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Abstract: Rockfill materials have been widely used in the construction of rockfill dam, railway and highway subgrade
due to its high filling density, good compaction performance, strong water permeability, small settlement deformation
and high bearing capacity. A reasonable constitutive model for rockfill materials is very important for engineering
computation and analysis, and has a great development space. Based on the crushing stress and spatial mobilized plane
(SMP), a state parameter that can comprehensively reflect the anisotropy and grain crushing is proposed. This state
parameter is used to improve the MPZ model (a modifed Zienkiewicz Ⅲ model), so that a generalized plastic model is
constructed to describe the stress and deformation characteristics of rockfill materials in engineering. The validity of the
developed model is verified by a series of conventional triaxial tests with different inclination angles of the compaction
plane. The variation trend of the constructed anisotropy index ω can reflect the non monotonic variation of the
deformation and strength of rockfill with the direction angle of large principal stress, so the model can reflect the obvious
difference caused by the initial anisotropy of rockfill on the mechanical properties.
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1 Introduction

The deepening of human’s understanding of
natural phenomena is accompanied by the ever-
increasing complexity and difficulty of scientific
and engineering problems [1]. This raises higher
requirements for methodologies that serve
theoretical analysis and numerical simulation [2].
There is a definite need for developing advanced
constitutive models to accurately simulate rockfill

plastic deformation and failure in the fields of
computational geosciences and engineering [3]. So
it is necessary to comprehensively consider the
engineering properties such as anisotropy and grain
crushing.

Due to the large size of grains, it is difficult to
carry out anisotropy tests of rockfill materials.
However, through the tests of sands, we can know
that the directional arrangement of grains has a
significant impact on the anisotropic mechanical
properties of granular materials [4 − 7]. When the
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compaction plane of the specimen is inclined,
the inclination angle δ will affect the stress− strain
relationship of sands due to anisotropy. Specifically,
some tests show that the peak strength of sands
increases first and then decreases, rather than
monotonically, with the increase of the inclination
angle δ [8, 9]. In the anisotropic tests of rockfill
materials, ZHANG et al [10] obtained similar
characteristics as sands, but there are also
differences: when the major principal strain ε1

reaches 15%, the stress − strain curves of different
inclination angles are still quite different; whereas in
the ODA’s tests of sands [9], the stress − strain
curves tend to be consistent at ε1=6%. This
difference indicates that the constitutive model of
sands can not be directly applied to rockfill
materials.

Another important characteristic of rockfill
materials is grain crushing, which has a significant
influence on the strength, dilatancy and critical state
of the rockfill materials. Many scholars have studied
the grain crushing of rockfill materials. MARSAL
[11] proposed a grain crushing index (Bg), which has
been widely used in breakable soils (e.g., sand, road
slag, and rockfill). XIAO et al [12] pointed out that
grain crushing led to not only a vertical translation
but also a rotation on the critical state line (CSL).
LIU et al [13] within the framework of critical state,
proposed two state functions that could reflect the
dilatancy and strain softening of rockfill materials,
revised the relative crushing index that proposed by
HARDIN [14], and suggested an elastoplastic
model that could describe grain crushing effect of
the rockfill materials.

As for the constitutive model, the generalized
plasticity model is a kind of elasto-plastic
constitutive model, and it was first proposed by
ZIENKIEWICZ et al [15]. PASTOR et al [16]
subsequently developed the model into the
Zienkiewicz III model (PZ model), which can
reflect the main static and dynamic characteristics
of geotechnical materials and has been widely
applied [17 − 19]. Through introducing the critical
state parameters into the PZ model, DONG [20]
preliminarily modified the original model. The
modified model (MPZ model) can better describe
the nonlinear, dilatancy and strain hardening
and softening characteristics of the stress− strain
relationship of coarse grain materials, but cannot

effectively reflect the influences of anisotropy and
grain crushing.

At present, most of the models of rockfill
materials are developed from the sand model, and
these models are insufficient in the description of
mechanical properties of rockfill materials.
Therefore, it is necessary to establish a constitutive
model that can comprehensively consider the
anisotropy and grain crushing engineering
properties of rockfill materials. In this study, an
anisotropic state index is constructed according to
the angle between spatial mobilized plane (SMP)
and compaction plane. Considering the influence of
grain crushing, an anisotropic compression line
(ACL) is derived based on the crushing stress ps

with clear physical meaning. Combined with the
anisotropic state index and ACL, a state parameter
that can comprehensively consider grain crushing
and anisotropy is proposed. In order to improve the
stability and applicability of the constitutive model,
the transformed stress method, the modified stress
method, and a modified dilatancy equation
are introduced [21 − 23]. Based on the above
considerations, a generalized plastic model for
rockfill materials (PZR model) is developed from
the MPZ model. A series of conventional triaxial
tests with different inclination angles are simulated
to verify the applicability of the proposed model.

2 Original generalized plastic model
(MPZ model)

The elastic volumetric strain and the elastic
shear strain are respectively controlled by the
volumetric modulus Kev and the shear modulus Ges:

Δεe
v =

Δp
Kev

, Δεe
s =

Δq
3Ges

(1)

where Δq is the increment of the generalized shear
stress; Δp is the increment of the mean effective
stress; Δεe

v is the increment of the elastic strain; and
Δεe

s is the increment of the elastic shear strain.
The elastic modulus varies with changes of the

mean effective stress p and the void ratio e [24]:

Kev = K0
( )2.97 - e

2

1 + e
pa( p

pa ) 1/2

(2)

Ges = G0
( )2.97 - e

2

1 + e
pa( p

pa ) 1/2

(3)
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where K0 and G0 are model constants; and pa is the
atmospheric pressure. Next, the plastic part of the
model is introduced.

1) The critical state and corresponding
parameters

The critical state refers to the state in which the
mean effective stress p, the general shear stress q,
and the void ratio remain unchanged, while the
shear strain εd develops indefinitely when the soil is
subjected to shear action that results in failure [25].

ṗ = q̇ = ε̇v = 0, ε̇d ≠ 0 (4)

where εv is the volumetric strain and the superscript
“•” means the rate of change.

The soil under different drainage conditions
and stress paths will reach a spatial curve as the
following form [26], namely critical state line
(CSL), when the soil reaches the critical state:

ec = eΓ - λc( p
pa ) ζ (5)

where eΓ, λc and ζ are constants. For sands, the value
of ζ is about 0.7, while for rockfill materials, ζ has
different values in different grain crushing cases.

The state parameter is defined by the following
Eq. [27]:

ψ = e - ec (6)

where e is the current void ratio and ec is the critical
void ratio corresponding to the current mean
effective stress.

2) Loading direction and plastic flow direction
Referring to the expression of LI et al [28], the

state parameter ψ is introduced into the dilatancy
equation:

dg = (1 + αg ) (Md - η) (7)

Md = Mgexp (mgψ ) (8)

where η=q/p, αg and mg are model constants; and Md

is expressed as the phase transformation stress ratio,
that is, the stress ratio corresponding to the
transformation state from volumetric contraction to
volumetric expansion; Mg corresponds to the slope
of the projection of CSL on the p−q plane.

The plastic flow direction corresponding to
dilatation is as follows:

ngL =
1

1 + d 2
g

(dg, 1) T

(9)

When unloading, the plastic flow direction is
specified as:

ngU =
1

1 + d 2
g

( - dg, 1) T

(10)

The non-associated flow rule is adopted, so
that the expression form of the unit loading
direction vector nf is similar to that of ng:

nf =
1

1 + d 2
f

(df, 1) T

(11)

df = (1 + αf ) (Mf - η) (12)

where αf is a model constant. The g(θ) method is
used to extend Eqs. (9)−(11) from the triaxial stress
space to the three-dimensional stress space, and the
expressions are:

ì
í
î

ïï
ïï

Mf = g ( )θ, c Mfc

Mg = g ( )θ, c Mgc

(13)

c = Me /Mc (14)

g (θ, c ) =
2c

(1 + c ) - (1 - c ) sin 3θ
(15)

where Mgc and Mfc are Mg and Mf under triaxial
compression, respectively; Me and Mc are the peak
stress ratios under triaxial extension and triaxial
compression.

3) The plastic modulus
The plastic modulus of MPZ model is

expressed as follows:

HL = H0 p′Hf Hv HDM Hden (16)

H0 = HL0exp ( - βHψ ) (17)

where H0 refers to the improved benchmark plastic
modulus considering stress state [29, 30], while βH

and HL0 are non-negative model constants.
Hf is used to describe the shear mapping rules,

which can be expressed by the stress ratio η, as
shown in Eq. (18). ηf is the stress ratio in the
original point of the yield surface, as shown in
Eq. (19).

Hf = (1 - η/ηf )4 (18)

ηf = (1 + 1/αf )Mf (19)

Hv can describe the phenomenon of strain
softening, which is related to the stress state:
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Hv = 1 - η
Mb

(20)

Mb = Mgexp ( - mbψ ) (21)

where mb is a non-negative model constant. When
the initial state of the soil material is relatively
dense, ψ<0, and thus Mb>Mg. In this case, there will
be the state of η >Mg and Hv>0. After the state
changes from volumetric contraction to volumetric
expansion, ψ gradually approaches 0, leading to a
reduction of Mb. Gradually, the peak intensity is
reached, followed by the strain softening, which
corresponds to a negative Hv with η>Mb.

HDM reflects the influence of the stress history
on the plastic modulus, and Hden is used to represent
the compaction and hardening effects of coarse
soils. Their expressions are shown in Eqs. (22)−(24):

HDM = ( ζmax

ζ ) γ (22)

ζ = p (1 - η
ηf ) -1/αf

= p
é

ë

ê
êê
ê
1 - ( αf

1 + αf ) ηMf

ù

û

ú
úú
ú
-1/αf

(23)

Hden = exp (rdenεv ) (24)

where γ and rden are model constants. Moreover, the
plastic unloading modulus is modified to consider
the influence of the confining pressure:

H =

ì

í

î

ï
ïï
ï
ï
ï

ï

ïï
ï
ï

ï

HU0 Hden pa( )p
pa

1/2( )Mg

ηU

γU

,
Mg

ηU

> 1

HU0 Hden pa( )p
pa

1/2

,
Mg

ηU

< 1

(25)

where HU0 and γU are model constants; and ηU is the
stress ratio corresponding to the stress reversal.

3 Developed generalized plasticity model
for rockfill materials (PZR model)

The MPZ model introduced above does not
consider the effects of anisotropy and grain crushing
on the mechanical properties, which, however, are
ubiquitous in the engineering and are thus very
important for the evaluation of stress and
deformation. In the following part, an anisotropic
state parameter considering anisotropy and grain
crushing is proposed to modify the MPZ model.

3.1 Yield surface
As mentioned above, the MPZ model does not

need an explicit yield function. Nevertheless, if the
yield function can be specifically expressed for the
theoretical derivation, it can be used as a reference
for further improvement in the theoretical analysis.
The yield surface of the MPZ model can be
obtained by integrating the loading direction vector

as expressed in Eqs. (11) and (12) [31]:

f = q - Mf p ( 1 + αf

αf ) éëêêêêêê1 - ( p′
px ) αfù

û

ú
úú
ú
ú
ú

(26)

where px is the intersection point between the yield
surface and the p-axis.

3.2 Description of anisotropic state of rockfill
materials
The compaction plane is produced by the

directional grain arrangement. Many experiments
and mesoscopic mechanics analyses have shown
that the direction of the long axis of grains can
basically remain unchanged even in the case of
large macroscopic shear deformation, but the size
and shape of pores, the number and direction of
contacts are greatly changed during shearing [32 −
34]. However, in practical engineering, the strain
generated by the loading of the rockfill material
generally does not exceed 2%, although it can reach
10% locally.

The inclination angle of compaction plane has
a significant effect on the mechanical properties of
the rockfill material. In order to reflect this effect in
the constitutive model, it is necessary to properly
describe the anisotropic fabric and define the
anisotropic state index.

1) Description of the anisotropic fabric
Based on the above analysis, the transversely

isotropic fabric tensor is introduced as [22]:

Fij =

æ

è

ç

ç

ç

ç

ç

ç

ç
çç
ç
ç

ç

ç

ç

ç

ç
ö

ø

÷

÷

÷

÷

÷

÷

÷
÷÷
÷
÷

÷

÷

÷

÷

÷
( )1 + Δ + ( )3Δ - 1 cos 2δ

4
0 ( )3Δ - 1 sin 2δ

4

0
1 - Δ

2
0

( )3Δ - 1 sin 2δ
4

0 ( )1 + Δ + ( )1 - 3Δ cos 2δ
4

(27)

where Δ is the concentration index that measures the
grain’s long axis, and δ is the degree rotated around
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the x-axis by the compaction plane (the arrangement
direction of the long axis).

The concept of the modified stress is expressed
as follows [22]:

σ̄ ij =
3
2 (σ ik Fkj + Fikσkj ) (28)

where σ̄ ij is the modified stress tensor, and σij is the
real stress tensor. After such treatment, the modified
stress tensor applied in the direction perpendicular
to the long axis of grains is smaller than the real
stress tensor, which is equivalent to the modulus
increasing in this direction. This method can help
effectively calculate the lateral strain inconsistency
caused by the fabric anisotropy, which is an
advantage over many other anisotropic methods
such as the joint invariant method and the loading
angle method.

2) The anisotropic state index
The tests of rockfill materials show that the

strength of specimens decreases as the inclination
angle δ increases from 0° to 75°, whereas increases
when δ aproches 90° [10]. However, the modified
stress method fails to reflect the non-monotonic
variation of the peak anisotropy intensity. Therefore,
the concept of spatially mobilized plane (SMP;
Figure 1) is introduced into the model [35]. The
SMP has a clear physical significance that the ratio
of the shear stress τSMP to the normal stress σSMP is the
largest on the corresponding SMP. Thus, the grains
on SMP are most likely to slide. Moreover, the SMP
changes simultaneously as the loading path varies,
which affects the apparent strength of specimens.
Theoretically, when SMP and the compaction plane
coincide, the strength of the soil is the lowest.

For the soil element, there are four pairs of

SMPs in the principal stress space, and each pair of
SMPs is parallel to each other. The minimum angle
αmin between SMP and the compaction plane is
expressed as follows:

αmin = min (α1, α2, α3, α4 ) (29)

where αi (i=1, 2, 3, 4) is the angle between the four
pairs of SMPs and the compaction plane, as shown
in Figure 1, and the expression of cosαi is:

cos α i = cos ( t i, d )
=

|| ti1dz + ti2dx + ti3dy

t 2
i1 + t 2

i2 + t 2
i3 d 2

z + d 2
x + d 2

y

(30)

t i = Ts i (31)

d = (dz, dx, dy ) T

(32)

where dx, dy and dz are respectively the cosine values
of the angles between the normal vector of the
compaction plane and the basis vector of the
physical space; ti is the normal vector of the four
groups of SMPs in the physical space; and T is the
transformation matrix from the stress space to the
physical space:

T =
é

ë

ê

ê
êê
ê

ê ù

û

ú

ú
úú
ú

úl1 l2 l3

m1 m2 m3

n1 n2 n3

(33)

where li, mi, ni (i=1, 2, 3) are the cosines of the
principal stress σi relative to the three directions of
the basis vectors of the physical space.

The normal vectors of four pairs of SMPs are
denoted as s1, s2, s3 and s4, respectively.

ì

í

î

ï

ï
ïï
ï

ï

ï

ï
ïï
ï

ï

s1 = ( )a1, a2, a3

s2 = ( )a1, -a2, -a3

s3 = ( )a1, -a2, a3

s4 = ( )a1, a2, -a3

(34)

where a1, a2 and a3 are directional cosines of SMP in
the principal stress space, respectively:

a1 =
I3

σ1 I2

, a2 =
I3

σ2 I2

, a3 =
I3

σ3 I2

(35)

where I1, I2 and I3 are the first, second, and third
principal invariants, respectively:

Figure 1 Schematic diagram of angle between SMP and
compaction plane
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ì

í

î

ï
ïï
ï
ï
ï

ï
ïï
ï
ï
ï

I1 = σ ii

I2 =
1
2
é
ë

ù
û( )σ ii

2 - σrsσsr

I3 =
1
3
σ ijσ jkσki - 1

2
σrsσsrσmn +

1
6 ( )σnn

3

(36)

The αmin calculated from Eqs. (29) and (30) is a
scalar varying with the development of stress, which
has a clear physical meaning and can reflect the
degree of mutual deviation between SMP and the
compaction plane in real time. When SMP is
parallel to the compaction plane, αmin=0, and the soil
is most prone to shear deformation.

Therefore, considering the changes in state
parameters caused by the long-axis orientation of
grains, αmin can be introduced to construct a new
form of the anisotropic state index ω:

ω = (sin αmin ) r

(37)

where r is a model constant, which can effectively
reflect the differentiation degree of the anisotropic
states caused by the change of αmin.

Figure 2 shows the variation of αmin with δ in
conventional triaxial compression tests. As the
loading process advances, the SMP deflects with the
change of stress state, and finally a relatively stable
value is reached. When the strain is large, δ =0°
corresponds to the maximum αmin, while δ=60° and
δ =75° correspond to the minimum αmin, which can
reflect the non-monotonic variation trend of the
specimen strength with δ.

Equation (37) is introduced into the original
state parameter ψ to form a new parameter

considering the anisotropic state:

ξ = ψ - Γω (38)

where Γ is a model constant, which can reflect the
influence of the real-time anisotropy represented by
αmin on the position of the reference state line.

In summary, the modified stress method is able
to calculate the true strain value of each direction
under the three-dimensional stress state, while the
anisotropic state index ω is favored by its capacity
to reflect the non-monotonic variation of the peak
intensity of the anisotropy as δ varies, which is not
possible for the modified stress method.

3.3 Anisotropic compression line considering
grain crushing
In the MPZ model, only the CSL in the form of

a curve projected on the e − lnp plane is given, no
correlation quantity can reflect the grain crushing,
which makes the model have certain arbitrariness in
reflecting grain crushing. The research shows that
the contribution of the plastic work done by p and q
to the grain crushing of rockfill materials differs as
the stress state varies. Consequently, using the
conventional triaxial test to simulate the grain
crushing under the complex stress path has a large
error [36]. Given the limited ability of the
constitutive model to accurately calculate the plastic
strain increment under various complex stress paths,
it is not accurate to use the relationship between the
plastic work and the relative crushing rate to reflect
the impact of the rockfill grain crushing on
mechanical properties. In this study, the contribution
of work done by p and q to grain crushing is
considered respectively by the crushing stress ps and
the offset of ACL caused by shear [37, 38].

1) The normal compression line
The normal consolidation line (NCL) of the

Cambridge model and the modified Cambridge
model is straight in the e−lnp plane:

e = N - λ ln p (39)

where N is the void ratio when the mean stress p on
the NCL is 1 kPa; λ is the slope of the NCL in the
e−lnp plane.

Equation (39) is mainly applicable to normally
consolidated clay and light overconsolidated clay.
For cohesionless granular materials such as rockfill,
the NCL under different initial densities is different
and shows obvious nonlinearity. Under high

Figure 2 Variation of αmin with δ in conventional triaxial
compression tests
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confining pressure, the NCLs converge to an
asymptote due to grain crushing [39]. In the process
of isotropic compression, the volumetric
deformation under low confining pressure mainly
comes from the elastic change of soil skeleton and
the sliding and rotation of grains; under high
confining pressure, due to grain crushing of soil, the
deformation will increase significantly [39].
Moreover, some scholars have drawn similar
conclusions by using the micro-macro volume
averaging approach in the framework of
themomechanics [40]. In this study, the crushing
stress ps corresponds to the point of maximum
curvature of the NCL in the e−lnp plane. When p is
greater than the representative crushing stress, the
amount of grain crushing of the rockfill material
will increase significantly. At this point, the
compression deformation rate of the rockfill volume
is the largest, and eventually it converges to an
asymptote, which is equivalent to NCL in the
normally consolidated clay, and can be expressed as
follows:

e = Z - λ ln ( p + ps

1 + ps ) (40)

ps = exp ( N - Z
λ ) - 1 (41)

where Z is the void ratio of rockfill on the NCL
when p equals 1 kPa, which determines the starting
position of NCL; λ is the slope of the NCL in the
e−ln(p+ps) space (Figure 3).

2) The anisotropic compression line
As shown in Figure 3, the elastic line of the

rockfill material is expressed as:

e = e0 - κ ln ( p + ps

p0 + ps ) (42)

where κ is the slope of the rebound line in the
ln(p+ps) space. When a soil specimen is compressed
from px0 to px, according to Eq. (40), the total
volumetric strain in the loading process can be
deduced as:

εv =
λ

1 + e0

ln ( px + ps

px0 + ps ) (43)

According to Eq. (42), the elastic volumetric
strain can be expressed as:

εe
v =

κ
1 + e0

ln ( px + ps

px0 + ps ) (44)

According to Eqs. (43) and (44), the plastic
volumetric strain can be expressed as:

εp
v =

λ - κ
1 + e0

ln ( px + ps

px0 + ps ) (45)

According to Eq. (45), the expression of px in
the loading process can be obtained:

px = ( px0 + ps )exp ( εp
v

cp ) - ps (46)

By substituting Eq. (46) into Eq. (26), the yield
function can be expressed as:

f = q - Mf p ( 1 + αf

αf ) ⋅
é

ë

ê

ê

ê

ê

ê
êê
ê

ê

ê

ê

ê

1 -
æ

è

ç

ç

ç

ç

ç
çç
ç
ç

ç

ç

ç
p

( )px0 + ps exp ( )εp
v

cp

- ps

ö

ø

÷

÷

÷

÷

÷
÷÷
÷
÷

÷

÷

÷

αfù

û

ú

ú

ú

ú

ú
úú
ú

ú

ú

ú

ú
(47)

To enable reference line to quantitatively
reflect the different state parameters caused by grain
crushing under different shear effects, the concept of
the anisotropic compression line (ACL) is
introduced [38]. Specifically, as η increases from 0
to M, the ACL moves from NCL to CSL (Figure 4).

Figure 4 shows the NCL, ACL, CSL and the
state parameter in the e−lnp space. From point D to
point E along the mean stress path (Figure 4), it can
be concluded according to the yield function
Eq. (47) that the change of the void ratio caused by
the shear stress in the loading process is:

Figure 3 NCL considering grain crushing in e−lnp space
and e−ln (p+ps) space [39]
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Δep = ( λ - κ ) ln

é

ë

ê

ê

ê

ê

ê

ê

ê
êê
ê

ê

ê

ê

ê

ê

ê( )1 - αfη

Mf( )1 + αf

-
1
αf

p + ps

p + ps

ù

û

ú

ú

ú

ú

ú

ú

ú
úú
ú

ú

ú

ú

ú

ú

ú

(48)

According to Eq. (40), the void ratio of point D
can be calculated. Combined with the variation of
the void ratio of point E loaded by the mean stress
path, the void ratio eη of point E can be obtained as
shown in Eq. (49).

eη = Z - λ ln ( p + ps

1 + ps ) -
( λ - κ ) ln

é

ë

ê

ê

ê

ê

ê

ê

ê
êê
ê

ê

ê

ê

ê

ê

ê( )1 - αfη

Mf( )1 + αf

-
1
αf

p + ps

p + ps

ù

û

ú

ú

ú

ú

ú

ú

ú
úú
ú

ú

ú

ú

ú

ú

ú

(49)

3.4 State parameter considering anisotropy and
grain crushing
By substituting Eq. (49) into Eq. (6) and

introducing ψ into Eq. (38), the state parameter
considering the anisotropic state and grain crushing
is obtained:

ξ = e - eη - Γω (50)

where eη+Γω can be regarded as the reference state
line. The above equation can not only reflect the
effect of grain crushing on the reference line, but
also consider the effect of the real-time anisotropy

represented by the SMP on the position of the
reference line. This is the core of constructing a new
constitutive model for the rockfill. The new state
parameter varying with load is used to replace the
state parameter calculated by the fixed CSL of the
original model. Therefore, the main characteristics
of the stress deformation of the rockfill material can
be reflected in theory.

3.5 Modification of dilatancy equation
The dilatancy equation is an important part of

the constitutive model, and has a great influence on
the prediction of volumetric strain. It can be linear
or nonlinear, and the most well-known ones are
probable the Nova’s equation [41].

dg = (1 + αg ) (M - η) (51)

and the equation of the modified Cam-clay model
[42], separately:

dg =
M 2 - η2

2η
(52)

where αg is a constant and M is the phase
transformation stress ratio. Nova’s equation is the
original form of Eq. (7). However, both of them are
limited in simulating the dilatancy behavior of
rockfill materials. On the one hand, the plastic shear
strain should theoretically be 0 in the case of
isotropic compression. So there is a mismatch in the
linear dilatancy equation at the point of isotropic
compression. On the other hand, the equation of the
modified Cam-clay model overestimates the
dilatancy of rockfill under low confining pressure
[43]. Based on the above considerations, the PZR
model adopts a dilatancy equation considering
the stress−strain characteristics of typical granular
materials and the changes of mesoscopic
structures [23]:

dεp
v

dεp
d

=
mM m + 1 - mηm + 1

( )m + 1 ηm
(53)

where M is the phase transformation stress ratio and
m is a model constant. When m equals 1, the above
equation degenerates to the dilatancy equation of
the modified Cambridge model. Meanwhile, when
η =M, the first-order Taylor expansion of Eq. (53)
will be identical to the dilatancy equation used in
the original MPZ model.

Figure 4 NCL, ACL, CSL, and state parameter ξ of
granular soil in e−lnp space [38]
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Considering that the dilatancy of the rockfill
material is significantly affected by anisotropy, the
anisotropic state parameter ξ proposed in this study
is introduced into Eq. (53) :

dg =
dεp

v

dεp
d

=
mM m + 1

d - mηm + 1

( )m + 1 ηm
(54)

Md = Mcexp (mgξ ) (55)

where Md is the phase transformation stress ratio
related to the anisotropic state parameters and Mc is
the critical state stress ratio.

3.6 Three-dimensional realization of the model
The MPZ model adopts the traditional g(θ)

method for three-dimensional realization, and
singularity often appears when this method is used
in the numerical computation. YAO et al [21]
pointed out that the three-dimensional yield surface
of the model obtained by the g(θ) method is concave
or discontinuous in some stress states, which will
incur robustness insufficiency in the numerical
computation. In addition, the shape of the yield
surface on the π plane of the three-dimensional
model with the g(θ) method doesn’t vary with p.
Moreover, many test results show that the strength
envelope on the π plane tends to evolve from a
curved triangle to a circle as p grows. Therefore, the
modified stress mentioned above is converted into
the transformed stress to reflect the effect of
different Lode angles θ on the characteristics of
yields on the π plane.

The modified stress σ̄ ij and the corresponding
transformed stress σ͂ ij are coaxial, and the mapping
relation is expressed as follows:

ì

í

î

ïïïï

ïïïï

σ͂ ij = σ̄ ij, q̄ = 0

σ͂ ij = p̄δ ij +
q̄c

q̄ ( )σ̄ ij - p̄δ ij , q̄ ≠ 0
(56)

where σ̄ ij is the stress after the modification of the
fabric tensor, i.e., the modified stress; σ͂ ij is the stress
after the transformation, namely the transformation
stress; q̄c refers to the deviatoric stress under the

triaxial compression, which can be derived from the
SMP strength criterion [35]:

q̄c =
2Ī1

3 ( )Ī1 Ī2 - Ī3 ( )Ī1 Ī2 - 9Ī3 - 1
(57)

where Ī1, Ī2, and Ī3 are respectively the three

principal stress invariants corresponding to the

modified stress.

3.7 Elastic stress−strain relationship

The stress−strain relationship of the elastic part
adopts the generalized Hooke’s law in the

incremental form:

dεe
ij =

1 + ν
E

dσ ij - 3ν
E

dpδ ij (58)

where v is the Poisson ratio; dσij is the stress tensor
increment; δij is the Kronecker tensor; and E is the

modulus of elasticity, which can be expressed as:

E =
3( )1 - 2ν ( )1 + e0

κ ( p + ps ) (59)

4 Laboratory tests and constants

To verify the rationality and effectiveness of

the PZR model, a series of triaxial tests with

different inclination angles for rockfills are chosen

to simulate. The test material is the main rockfills of

the Rumei high core rockfill dam. The large-scale

static and dynamic true triaxial apparatus of

Tsinghua University is used [44], which adopts a

mixed loading form, and can apply the maximum

confining pressure of 20 MPa. The maximum size

of the specimen is 20 cm×20 cm×40 cm and the

maximum grain size is 40 mm. The specimens of

the inclined compaction plane are prepared by the

special mould [10], and the direction of the

compaction plane is shown in Figure 5. Table 1

summaries the scheme of the triaxial compression

tests.

There are 17 constants in the PZR model, in
which κ and ν are elastic constants; λ, N and Z are
constants of the crushing stress; αf and Mfc are the

constants of loading direction; mg, m and Mgc are

constants of dilatancy equation; H0, HU0, mb and βH

are constants of plastic modulus; Δ, r and Γ are

anisotropic constants. All constants can be obtained

by triaxial tests. Among these constants, the

anisotropic constants can be obtained by fitting the
conventional triaxial tests with different direction
angles. The model constants of Rumei rockfills are
shown in Table 2.
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5 Verification of constitutive model

5.1 Simulation of conventional triaxial
compression tests with different confining
pressures
The test results of a group of conventional

triaxial compression tests with δ=0° and the
simulation results of the PZR model are plotted in
the same figure, as shown in Figure 6. Figure 6(a)
illustrates the relationships between the deviatoric
stress and the axial strain under different confining
pressures, which demonstrate the capacity of the
PZR model to well reflect the nonlinearity and

compressive hardening of the rockfill. Figure 6(b)
presents the relationships between the volumetric
strain and the axial strain under different confining
pressures. With the increase of confining pressure,
the dilatancy of rockfill decreases gradually, which
verify the ability of the PZR model to well reflect
the volumetric deformation characteristics of the
rockfill materials.

5.2 Simulation of triaxial compression tests with
different inclination angles of compaction
plane
Figure 7 compares the simulation results of

triaxial tests with 7 different δ values under a
confining pressure of 400 kPa with the test data. As
shown in Figure 7(a), the model can reflect the
significant difference in the mechanical properties
caused by the initial anisotropy resulting from the
directional arrangement of grains. The simulation
results and the test results are basically consistent

Figure 5 Diagram illustrating direction of compaction
plane

Table 1 Test scheme and stress path

Type

Triaxial
tests with
different

inclination
angles

Stress path

δ=0°, 15°, 30°, 45°, 60°, 75°, 90° in
σ3=400 kPa; δ=0°, 15°, 45°, 75°, 90°
in σ3=800 kPa; δ=0° in σ3=200 kPa

and 1200 kPa; load to ε1=15%

Dry
density,
ρd/(g∙cm−3)

2.05

Table 2 PZR model constants of Rumei dam main rockfill

κ

0.015

Mfc

1.5

ν

0.1

Mgc

1.9

λ

0.125

H0

600

N

1.38

HU0

1000

Z

0.55

mg

0.8

αf

0.25

mb

0.175

m

1

βH

2

Δ

0.316

r

4.2

Γ

0.25

Figure 6 Simulation of conventional triaxial compression
test results with PZR model: (a) (σ1−σ3)−ε1 relationships;
(b) εv−ε1 relationships
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when ε1=15%. According to Figure 7(b), the
simulation results and the test results share good
consistency when δ equals 0° , 75° and 90° , while
they differ from each other to a certain extent when
δ falls in the other interval, but the overall trends
match well.

Figure 8 shows a comparison of strength
simulation and test results of conventional triaxial
compression tests with different inclination angles.
It can be seen that the model can effectively reflect
the basic change characteristic and magnitude of the
peak stress ratio M and peak internal friction angle
φ caused by the change of δ value.

Figure 9 shows the test results of lateral strain
of triaxial test with different inclination angles and
corresponding PZR model simulation results under
confining pressure of 400 kPa. The lateral normal
strains εy and εx present the maximum lateral
expansion deformation at δ=0° , which is related to

the maximum volumetric dilatation of the
specimen at δ =0° . Moreover, lateral strains in the

Figure 8 Comparison of simulation strengths and test
results of triaxial drained shear tests with different
inclination angles of compaction plane under a confining
pressure of 400 kPa

Figure 7 Conventional triaxial test results and simulation
results of different inclination angles of compaction plane
under a confining pressure of 400 kPa: (a) (σ1 − σ3) − ε1

relationships; (b) εv−ε1 relationships

Figure 9 Lateral strain results of conventional triaxial
tests with different inclination angles of compaction
plane and corresponding simulation results under a
confining pressure of 400 kPa: (a) εy − εz relationships;
(b) εx−εz and (εx−εy)−εz relationships
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two directions are the most similar when δ =0° ,
which is consistent with the cognition on the equal
lateral deformation in the transversely isotropic soil.
As shown in Figure 9(b), according to the
simulation results of the PZR model, the difference
between the two lateral normal strains increases as δ
grows, and the amount of expansion in the direction
of εy is greater than that in the direction of εx. These
characteristics of lateral deformation are well
captured by the PZR model.

The simulation results and the test data of the
triaxial tests with different δ values under a
confining pressure of 800 kPa are plotted in
Figure 10. As shown in Figure 10(a), stress− strain
curves corresponding to different δ values are more
similar when the confining pressure is higher, which
has been captured by the PZR model. This
phenomenon is speculated to result from the
stronger constraint of a higher confining pressure on
the anisotropy. Moreover, the grain crushing also

increases as the confining pressures rises. As shown
in Figure 10(b), for different δ values, the
simulation volumetric variation is in good
agreement with the test results on the whole.

6 Conclusions

In this study, an improved generalized
plasticity model for rockfill materials (PZR model)
is developed from the MPZ model based on a new
anisotropic state parameter. The PZR model takes
into consideration of the anisotropy and grain
crushing of rockfill materials in the practical
engineering. Then this model is used to simulate a
series of test results of the main rockfill materials of
the Rumei high core rockfill dam, followed by a
detailed analysis.

1) Different relative relationships between the
grain arrangement direction and the dominant shear
direction lead to different state parameters, thereby
resulting in different influences on the development
of stress and deformation of rockfill materials.
Considering this mechanism, the anisotropy state
index ω is constructed according to the angle (αmin)
between the SMP and the compaction plane. Using
the modified stress method to describe the
anisotropic fabric can comprehensively consider the
influence of the true three-dimensional stress state
on the real strain values in all directions. The
anisotropic state index can make up for the
shortcoming that the modified stress method cannot
reflect the non-monotonic variation of the peak
strength of anisotropy as the inclination angle of the
compaction plane varies.

2) The contribution of work done by p and q to
grain crushing is considered respectively by the
crushing stress ps with clear physical meaning and
the offset of ACL caused by shear. According to the
anisotropic state index ω, the state parameter ξ is
defined. Instead of calculating the state parameter
by the fixed critical state line, this study elaborates
the influences of anisotropy and grain crushing on
the relative spatial position of the reference state
line. Therefore, the main characteristics of stress
and deformation of rockfill materials in practice can
be reflected theoretically. Based on these relations,
an improved generalized plasticity model for
rockfill materials (PZR model) is established, which
adopts the modified dilatancy equation and the

Figure 10 Conventional triaxial test results and
simulation results of different inclination angles of
compaction plane under a confining pressure of 800 kPa:
(a) (σ1−σ3)−ε1 relationships; (b) εv−ε1 relationships
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transformation stress method.
3) The stress− strain relationship simulated by

the PZR model for conventional triaxial
compression tests is in good agreement with the test
results, which indicates that the PZR model can
reflect the basic characteristics of stress and
deformation of rockfill materials under different
confining pressures when considering grain
crushing.

4) The simulation results of the PZR model for
two groups of conventional triaxial compression
tests with different inclination angles are in good
agreement with the test results, which indicates the
capacity of the PZR model to reflect the obvious
difference of mechanical properties caused by the
initial anisotropy of rockfill materials. The reason is
that the variation trend of the anisotropy index ω
can reflect the non-monotonic variation of the
deformation and the strength of rockfill materials as
the inclination angle δ varies. At the same time, due
to the introduction of the modified stress tensor, the
model can simulate the lateral deformation
difference caused by the inclination of compaction
plane. The simulation results show that the PZR
model has a good description of the anisotropy and
grain crushing characteristics of rockfill materials.
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考虑颗粒破碎与各向异性的堆石料广义塑型模型

摘要摘要：：堆石料以其填筑密度高、压实性能好、透水性强、沉降变形小、承载力高等优点，在堆石坝、

铁路、公路路基等工程建设中得到广泛应用。合理的堆石料本构模型对工程计算和分析具有重要意

义，且目前仍具有很大的发展空间。基于破碎应力和空间滑动面(SMP)的概念，提出了一个能综合反

映颗粒破碎和各向异性的状态参数。利用该状态参数对修正ZienkiewiczⅢ模型(MPZ模型)进行了改进，

构造了一个能够描述堆石料应力变形工程特性的广义塑性模型。本文通过一系列不同压实面倾角的常

规三轴试验，验证了该模型的有效性。由于所构造的各向异性指标ω的变化趋势能够反映堆石料的变

形和强度随大主应力方向角非单调变化的特征，故该模型可以反映堆石料初始各向异性对力学特性造

成的明显差异。

关键词关键词：：本构模型；各向异性；颗粒破碎；堆石料
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