 0 as v — w in W*P(Q), the conclusion
follows from the dominated convergence theorem. O

Despite of the estimate (2.4), when x is not affine there is no inequality
of the form
[I{ ou—KO /U}Ws‘p(g) < C|H|Lip(Ru)[u - ’U]Ws,p(g).

In fact, the map u — k o u is not even uniformly continuous in W*P?. We
explain the argument when the domain is the unit cube Q™. For this purpose,
let p € C°(Q™;R") and denote by @ the periodic extension of ¢ to R™.
Define for j € N,,

vj(@) = ¢(jz)
and, for some fixed £ € R”,
uj(z) = ¢(jz) + &
We observe that

luj = vjllwsr@m) = llu; — vjllLe(@m) = 2"[¢]



142 P. Bousquet, A. C. Ponce and J. Van Schaftingen JFPTA

whereas

[kou; —ko ”j]?/vw(cgm)

> jsp/m /m |k(p(2) +€) = K(p(2)) — Klp(y) + &) + Klpy))]

p
w — g dz dy.

(2.5)

When &k is not affine, there exist &, 7,0 € R such that

(T + &) = k(1) # k(0 +§) — k().
Taking p € C°(Q™;RY) for which both sets ¢~!({o}) and ¢~}({r}) have

positive measure, we have

/ / |k (p(x) + &) — Klp(x)) — K(p(y) + £) + wlo(y))]

o =y

p

dxdy > 0.

As we let j tend to infinity in (2.5), we conclude that u — & o u is not uni-
formly continuous in W*P.

Proof of Proposition 2.1. Let u € W#P(Q™; N™). The restrictions to Q™ of
the maps u, € W¥P(Q7"5,; N"), defined for x € Q7% 5, by

(@) = (1)

converge strongly to w in W*P(Q™; N™) as - tends to 0. We can thus assume
from the beginning that u € W*?(Q7,,; N™) for some v > 0.

Let k: RV \ X — N™ be the locally Lipschitz retraction of Lemma 2.2
with ¢ = [sp] — 1; we may assume that v > £ 4 2. For every £ € R”, we
consider the map r¢ : RV \ (X + &) — N" defined by

re(@) = wlz — ©).

Given a mollifier ¢ (see (2.3)), the map k¢ o (¢ * u) is locally Lipschitz
continuous in Q. \ (¢; * u) "' (X + ). Moreover, by the chain rule and by
the pointwise estimate satisfied by Dk,

|D (e * )

D < '
| Dlre o (¢ xu)]| < Cy dist (p¢ % u, X + &)

(2.6)

The set X is contained in a finite union of v— | sp| —1 dimensional planes
Y in R”. Applying Lemma 2.3 to v = ¢, xu € C*°(Q7".,; R”), we obtain that
for every 0 < t <+ and for almost every £ € R”, the set (o; * u) (X + &) is
contained in a finite union of m — |sp] — 1 dimensional submanifolds,

T = (prxu) (Y +€).
By (2.6) and the inclusion X C Y,

1 1

’D[Kgo((Pt*u)H < dist (¢ * u, X + &) =€

2 dist (pp +u, Y + &)
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By Lemma 2.3 (i), we conclude that for z € Q" \ (¢ * u) (Y +€),

1 Gy
|Dlke o (00 % u)](z)| < Cs dist (z, (pe *w)-L(Y +€)) _ dist (,T)"

In particular, for every 0 < ¢ <  and for almost every ¢ € RY, the map
kg © (¢ * u) belongs t0 Ry, sp)—1(Q™; N™).

We proceed using an idea from [6] for W22 maps with values into the
circle S'. Let

1
a=y dist (X, N"),
let 6 : R¥ — R be a Lipschitz continuous function such that

(a) for dist (z, X) < 2q, O(x) =1,
(b) for dist (z,X) > 3a, 0(x) =0,

and let
Fe=(1-0)re and kK = Oke.

Since ke = K¢ on u(Q,,) C N", we have by the triangle inequality,

||/1£ o (pp xu) — u”Ws,p(Qm) < ||Eg o (1 * U)”WS*”(Q’”)
+ lIFe o (pr xu) — Reoullwer(gmy  (2.7)
+ ||lkg 0 u — ullywspgm).-

Since « is Lipschitz continuous on a neighborhood of N™ and k¢ou = k(u—¢§),
we have by continuity of the composition operator in W*? (Lemma 2.5),

li — sp(gm) = 0. 2.
lim [lce 0w = ullwen @) = 0 28)

By Lemma 2.5, as the maps k¢ are uniformly Lipschitz continuous and ¢y * u
converges to u in WP(Q™),

liml|&e o (i * u) = Rg o ullwengm) = 0, (2.9)

uniformly with respect to €.
It remains to estimate the first term on the right-hand side of (2.7).
This is done in the following.

Claim 1. For every 0 <t <+,

/ ||@§ o (¢ * u)HgVS,p(Q,”) d¢ < C’/ (D*Pu)P.
By {loeru—ul>a}

We assume temporarily the claim and complete the proof of Proposi-
tion 2.1. Since D*Pu € LP(Q™) and ¢, * u converges to u in measure as ¢
tends to zero, by the claim we have

. p -
}f% B ¢ © (e wllyyan(gm) 46 = 0.
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By the Chebyshev inequality,

lim
t—0

{f € By : ||ﬁ§ o (¢ * U)”ﬁ/s,p(Qm)

1/2
> ( /B ¢ o (o % @) Byemim) dc) }| —o.

Thus, for every 0 < t <, there exists £ € Bl such that lim; ,o& = 0 and
lim|l1g, o (g1 % )lwen(gm) = 0.

We conclude from (2.7), (2.8) and (2.9) that

lim (g, © (01 % 1) = ull .y gy = 0-

This gives the conclusion of Proposition 2.1. O
It remains to establish the claim.

Proof of the claim. Let 1 < ¢ < p < r be such that
1 1-
=242 (2.10)
p r q
By the Gagliardo—Nirenberg interpolation inequality,
||Eg o (1 * u)HWSvP(Q’")

< Callg o (pe * W)l {gmy e © (01 * W) [fyra(grmy-

(2.11)

As N™ is compact, we observe that the functions £, o (¢ * u) are uniformly
bounded and supported on the set {dist (¢; * u, X) < 3a}. Moreover,

{dist (s *u, X) < 3a} C {|o xu—ul > a}.
Thus,

1

v, (2.12)

56 © (0 * u)llLr(@my < Cal{lps ¥ u —u| > a}
Next, by the Leibniz rule and by (2.6),

|D(k¢ o (01 *u))l

< (1D0(e1 Wl (pe +w)] + 1000 W)l [ Drglpe +w)] ) 1Dt * )]

1
< .
<Gl g ) 1Pt

Since the functions D(k ¢ o (¢ * u)) are also supported in the set

{|<,0t *u— u| > a},
we get

||ﬁg o (i * U)H%l,q(Qm)
1

< C 1+ (14 — D a]1.
- 6/{<pt*u—u|2a}|: ( dlSt((Pt*uaX+§)q>| ((pt*U)|:|
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For

we have, by Holder’s inequality and by Fubini’s theorem,

[ e e )i on, o6

sp

q
< By ( [ Ieo s w)lfnaony d&)

a

1
<C / / [1 + (1 + — )
! ( {letxu—u|>a} JBY dist (‘pt * U(I)7 X+ g)q

s

<[

e *u><x>|ﬂ dsdx>

We have
1 1
d¢ = d
/BE dist (¢ * u(z), X + £)* § By dist (¢r * u(z) — X, 6)? ¢
1
= —_d¢
/B";thpt*u(a:) dist (Xv g)q

1
: /Bg Tt (X, 87 4

where R > 0 is such that for every z € Q™, BY + ¢ *u(z) C BY%. Since X is
a closed subset of a finite union of v — [sp] — 1 dimensional planes, assuming

in addition that
q<l|sp]+1

then the last integral is finite. Thus,

5P
q

v
o

/ e © (91 * )30 (m dE < Cs ( / [1+ |D(gs * u>|q]>
B {lptxu—u|>a}

Inserting this estimate and (2.12) into (2.11), we deduce that

[ o s 0l gn a6

o

af

A-—s)p
< Col{lprxu—ul >a}| 7 (/ [1+|D(<Pt*u)q}>
{lpt*u—u|>a}
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Since ¢ < p, by Holder’s inequality and by the identity (2.10) satisfied by the
exponents 7, p and g,

[ s o (o)l gmy d€

gCMﬂw*u—uH&ﬂfﬂ<A D+UX%*WWO~

lperu—ul>a}

By the Chebyshev inequality and by Lemma 2.4,

1
{looru-ulzal| < o [ P
" J{lpexu—ul>a}

< Clltsp/ (Dsmu)]ﬂ.
{lperu—ul>a}

By Lemma 2.4, we also have

Ci2
|D(<Pt * u)|[’ S — / (Ds,pu):ﬂ.
/{|Lp,,*u—u2a} s {lpexu—u|>a}

We conclude that

/B £ 0 (01 % W) [Tyen(gmy d§ < Cra(t™ +1) /{ (D¥Pu)P.

[pe*xu—u|>a}

This proves the claim. U

3. Strong density for sp < 1

The proof of Theorem 1.3 when sp < 1 relies on the density of step functions
in WP based on a Haar projection [7]. This analytical step is developed in
Propositions 3.1 and 3.2 below. Then, a standard tool from differential topol-
ogy (Proposition 3.3) allows us to reduce the problem to an approximation of
a map with values in a convex set and this can be carried out by convolution.
Given a function v € L'(Q™;R"), we consider the Haar projection

E;(v): Q™ = R”
defined almost everywhere on Q™. More precisely, denoting by KJ*, the

standard cubication of Q™ in 29™ cubes of radius 277, for every o € KJ*;
the function Ej(v) is constant in int o and for = € int o,

B0)@) = [ v

In particular, E;(v) is a step function.
Proposition 3.1. Let v € LP(Q™;R"). Then, for every j € Ny,

HEJ(U) HLP(Q"") < HU”LP(Qm)

and the sequence (E;(v))jen, converges strongly to v in LP(Q™;R").
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Proof. The estimate follows from Holder’s inequality. To prove the conver-
gence of the sequence (E;(v)) en,, we write

1
15 () = olgmy = S /|v o [l

€K7Yl .
< //|v ) —v(y)|P dz dy.

Approximating v in LP(Q™; R") by a continuous function, we deduce that the
right-hand side converges to 0 as j tends to infinity. This gives the conclusion.
O

The counterpart of the previous proposition still holds in the case of
fractional Sobolev spaces WP for sp < 1.

Proposition 3.2. Let v € WSP(Q™;R¥). If sp < 1, then for every j € N,
[E; (0)]wer@m) < Clolwar@m)

for some constant C' > 0 depending on s, p and m. In addition, the sequence
(Ej(v))jen, converges strongly to v in W*P(Q™;RY).

The first part of the statement is due to Bourgain, Brezis and Mironescu
[7, Corollary A.1]. Their proof is based on a characterization of the fractional
Sobolev spaces W#? for sp < 1 due to Bourdaud [5] in terms of the Haar
basis. We present an alternative argument relying directly on the Gagliardo
seminorm. The main ingredient is the following.

Claim 2. If sp < 1, then for every o,p € KI*;,

<o ol
|| e e < 0 3

§(o,p) =sup{|lz —y|:z € o and y € p}

where

and the constant C’ > 0 depends on m and sp.
Proof of the claim. For every (x,y) € o X p,
|z —y| > 6(0, p) — diam o — diam p = §(c, p) — 27772 /m.
If 6(o, p) > 27713/m, then
1
56(03 ,0) < |l’ - y| < 5(0—7 p)7

and the result follows in this case. Since the indicator function of the unit
cube xgom belongs to W*P(R™) for sp < 1, a scaling argument leads to the
following estimate

L ; dzdy < Clgj(erSp)_
lollpl Jo Jp |2 —y|m P B

In turn, this implies the claim when §(c, p) < 27773/m. O
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Proof of Proposition 3.2. Let o,p € K’"] For x € 0 and y € p,

B @@ - B0 g [ 0@ @)z

Thus, by Jensen’s inequality,

B0 - BOWP < g 0@ - vr iz
We deduce that

//|E Ix—ym+ip)(y)|p dzdy
—W//'“ ) —u@PdEdg (3

< C'/ Mdidgj.

- o =y

The desired estimate follows from (3.1) by summation over dyadic cubes
in K3 ;.
To prove the convergence in W*P we write for every A > 0,

[E]’(’l}) ]Ws QM)

. p _ p
<o [ BOEZBOOE 0 0l
271Q™
\mtsp Qm|Ej (v) - v|p7

where
Dy={(z,y) € Q" x Q™ : |z —y| <A}
By estimate (3.1),

J, B

v(y)[?
< Ci Z / \x—y|m+9p dx dy

o, pEKL ;
(JXP)ODA#V)

<01// )_”i” dz dy.
DA+Q2™, |$*y|m P

+1

Hence,
[Ej(v) — U]gvs.p(Qm)
_ p 2P| O™
SC'Q// dedy+ Q"] |E;(v) —v]P.
D,\+Q2m

&y N o
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By Proposition 3.1, the last integral tends to zero as j tends to infinity. Thus,

hm sup [Ej (U) ]Ws P(QmM) 02 //; |£C _ y|m+s)11 dz dy
A

J—00

The conclusion follows by choosing A > 0 small enough. O

In the proof of Theorem 1.3 we need the following property from differ-
ential topology.

Proposition 3.3. Let N™ be a connected manifold. Then, for every finite subset
Ain N, there exists an open neighborhood of A in N™ which is diffeomorphic
to the Fuclidean ball B™.

Proof. Let U C N™ be an open set which is diffeomorphic to the Euclidean
ball B™. There exists a diffeomorphism f : N™ — N™ mapping A into U
(see [19, Lemma 5.2.6]); in dimension n > 2 this follows from the multitran-
sitivity in the group of diffeomorphism of N™ (see [1, Lemma 2.1.10]). The
set f~1(U) is thus diffeomorphic to B™ and contains A. O

Proof of Theorem 1.3 when sp < 1. Let u € WP(Q™; N™) and let ¢« > 0 be
such that the nearest point projection II into N” is smooth on N™ + ELV.
Let b € N™. For every j € Ny, we define u; : Q™ — R” for x € Q™ by

u;(z) = {EJ(U)(JU) if dist (Ej(u)(z), N™) <t
! b otherwise.

Then, (u;);en, is a sequence of step functions with values into N* + BY. By
the triangle inequality,

luj — ullwer@my < I1E;(w) — ujllwergmy + [|1Ej(u) = ullwergm). (3.2)

We need to estimate the first term on the right-hand side of this inequality.
Since the range of Ej;(u) is contained in a fixed bounded set—for instance
the convex hull of N"—for every j € N,,

£ (u) — ujllLe@m) = [1E;(w) = bll Lo ({dist (&, (u),N7)>c})
< Cy|{z : dist (Ej(u)(z), N") > L}|%
Since |E;(u)(x) —u(x)| > ¢ on {x : dist (E;(u)(z), N™) > ¢}, we get

1
1E;(u) = willrgmy < Cil{z : |Ej(u)(z) — u(@)] = }|"
Thus, by the Chebyshev inequality,

Cq
1 Ej(u) = ujllLeigmy < —[1Ej(w) — ullLe(gmy. (3.3)

LP

We need a similar estimate for the Gagliardo seminorm W*P.

Claim 3. There exists C' > 0 depending on s, p and m such that for every
J €Ny,

[Ej(u) = ujlwenmy < C([Ej(u) = ulwer(gm) + [ulwer(ay)),
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where
Aj ={z e Q™ : dist (Ej(u)(z), N") > ¢}.

Proof of the claim. First note that

[Bj(w) = wilnigmy =2, D //|z_m+ss|pdxdy

oceA PEK]™ ; G \A

R T [ [ B,

ccApcA

where
A={oe K, :dist (Ej(u)(z),N") > ¢ for z € 7}.
y (3.1), we have

D //IE |$_ |m+(qp)(y) dedy < Crlully. s )

occA peA

We now estimate the term
—b?
D S N e et
ocA pEKT \A

Since the image of u is contained in N™ and N™ is bounded, there exists a
constant Cs > 0 such that for every j € N,,

1B (u) — b < C.
Since sp < 1, by Claim 2,

<y % //|x_y|m+spdxdy

ccA pEK \A
lo]lp]
= Cs Z Z 5(c, p)mtsp’
TEA peKIm [\ A ’
For every o € A,
J1B ) = ap = 7)ol
o

Thus,

I<7Z Z §(o, |pp|m+sp/| j(u) — ulP.

€A pPEK \A

Since Ej(u) = ﬁ fp u in p, for x € o we have by the triangle inequality,

1
|Ej (u)(z) — u(z)] < 7l /plEj(U)(w) —u(z) — Ej(u)(y) + u(y)| dy.
Thus, by Jensen’s inequality,

|Ej(u)(x) = u(x)[” < ﬁ /plEj (u)(2) = u(z) = Ej(u)(y) + u(y)[” dy.
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We deduce that
<& D //p |Ej () (x) — u(x) — E5(u)(y) +u(y)l” dy dr

3
P x — y|mtsp
oEA peKIm \A V7 ==l

and the claim follows. O

By the triangle inequality (3.2), by estimate (3.3) and by the previous
claim, we have for every j € N,,

;= ullwsr(gmy < CallEj(u) — ullwer@m) + Clulwsnp(a,)-

Since (E;(u));en, converges to u in measure and u(x) € N™ for almost every
x € Q™, the sequence (|A4,|)jen, converges to zero. Since u € W*P(Q™), by
the dominated convergence theorem we get

A [uweray = 0.
Applying Proposition 3.2, we deduce that (u;);jen, converges strongly to u in
W*P(Q™;R¥). Since u;(Q™) C N"+B, , the sequence (ITou;)jen, converges
strongly to w in W*P(Q™; N™).

To conclude the proof of Theorem 1.3, we may then assume that u is a
step function. In this case, u(Q™) is a finite set of points in N™. By Proposi-
tion 3.3, there exists an open neighborhood U of w(Q™) in N™ and a smooth
diffeomorphism ® : U — B" to the unit closed ball in R". Since the set B "
is convex, there exists a sequence of smooth maps (v;);en in C‘X’(Qm;ﬁn)
which converges strongly to ® o u in Ws*p(Qm;En). Hence, the sequence
(@1 o w;)ien converges strongly to u in W*P(Q™; N™). This completes the
proof of Theorem 1.3 for sp < 1. O
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