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1. Introduction

Pucci extremal equations [3, 8, 4] are one of the fundamental objects in the theory
of fully nonlinear uniformly elliptic partial differential equations. For the ellipticity
constants 0 < A < A, the Pucci extremal operators P+ : S — R, where S™ is the
set of n x n symmetric matrices, are defined in the following way:

PT(X) = max{—trace(AX) | A€ S", \[ < A <A},

and P~ (X) = —P*(—X). In this paper we obtain existence of LP-strong solutions
of Dirichlet boundary value problems for Pucci extremal equations with superlinear
growth in Du and unbounded coefficients of the form

PE(D?u) + (x)|Du| + pu(x)|Dul™ = f(z) inQ, u=¢ondQ, (1.1)

where Q C R” is a bounded domain with boundary 9Q € CY!) € LI(Q),y €
Ln(Q), f € LP(2), and m > 1, under some conditions on p,q,q;. The result is
proved with the help of the standard Schauder fixed point theorem and the recent
global W2P_estimates for solutions of fully nonlinear equations [16]. The global
W?2P_estimates of [16] are extensions of the interior W2P-estimates of Caffarelli
[2, 3] to the boundary. Our proof is very simple and gives existence of solutions of
(1.1) in W2P(Q); however, it comes at a price of assuming that 9 is of class C1!
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and ¢ € W?P(Q). The existence of strong solutions of (1.1) is key in establishing
the weak Harnack inequality for LP-viscosity solutions of equations with superlin-
ear growth in Du, which in turn implies the global C'*-continuity of LP-viscosity
solutions of such equations. This opens up the possibility of other existence results
for (1.1) and general equations (2.1) which we do not pursue in this paper.

There exist several results on existence of LP-viscosity and LP-strong solutions
of (1.1) and its more general versions. The precise meaning of these notions of
solutions is explained in the next section. Here we just mention that throughout
the paper we will always assume that

p > po(n,A/N) € [n/2,n),

where pg is the constant which gives the range of exponents for which an Aleksan-
drov-Bakelman—Pucci type maximum principle holds for (1.1) with vy = p = 0
(see [5, 6]). If v, € L™(R) and ||pt]|ool|fllp is small, existence of LP-viscosity
solutions of (1.1) can be deduced from Theorem 5.1 of [9], and if v € LI(§),
g >n, p€ L*(Q) and ||p]|co|| f||n is small, existence of L™-viscosity solutions of
(1.1) follows from Theorem 1 of [14]. For u = 0, existence of LP-strong solutions of
(1.1) has been established in [4] if v € L>(Q2), and in [7] if v € L**(Q2). In [11] it
was shown that LP-strong solutions of (1.1) with u = 0 exist if v € LI(R2),q > n.
In this paper we consider the case m > 1, p > pg, and ¢, q1 > n.

As regards the Harnack inequality, the case of bounded coeflicients (i.e. v, u €
L>*(€Q)) and m = 2 was handled in [15] and, by a different method, in [12] if 1 <
m < 2. If p=0andy € L), q > n, the weak Harnack inequality was established
in [11]. Finally, global C'*-continuity estimates for L"-viscosity solutions of (1.1)
it m=2,u€ L*(Q) and v € LI(), ¢ > n, have been obtained in [14]. Our weak
Harnack inequality, Theorem 4.2, is restricted to 1 < m < 2.

The paper is organized as follows. In Section 2, we introduce the notation
and present some preliminary results. Section 3 is devoted to the strong solvability
of (1.1) via the Schauder fixed point argument. In Section 4 we show the weak
Harnack inequality for (1.1) and prove Holder continuity of LP-viscosity solutions
of general PDE.

2. Preliminaries

Throughout this paper, in order to avoid keeping track of the dependence on the
size of Q, (unless specified otherwise) we will always assume that

QCBl,

where B, = {x € R" | |z] < r} for r > 0, and B,(y) =y + B, for y € R™. It is
standard to track the dependence on €2 by scaling.

For 1 < p < oo we will often write ||-||,, respectively ||-|[1,p, [|-[|2,p, for [|-||Lr (),
respectively || - [|w1r ), || - [[w2r (), if there is no possibility of confusion. We will
denote by L% (Q) the set of nonnegative functions in L?(Q).
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Consider the equation
F(a, u(x), Du(z), D*u(z)) = f(z) in ©, (2.1)

where F': Q@ Xx R x R" x ™ — R and f : Q — R are given measurable functions,
F(z,-,-,-) is continuous for a.e. x € Q. Here are the definitions of LP-strong and
LP-viscosity solutions. Recall that we assume n/2 < pg < p < 0.

Definition 2.1. A function v € C(Q) is called an LP-strong subsolution (resp.,
supersolution) of (2.1) if u € leo’cp(Q), and

F(z,u(x), Du(z), D*u(z)) < f(x) (resp., > f(z)) a.e.in Q.

We call v € C(Q2) an LP-strong solution of (2.1) if it is both an LP-strong sub- and
supersolution of (2.1).

Definition 2.2. A function v € C(Q) is called an LP-viscosity subsolution (resp.,
supersolution) of (2.1) if

ess lim inf(F(y, u(y), Do(y). D*¢(y)) — f(y)) <0

Yy—x

(resp., esslimsup(F(y, u(y), Dé(y), D*¢(y)) — f(y)) > 0)

y—w

whenever u — ¢ attains its local maximum (resp., minimum) at = € Q for some

b€ W2P(Q).

loc

We call u € C(Q) an LP-viscosity solution of (2.1) if it is both an LP-viscosity
sub- and supersolution of (2.1).

Regarding the constant pg introduced earlier, the following result is true
[10, 11]. It is not stated in the most general form but it will be sufficient for our
purposes here.

Theorem 2.3. Let @ C By, po <p < qi, 1 > n, f € LE(Q), v € LL(Q). If
u € C(Q2) is an LP-viscosity subsolution (respectively, supersolution) of

P‘(Dgu) —~(x)|Du| = f(z) inQ
(resp., PT(D*u) +y(x)|Du| = —f(z) inQ),
then
sgpugsglgu-l-c(n,p,qlw\,/\v vl Nl (2.4)

(resp., igfu > iarg’u —C(n,p, g1, A\ A YNl gD fllp)- (2.5)

We point out that by [11], LP-strong sub- and supersolutions considered in
this paper are also LP-viscosity sub- and supersolutions.

Recently, Winter [16] established global up to the boundary W?2P-estimates
for solutions of fully nonlinear uniformly elliptic equations. The theorem below
uses these estimates to show strong solvability of (1.1) in W2P(Q2) when pu = 0.
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Proposition 2.4. Let 90 € C11. Let po < p < q1, 1 > n. For every f € LP(R),
v € L1(Q) and yp € W2P(Q), there exists a unique (among strong and LP-viscosity
solutions) LP-strong solution u € W*P(Q) of

PE(D%u) + y(z)|Du| = f(z) inQ, wu=1 ondN (2.6)
such that
[ulloe < ¥l (a0) + CIIfllp (2.7)
and
lullwzr@) < CUlelwar@) + 1f1lp), (2.8)

where C is from Theorem 2.3 and C' = C(n,\, A, p,q1, ||7]l¢,, ) > 0.

Proof. We will only show the conclusion for the upper extremal equation. It follows
from [11, Theorem 7.1] that there exists a unique strong solution u € C(Q) N
Wif(ﬂ) of (2.6) such that (2.7) holds. If v is bounded then u € W?2P?(Q) by
Theorem 4.3 of [16]. If we can show (2.8) for each bounded ~ then the result can be
obtained by a typical approximation argument and maximum principle estimates
of Theorem 2.3. Therefore we can assume from the beginning that u € W2P(Q).
Estimate (2.8) will follow from a standard covering argument once we can show
local W?2P-estimates in a neighborhood of every point zg € €.
First we notice that v = u — 1 satisfies the equation

PT(D?v) +v(z)|Dv| =g(x) inQ, wv=0 onos,
where
9(x) = f(2) +PH(D*(u—1)(2)) +7(2)|D(u—9)(2)| =P (D*u(x)) —y(x)| Du(x)],
and hence [|g]l, < C(n,p, A, A, [1¥llq0, DY ll2,p + £ llp-

We will be using the notation from [16]. Let zq € 9. Since 9Q € C1! there
exists a neighborhood U(xg) of 2o and a C!-diffeomorphism ¥ : U(zg) — Bi(0)
such that ¥(zg) = 0 and ¥(Q N U(xg)) = B, where B = {z € B,(0)|z, > 0}
for p > 0. It is easy to see that the function & = v o ™' € W2P(B]) is an
LP-strong solution of the equation

F(x,Do,D%*0) = §(z) in By,
where
F(z,p,X) =P (DYT 0 U~ (2) XDV o U (z) + (p0;,; U 0 U™ (2)) 1</ j<n)
+3(2)[pD¥ 0 U™ (2)| = g(2),

¥ =~0oW¥"! and g = go ¥~L. Moreover © =0 on {x, = 0}.
Let now R > 0 and r € (0, R). Choose ¢ € C§°(B,), where p = (R+r)/2,
such that

0<¢<1inB, ¢=1onB, |D¢ < —in B, (k=1,2).

_C

(R—r)

Since V¥ is a O'!-diffeomorphism, by [16, Theorem 4.2],
ID?3]| o gy < ID*(80)[lp < Cn,p, A, A, Q) (| F (2,0, D (68) () [y + 119 0)-
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We now notice that

Gy

1E (2,0, D*(¢0) ()l < ¢F (2,0, D*0(x))], + mllﬁl\mw;)

Cy
R—r

+ 1Dl o1y

and
Ci s _ .
72— [ lpltllee + CillFD(@0)]p
for some constant Cy = Cy(n,p, A\, A,Q), where ¥(z) = F(r) + 1 We need to
estimate the last term ||5D(¢9)||p-
We consider three cases: (i) p > n, (ii) n > p > po, and (iii) n = p.

o (x,0, D*o(2)), < (131l +

(i) p> n: Tn this case D@Dy < DG ocllFlly < CollD?(@5) 1], for any
p’ € (n,p). Therefore, by the Holder inequality, we have

n

5 =p)
Iy D(60)]lp < CoaR™#7 |llg | D*(¢0)l]-
Thus, for small R = R(n,p, g1, A\, A, [|V]|q, ©2) > 0, setting

b= OEEER(R - T)j”DjUHLp(Bi);
we obtain ®o < C5(]|g|lp+ ||7]|cc +Po+ P1). By a standard interpolation argument
(see [8, p. 237]) we obtain
@y < Cu(llglly + [[2]]oo)- (2.9)

(ii) po < p < n: Since [|¥D(¢v)[lp < [IFllnD(¢0)llp- < ClIFlIn[ID*(¢v) ]2, where
p* = np/(n— p), we have [YD(¢v)]l, < Cl3llg, [ D(@0)]l, R —m/a T R > 0'is
small we can follow the argument in (i) to obtain (2.9).

(iii) p = n: This case can be treated as in (ii) because ¢, > n and W2" — Whe
for any ¢’ > 1.

Therefore, using (2.7) and [|g||, < C||gllp, we have shown that there exists
R = R(n,p,q1, N\, A, [|7]lqu» 2) > 0 such that for every z¢ € 99,

1Dl o w185, )y < €201, A A 1l DUl + 1¥]]2,5)-

Similar and in fact easier arguments give us local estimates when zy € ). Therefore
(2.8) follows. O

We recall that in particular if 9Q € C1! then the embedding of W?2?() into
WhT(Q) is compact for r < p* = np/(n —p) (n* = +00) if p < n and for r = 40
if p > n, and

[ull1,r < Dllull2,p (2.10)

for some constant D = D(n,p,r, Q).
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3. Existence of strong solutions of PDE with superlinear growth
terms

In this section, we are concerned with the existence of LP-strong solutions of (1.1)
for m > 1.

Theorem 3.1. Let 90 € C*Y, po <p < q1, 1 > n, f € LP(), v € L1(Q) and
W € W2P(Q). Assume that one of the following conditions holds:
(i) ¢ =00, po <p, n>m(n—p),
(i) n <p<g<oo, (3.1)
(iii) po < p <n < g < o0, mg(n—p) <n(g—p)

Let
r=pm fOT (1)7
r=o00  for (ii) with p = q, (3.2)
r=gEL for (ii) with p < g or (iii).
Set e1 = (20D)™™ > 0, where C is from Proposition 2.4 and D is from (2.10). If
ellg(1F 1y + ll2p) ™t < e, (3-3)

then there exist LP-strong solutions u € W2P(Q) of

{Pi(zﬂu) & 9(«)|Dul + ()| Dul™ = f(z) in ©,
u=1 on 0.

Moreover
[ullwzr @) < CUFllp + 19]2,) (3.5)
fOT some C = C(na AaAapa q1,4,m, ||'7Hq17Q) > 0.

Remark 3.2. We note that under (i) of (3.1), the last inequality n > m(n — p) is
always true for p > n.

Proof. We will only show the result for the upper extremal equation. It is easy
to see from (3.2) that in each of the cases of (3.1), if ¢ € L"(Q), then ug™ €
LP(Q). Moreover the embedding of W2P(2) into W17 (Q) is compact. Thanks
to Proposition 2.4, we can define the mapping 7' : W™ (Q) — W?2P(Q) in the
following manner: for v € W1 (Q), we denote by u = Tv the (unique) LP-strong
solution of

{7’+(D2u) +7(2)|Dul = f(z) — p()| Do(a)"™ in €,

u=1 on 0.
It follows from Proposition 2.4, (3.2) and the Holder inequality that
[Tv]loo < [[¥llL @0y + CU[fllp + lllql[Doll*), (3.6)
and B
[ullw2r@) < CUlYl2p + 1 £1lp + el DollF). (3.7)

We will prove that T has a fixed point by applying the standard Schauder
fixed point theorem. To do this it is enough to show that T is continuous in
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WLr(€), and that for some R > 0, T(Bg) is a precompact subset of Br, where
Br :={v e WH(Q) : |[vllwir) < R}.

Continuity of T: Let v, — v in WHT(Q) as k — oo. Define uj, = Twy. By (3.7)
we get ||[Tvgll2p < Cy for k = 1,2,... and so T, — u in W?P(Q) for some
u € W2P(Q), and thus, using compactness of Sobolev embeddings, Twvy — u in
WLr(Q). Moreover, setting gi(z) = f(z) — p(x)|Dvg(z)|™ and g(z) = f(x) —
w(z)|Dv(x)|™, we have
gk = gllp < (| Dox|™ = [Dv[™)]l,
< Co|lulD(vk = v)|(IDve™ =" + [ Do ™)l
< CollullgI D (v = v2) - (1Dv1 777 + [ Dwaf )

in each case, which implies by the maximum principle (Theorem 2.3) that Tvy —
Tv in C(Q). Therefore we must have Tv = u.

T : Br — Bg for some R > 0: Let [[v|y1.r) < R. By (2.10) and (3.7) we have

ITv]l1.r < DITvl2p < DE(Ifllp + [¥ll2p + Il D™ 1)
S DC([fllp + 1Mz + el B™)

Set R = a(||f]l, + [¥l2,p), where @ = 2DC > 0. Then

< S + ll2) @+ Hallga™ (11l + 16

Thus, if (3.3) is satisfied, then || Tv|1, < R.

Finally, (3.7) ensures that T(Bg) is precompact in W1 (Q) and this implies
that T : B — Bg has a fixed point which is an LP-strong solution of (3.4).
Estimates (3.6) and (3.7), together with (3.3), yield (3.5) for some constant C'. [

[Tv [25)™ 7).

Using Theorem 3.1 we can obtain another proof of the Aleksandrov—Bakel-
man—Pucci maximum principle for Pucci extremal equations with superlinear
growth in Du.

Theorem 3.3. Let po < p < q1, 1 > n, and let one of (3.1) hold. Let
be from Theorem 3.4 for & = By and r as in (3.2). Then there exists C' =
Cln M A pqur g, [llg) such that if 5 € L% (), u € LL(Q) and f € I2,()
satisfy

el flIp)™ " < e, (3.8)
and if u € C(Q) is an LP-viscosity subsolution (resp., supersolution) of
P~ (D?u) — y(x)|Du| — p(z)|Du|™ < f(x) QT ={zxecQ: ulx)> né%xu}
(resp., PF(D*u) +~(2)|Dul + p(z)|Dul™ > — f(z)
inQ” ={zxe: —ulx)> négx(—u)}),



298 S. Koike and A. Swiech JFPTA

then

< p .
mﬁaxufr%%xu—i—CHfHL @+) (3.9)

(resp., mﬁax(—u) < né%x(—u) +C| fllr-y)- (3.10)

Remark 3.4. We point out that condition (3.8) and estimate (3.9) are in fact
equivalent to those in Theorem 2.6 of [11] and Theorems 3.4 and 3.5 of [13].

Proof. In view of Theorem 3.1, if § > 0 is such that 277 1|ul/, (|| f]l, + )™ < e,
we can find an LP-strong solution vs € W2P(By) of

P (D?vs) +7(x)|Dvs| + 2"~ () xa+ ()| Dvs|™ = —f()xa+ (¥) =0 in By,
vy =0 on 0Bj.
Estimate (3.5) in particular implies that

[05]loc < CUIfllLr @ty +0) (3.11)

for some C = C(n, \,A,p,q1,q,m, ||7|lq) > 0. Setting w := u+vs, we easily verify
that w is an LP-viscosity subsolution of

P~ (D*w) — v(z)|Dw| — 2™ p(z)|Dw|™ < =5 in QF.
Hence, from the definition of viscosity solution, we have

max w — maxw,
ot oa+

which, together with (3.11), concludes the proof after we send § — 0. O

4. Weak Harnack inequality

In this section, as an application of the existence of LP-strong solutions of extremal
PDE, we obtain the weak Harnack inequality for LP-viscosity supersolutions of
(1.1). We denote by Qg the closed cube with side-length R > 0 and center at 0.
We set Qr(x) = x + Qg for z € R™.

We will first construct an auxiliary function, which was explicitly given by
Caffarelli [2] if ¢ = 0, and by Koike-Takahashi [12] if 4 € L*(Q). However,
since we need to solve Pucci extremal equations with unbounded p, we follow the
argument of [11].

We choose and fix two domains U, V C R™ with smooth boundaries such that

Q12 CUCQ3p4, Q3CVCQu

The constants in Lemma 4.1 and Theorems 4.2 and 4.3 may depend on the choice
of U and V, but we omit this dependence since the sets are fixed.

Lemma 4.1. Assume that one of (3.1) holds. Set p =n+ 1 in case (i), and p = ¢
in cases (i) and (iii) of (3.1). There exists e2 = e3(n,p,q, A, A,m) > 0 such that
if pe LL(V) satisfies

el Laqvy < e2,
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then there exist p € WP(V) and € € LP(V) such that
(i) P=(D?*¢) — ()| Dg|™ = &(x) inV,

(i) ¢ = 0 on AV,
(i) 6 < -2 in Qs
(iv)€=0 in VAU,

V) [I€llp < Cln,p,a, A A, m).

Proof. Let &1 be from Theorem 3.4 for Q = V\U, v = 0 and r as in (3.2). We choose
¢ € C*(V\U) such that ( =0 on OV and ( = —1 on U. Set C; = I<llw2.s\7)-
Then if i € LY (V) with ||jil|, < C]~"e1, by Theorem 3.1 we can find an LP-strong
solution ¢g € W2P(V \ U) of

{,P_(D2¢0)_/1(5E)D¢O|m:0 iHV\U, (4 1)
¢o=C¢ on OV U dU. :

We claim that there exists o > 0 such that if ||]|, is sufficiently small then
¢ < —o on Q3 \ U. If not then there exist f € L9(V) with ||fxll — 0 and
supg, ¢x — 0, where ¢y, are solutions of (4.1) with fi replaced by fix. Since ¢y, are
also LP-viscosity solutions [11] and ||¢x||2,5 < C we find (see the appendix of [11])
that ¢, — ¢ in C(V \ U), where ¢ is an LP-viscosity solution of (4.1) with ji =0
and supg,\ ¢ ¢ = 0. This is however impossible by the strong maximum principle.
Therefore there must exist £, < C’ll_mel small enough so that the claim holds for
some o > 0 if ||]lq < &a.

We now extend ¢o onto the whole V' as a W27 function ¢ so that (iii) is
preserved. Since by (3.5), [|¢ollw2s\v) < C||¢ll2.3, (i) and (v) will be satisfied
for ¢y with some &; and constant C.

We now set ¢ = 2¢ /0. This function satisfies the equation
o.m—l _
gm—1H

P(D%) - o i@IDI" = Z6a(a) iV

and therefore it is enough to set ji(z) = 2™ !u(x)/o™ L, £(x) = 2&(x)/0 and
take g9 = o™ 1&g, /2m L, O
We can now establish the weak Harnack inequality for (1.1).
Theorem 4.2. Assume one of (3.1), and
2—n/g>m> 1. (4.2)

Let M >0, f € LR (V) and p € LL(V). Then there exists e3 = e3(n, p, \, A, m, M)
>0, C=C(n, AN p,g,m) >0 andr=r(n, A\ ANp,qm) >0 such that if

lullg (1 + A1) < es, (4.3)

and u € C(V) is an LP-viscosity supersolution of

PH(D*u) + u(2)|Dul™ > —f(x) iV



300 S. Koike and A. Swiech JFPTA
satisfying 0 <u < M in V, then

1/r
</ qux> SC(iCI?lfU-I-HfHLP(V)).

Proof. We first reduce the proof to the case f = 0. Let 1 = 1(n,p, A, A, m) be
from Theorem 3.1 for V. If ||ull4(4]|f|l,)™ ! < €1, due to Theorem 3.1, we can
find v € W2P(V) such that

P=(D%) — 2" ()| Do|™ = f(a) iV,
and v = 0 on JV. By Theorem 3.3, we have
0<v<C|fll, inV. (4.4)
We notice that w := uw + v is an LP-viscosity supersolution of
PH(D*w) + 2™ p(x)|Dw|™ >0 in V.

If the assertion holds for f = 0, then we have

1/r
(/ w” dw) < C'inf w.
. @

Hence, due to (4.4), we obtain the result.

Therefore we can assume that f = 0. Let 3 be from Lemma 4.1. Set v =
u/(mo + €), where mg = infg, v and € > 0. We need to show that if infg, v <1,
then ([, o v"dz)'/" < C. The function v is an LP-viscosity supersolution of

PT(D?*v) 4 p(z)(mo + )™ HDv|™ >0 in V.

Suppose that [|u|[;M™ ! < &3. Let ¢ be the function from Lemma 4.1 applied
with g := (mg+¢€)™ u for € sufficiently small. Then w := v+ ¢ is an LP-viscosity
supersolution of

PH(D*w) + 2" (mg + )" u(z)|Dw|™ > E(x) iV,

where £ is from Lemma 4.1. Define C,, = ||£]] .

We impose the last restriction that ||ul,(4MC,)™" ! < ei1(n,n, A\, A,m),
where €7 is from Theorem 3.1 for V' and p = n. Then, for small € > 0, we de-
duce from Theorem 3.3 that

sup(—w) < C|¢]|
|4

L(QY)

where Qf = {z € Q1 | w(z) < 0}. (The three restrictions we imposed on || f||, and
leellq provide us with condition (4.3) for some €3 > 0.) On the other hand, since
1 <2—infg, v <2 —infg, v < supg, (—w) < supy (—w), we have

1< ClRT PP~ g5,

where p is from Lemma 4.1. This implies that there exists 8 = 0(n,p, g, A\, A,m) €
(0,1) such that

Hzre @ |v(z) > K} <6, (4.5)
where K = maxy (—¢) > 1.
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To prove the claim it is enough to show that
HzxeQ|v(x)> K} <6 (j=1,2,...).

To this end, assuming |B| < 771 for j > 2, where B := {z € Q1 | v(z) > KI~1},
we will show that

|A| < 6|B|, (4.6)
where A = {z € Q1 | v(z) > K7}. Following the argument in [12] (cf. Lemma 4.2
in [3]), by (4.2), we divide Q; into cubes with length 27¢, where ¢ € N satisfies

9l(2=m—n/q) > [((]'*1)(”1*1)7 (4.7)

such that @ = Uzzil Qo-¢(x;) with z; € Q1. To get (4.6), it is enough to show
AN Qye(2;)| <O BN Qye(x;)| fori=1,2,...,2"
We fix i € {1,2,...,2"}. By translation, we may suppose that x; = 0. Thus, by
Lemma 4.2 in [3], it is sufficient to prove that for any dyadic cube @ := Q- (%) C
Qo-¢ for i e Nand € Qqg-e, if
0

[ANQI>0|Q| = POEnE

(4.8)

then Q C B, where Q is the predecessor of Q.

Again, we will assume that & = 0 for simplicity of notation. Suppose that
there exists # € @ such that v(Z) < K7~!. We set ((z) = K' 7027 z). It is
easy to see that ( is an LP-viscosity supersolution of

PH(D2Q) + ja(x)| D¢™ > 0,
where
R K(Jfl)(mil)u(27£71z)
fi(x) = 2t (2—m)
We notice that (4.7) yields

[l Laqvy < llllg-
Remembering that we only needed infg, v < 1 to get (4.5), we obtain
{z € Q[ ¢(x) > K} <0,
which implies
J
Hzx e |v(x)> K} < PTICE
This contradicts (4.8) and therefore the proof is complete. ]

It is standard to extend the weak Harnack inequality to the boundary 0.
Therefore we omit the proof of it referring to [11] for the details.

Theorem 4.3. Let 0 € 9. Assume one of (3.1), and (4.2). Let e5 be from Theorem
4.2. Let M > 0. There exist C = C(n,\,A,p,q,m) >0 and r = r(n, A\, A, p,q,m)
> 0 such that if f € LE(Q) and p € LY (Q) satisfy (4.3), and u € C(Q) is an
LP-viscosity supersolution of

PH(D?u) + ()| Dul™ > ~f(z)  in ©
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such that 0 < u < M in Q, then

1/r
([ wnte) " < Clgtun + 1lvna)

where m = infy o u, and

[ min{u(z),m} forzeVnNQ,
um(x)—{m forxz e V\ L

Remark 4.4. By using a different version of Lemma 4.1 or by scaling and applying
a covering argument of Cabré [1], we may replace V in Theorems 4.2 and 4.3 by
Qg for any R > 1.

A consequence of Theorems 4.2 and 4.3 is the Holder continuity of LP-
viscosity solutions of general fully nonlinear PDE

F(x,u, Du, D*u) = f(z) in Q. (4.9)

We will just state the result and make a few comments about its proof referring
for the details to [11].

We assume that F' :  x R x R" x " — R is measurable, F(z,-,-,-) is
continuous for a.e. x € €,

ferLrQ), (4.10)
P (X -Y)< F(x,r,6,X) - F(z,r,£,Y) <PTH(X —Y) (4.11)
forz e, £eR” XY € 5™,
F(2,0,0,0) =0 for z € Q, (4.12)
|F(z,7r,&,0)| < folx)|r] + w(x)||™ forxz e, reR, £eR”, (4.13)

where fo € L% () and p € L% (Q2) and m > 1. We also assume that there exist
© > 0 and tg > 0, such that

|Q:(x)\ Q] > 6t"  for x € 9N and 0 < t < tg. (4.14)

Theorem 4.5. Assume that (3.1), (4.2), (4.10), (4.11), (4.12), (4.13), (4.14) hold.
For M > 1, 0 € (~O, 1) and g € C7(09), there exist « = a(n, \,A,p,q,m,0,0) €
(0,1) and C = C(n, A\, A, p,q,m, M, || follp, [ fllp: l2llq, diam(£2), ©,0) > 0 such

that if w € C(Q) is an LP-viscosity solution of (4.9) such that |u(z)] < M for
z €9, and u= g on 05, then

u(z) —u(y)| < Clz—y|*  forz,y e

Remark 4.6. When fo =0 (i.e. when F' does not depend on ), a bound on ||u||~
for LP-viscosity solutions of (4.9) is provided by Theorem 2.11 if ||l |l fIl7*~" is
small enough.
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Proof. We first observe that +u are LP-viscosity supersolutions of
P (D?u) + p(x) | Dul™ = ~|f(2)] = fo(z)lu] in Q.

Suppose that Qg C Q. Setting v(z) = u(rz) for x € Q4, we observe that v is an
LP-viscosity supersolution of

P (D?v) + fu()|Dv|™ > —g(z)  in Qu,

where fi(x) = r>"™u(rx) and g(z) = r*(|f(rz)| + fo(rz)M). Using (4.2) and
p > po > n/2 it is easy to verify that ||fi| ze(q,) and ||glzr(@,) g0 to 0 as 7 — 0
and so we can find ro > 0 such that (4.3) is satisfied for r < 9. Hence we may
repeat the arguments of the proof of Theorem 6.2 of [11], together with Theorems
4.2 and 4.3, to conclude the proof. O
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