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Abstract: Random dynamic responses caused by the uncertainty of structural parameters of the coupled train-ballasted
track-subgrade system under train loading can pose safety concerns to the train operation. This paper introduced a
computational model for analyzing probabilistic dynamic responses of three-dimensional (3D) coupled train-ballasted
track-subgrade system (TBTSS), where the coupling effects of uncertain rail irregularities, stiffness and damping
properties of ballast and subgrade layers were simultaneously considered. The number theoretical method (NTM) was
employed to design discrete points for the multi-dimensional stochastic parameters. The time-histories of stochastic
dynamic vibrations of the TBSS with systematically uncertain structural parameters were calculated accurately and
efficiently by employing the probability density evolution method (PDEM). The model-predicted results were consistent
with those by the Monte Carlo simulation method. A sensitivity study was performed to assess the relative importance of
those uncertain structural parameters, based on which a case study was presented to explore the stochastic probability
evolution mechanism of such train-ballasted track-subgrade system.

Key words: coupled train-ballast-subgrade system; structural parameter uncertainty; stochastic dynamic analysis;
probability density evolution method; wheel-rail interaction

Cite this article as: MAO Jian-feng, XIAO Yuan-jie, YU Zhi-wu, Erol TUTUMLUER, ZHU Zhi-hui. Probabilistic
model and analysis of coupled train-ballasted track-subgrade system with uncertain structural parameters [J]. Journal of
Central South University, 2021, 28(7): 2238—2256. DOI: https://doi.org/10.1007/s11771-021-4765-z.

challenging engineering problem adversely affecting

1 Introduction railroad operation safety for decades. Such
settlement would severe the random track
The dynamic, uneven track settlement caused irregularities under the repeated wheel/rail

by the uncertainty associated with the equivalent
stiffness and damping properties of the coupled
ballast-substructure system has long been the

interactions. Therefore, it remains indispensable and
critical to efficiently assess the stochastic dynamic
responses and performance of the coupled
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ballast-subgrade system from advanced
computational models where the uncertain stiffness
and damping properties of the ballast-substructure
system, random track irregularities, and their
interactions are coupled and properly considered.
The dynamic simulation of the coupled
train-ballast-subgrade systems is often indispensable
to reveal the dynamic properties of structural
components which are triggered by random
excitations and parameter uncertainties. For
example, the sensitivity and relative importance of
system parameters including the car body, rails,
ballasted track, subgrade to dynamic responses under
random excitations can be obtained through
numerical analyses of the coupled train-track model
[1]. However, due to the complex nature and
multiple sources of such random excitations, the
majority of the existing publications were focused on
the deterministic analysis with random excitation
considered by varying one single factor at a time for
simplicity. As one of the most important motivators,
the track irregularity has been investigated in many
publications. In the last decades, a large number of
articles focused on the influence analysis of the track
irregularity on the dynamic behaviors of the coupled
train-track-substructure systems [2—10]. Furthermore,
several researchers paid attention to the studies of
random model of track irregularities in contrast to
the deterministic analysis. At an early stage, a
non-Gaussian model was developed by [IYENGAR
et al [11] based on the measured irregularities data to
simulate the unevenness samples, after which this
model is considered a standard way to estimate the
expected values on level crossing and peaks [12].
Recently, YU et al [13] developed a nonstationary
track irregularity model based on the stochastic
harmonic function [14], which is proven to be highly
efficient and reasonably effective for the coupled
train-ballast-subgrade simulation. XU et al [15, 16]
developed a probabilistic model for random track
irregularities in the dynamic simulation of the
coupled vehicle-track system, which is proven to be
effective to better clarify the random vibration
characteristics and probabilistic relations between
random track irregularities and dynamic behaviors of
the vehicle/track system. Also, considerable
meaningful work has been done in data mining and
stochastic modeling of track irregularities based on
experimentally measured data [17—19]. On the other
hand, besides the random track irregularity,
researchers also focused on the influences of random

system parameters involved in the coupled
train/track system. The varying material properties
and other mechanical uncertainties were investigated
for stochastic vibration of the coupled
train-ballast-subgrade  system based on the
perturbation method (PM) with several advanced
models, e.g., JIN et al [20], MUSCOLINO et al [21],
HUANG et al [22], and CAVDAR et al [23].

In the existing studies, either random track
irregularity or uncertainty of system parameters has
been well investigated in train-substructure coupled
dynamics individually. XIN et al [24] have done well
research on the uncertainty and sensitivity analysis
for train-ballasted track—bridge system by employing
PDEM, in which the material, geometry, structural
damping of bridge superstructure and the
temporal-spatial ergodic properties of track
irregularities are highlighted. WAN et al [25]
provided an investigation as to study the uncertainty
in the parameter influencing the dynamic responses
of time varying time-varying train-track-bridge
system, which refers to dynamic sensitivity analysis
in the context of stochastic dynamic system. Thus, in
reality, these random factors interact with each other
and are inseparable in the train-track coupled system.
An advanced model, which is able to realistically
consider the randomness, complexity and probability
of track irregularities and system parameters, needs
to be developed to fully characterize stochastic
dynamic responses of the train-ballast-subgrade
system so that the railway system performance and
safety can be maintained or improved.

The aim of this paper was to develop a
probabilistic model of the coupled
train-ballast track-subgrade system (TBTSS) for
estimating the stochastic dynamic interactions
between ballast and subgrade, where the coupling
effect of track irregularities and the uncertainty of
structural parameters of the coupled ballast-subgrade
system was considered. The multi-dimensional
system parameters were generated by the discrete
points design method termed as the number
theoretical method (NTM) [26] in hypercube space.
The time histories of dynamic vibrations of TBSS
under stochastic  excitations including the
uncertainty of system parameters (e.g., equivalent
stiffness and damping of rail pad and equivalent
stiffness and damping of the ballast-subgrade
system) were computed accurately with high
efficiency based on the probability density evolution
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method (PDEM) [27, 28]. Results from numerical
simulations and relevant sensitivity study on the
TBSS model based on PDEM were presented and
verified against those by the Monte Carlo method
(MCM). Finally, a series of time-space stochastic
dynamic responses were explored with significant
conclusions drawn.

2 Stochastic model of coupled
train-ballast-subgrade system

Apart from random track irregularities and
certain other stochastic excitations, the stochastic
dynamic responses of the coupled
train-ballast-subgrade system are influenced by
parameter uncertainties as well, e.g., stiffness
uncertainties of the ballast-substructure system, and
damping uncertainties of the subgrade system [29].
For example, the ballast equivalent stiffness &, is
ranged from 165 to 220 MN/m, and the subgrade
equivalent stiffness ks is ranged from 40 to
133 MN/m. As evident from such wide ranges, the
uncertainty of those values is so great that they
cannot be neglected in the dynamic simulation.
Therefore, the influence of stochastic parameters of
the ballast-subgrade system on the dynamic
responses of the train-ballast-subgrade system was
investigated in this study.

2.1 Model assumptions

1) The train runs on the track at a constant speed.

The wheel sets remain full contact with the rail
surface, and there is no sliding, climbing derailment,
or jumping derailment.

2) The vehicle bodies, bogies, and wheel sets
are assumed as rigid bodies, and no eccentricity of
vehicle gravity occurs. The stiffness and damping
properties of the vehicle spring between the first and
second suspensions are linear.

3) The coupled ballast-subgrade system is

assumed to be a conservative system, which means
that any inflow probability in the state space domain
is exactly equal to the outflow probability transited
through the boundary domain [30].

4) To highlight the impact of stochastic system
parameters, only one representative track irregularity
sample was used as the wheel/rail excitation in the
simulation.

2.2 Stochastic dynamic equation of coupled train-
ballast-subgrade system

In this paper, a typical coupled ballast-subgrade
system was established. As shown in Figure 1, the
stochastic dynamic behavior of the coupled train-
ballast-subgrade system is a complex time-varying
dynamic process under the vehicular loading, where
the uncertainties of the ballast-subgrade system
parameters should be considered. This section
presents the numerical framework of modelling the
coupled train-ballast-subgrade system.
2.2.1 Equations of vehicle model and its wheel/rail

interaction
As shown in Figure 1, the coupled
ballast-subgrade  system  involving random

parameters was modeled as an elastic dynamic
system. It was established with the invariant
principle of total potential energy [31], based on
which a vehicle model was also established (as
shown in Figure 2).

The train consists of two locomotives at both
ends, between which are the N,-2 passenger cars.
Each of the vehicles consists of one car body, two
bogies, four wheel-pairs and the spring-damper
connections between the first and second
suspensions [32]. Each car body and bogie has six
degrees of freedom (DoF), which are respectively
designated by the longitudinal displacements x.; and
Xy lateral displacements y. and Voo vertical
displacements x.; and 2, roll displacements 6.; and
Htj,-, yaw displacements y.; and Wi, and pitch
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Figure 1 Stochastic model of coupled train-ballast-subgrade system
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Figure 2 Three-dimensional vehicle model involving random parameters: (a) Side view; (b) Top view; (c) Front view

displacements ¢.; and P Each wheel-set has five
DOFs, including longitudinal displacement X,
lateral displacement y,;, vertical displacement zy,,
roll displacement 6y,;, and yaw displacement yv,j,
where j=1, 2 and £=1, 2, 3, 4 in the ith vehicle. The
subscripts “c”, “t;”, “t,” and “w” denote the vehicle
body, front bogie, rear bogie, and wheel-pair. In total,
the vehicle model used in this paper has 38 DoFs, of
which the suspension connections between the car
body and bogies and between the bogies and wheel-
sets are represented using linear springs and viscous
dashpots.

Considering the excitations of wheel/rail
interaction, the vehicle dynamic equation can be
expressed as follows:

M, (X, }+C (X, }+ K {X,}=F, (1)

where My, Ciy and K.y denote the mass, damping
and stiffness matrices of the vehicle, respectively;
{X\} is the corresponding displacement vector; F is
the force vector generated from the wheel/rail
interactions including the excitation of track
irregularities. The details on forming these matrices
can be referred to Ref. [32].

As shown in the 3D wheel/rail contact model
[33] in Figure 3, the wheel/rail interaction consists of
contact forces formulated by the Hertz theory of
normal elastic contact for a normal plane [34] and the
Kalker linear rolling contact theory in the tangential
plane [35], of which the detailed information can be
referred to Refs. [36, 37].

The wheel/rail creep forces FJ, Fjj and
M7 on the left wheel and Fg, Fjzx and M3 on
the right wheel can be calculated using the Kalker
linear creep theory. Specifically, the wheel/rail creep
forces can be written as:

rail
Figure 3 Wheel/rail interaction model used in coupled
train-ballast-subgrade system
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where ¢, and ¢Y,, (m=11,22,23,33) denote the
creep coefficients between the kth wheel set and the
left and right rail in the ith vehicle, respectively,
which can be obtained according to Ref. [37];
and @l w;‘,d and w;,d denote respectively the
longitudinal wheel/rail creepage, lateral wheel/rail
creepage and spin wheel/rail creepage between the
kth wheel-set and the left rail in the ith vehicle,
whereas @, @y, and @, are for the rightrail.
2.2.2 Equations of coupled ballast-subgrade model
The cross-section A-A of the coupled
ballast-subgrade system subjected to the vehicle load
in Figure 1 is shown in Figure 3. As mentioned
before, the uncertainty of the ballast-subgrade
system parameters is considered to be the only
stochastic source in the ballast-subgrade model. The
six different types of parameters are independently
assumed to be normally distributed, but non-
independent and related to each other for the sub-
parameters in each type of parameters.
Without loss of generality, set

@:{51» 52’ ) gq’ T éﬂ

the random parameters in the ballast-subgrade

symbol
} as the vector space of

sel

coupled system. The subvector fq can be written

as

§q={§1,q’ é:Z,q’ ] é:m,q’ ) é:S,q}
:f(|:kpw Cpeo kb’ Sy ks? Cs» ])‘ €@ (3)

q

where ¢=1, 2, ---, ny; f(*) is the transfer function

of the vector of stochastic parameters;
[Kpes €pes Kos €5 ks, ¢, -] 18 the vector of stochastic
target parameters that are of interest in the model,
e.g., the equivalent stiffness kp,. and equivalent
damping ¢, of rail pads and fasteners, the equivalent
stiffness ky, and equivalent damping ¢, of ballast, the
equivalent stiffness ks and equivalent damping ¢; of
subgrade; nse 1s the total number of representative
discrete point sets; S is the number of random
variables.

Taking the major parameters of ballast-
substructure system as an example, if there are only
six types of parameters considered in the calculation,
e.g. the equivalent stiffness and damping parameters
presented in the random variable vector in Eq. (3), it
is rewritten as:

“
where the submatrices in state space @ are
represented as fq’={ L& fq”"} Fkye,

Cpe, kv, Cv, ks and ¢, of which the details on forming
the discrete variables are presented in the following
sections.

In order to better illustrate the physical model
in Eq. (4), the close-up view of a specific portion of
the ballast-subgrade structures in Figures 1 and 4 is
provided as follows.

Vehicles

Track
irregularity

JRETEESE

Rail
Sleeper

Ballast

” Subgrade
Figure 4 Ballast-subgrade coupled system involving
stochastic system parameters
The ballast-subgrade shown in
Figure 3 was modeled using discrete lumped mass

structure

blocks connected by a series of springs and dampers.
The rails were simulated with finite element method
as uniform Bernoulli-Euler beams and the sleepers
were regarded as rigid beams. The track foundation
and subgrade soil were treated as linear elastic.
Considering the stochastic parameters of the ballast-
subgrade system that are consistently involved in the
random variable space @, the general form of the
motion equation is expressed as follows:

My, {Xb}+Cbb(@){Xb}+Kbb(@){Xb}=Fb (%)

where {X,}, {X,} and {X,} denote the

acceleration, velocity and displacement vectors of
the ballast-subgrade structure; Myp,, Kin(@) and
Cuh(0) denote the mass matrix, stochastic equivalent
stiffness matrix and stochastic equivalent damping
matrix, which represents the randomness of
ballast-subgrade system parameters involved in the
parameter space @; Fp denotes the force vector
acting onto the coupled ballast-subgrade system that

involves the excitations of track irregularities and
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vehicle loads.

Due to the flexibility of the ballast and subgrade
foundation, each of these mass blocks in Figure 4
was allowed to move longitudinally (x direction),
vertically (y direction) and laterally (z direction), but
the rotation of each axis was ignored. The two rails
of track have six DoFs and are connected to the
sleepers which are assumed as rigid elements.
Therefore, the mass matrix My, can be written as:

M, =diag{(M,, M, My, M]} (6)

where M;, M, M, and M; denote the mass
submatrices of rails, sleepers, ballast and subgrade
that are divided into blocks, respectively.

On the basis of stochastic model in Figure 5,
since there exists the only stochastic parameter
presented in Eq. (4), the stochastic equivalent
stiffness matrix in Eq. (5) can be written as:

K.(©) K.(0) 0 0
K.(@)-| Ke® K(©®) Ky© 0 -
P00 Ky (@) Ky (@) Ku(O)

0 0 K,(0) K0

where K(®) and K(@) are the equivalent stiffness
matrices of rail elements and concrete sleepers,
respectively; K,(@©)=K.(®) and K, (O) =K, (®)
are the equivalent interaction stiffness matrices
between rails and concrete sleepers, the concrete
sleepers and upper surface boundary of ballast,
respectively; K, (®)and K (®) are the stochastic
equivalent stiffness matrices of ballast and subgrade
random  parameters, respectively;
K. (©)=K;(®) is the equivalent interaction
stiffness matrix between the ballast and subgrade,
respectively; superscript T denotes the transposed

involving

matrix.
The equivalent damping matrix Gon(@) in Eq. (5)
has the same form as the equivalent stiffness matrix

Sections with stochastic parameters

Ki(0), i.e., it just needs to replace the equivalent
stiffness symbol K in Eq. (7) with the equivalent
damping symbol C.

The load vector F, which includes the direct
influence of track irregularity is written as:

F=F+F, (®)

where F£is the dead axle load vector transferred
from vehicle, F, is the force vector induced by the
wheel/rail interaction and includes the excitation of
track irregularity. More details on forming these
matrices are presented elsewhere [32].
2.2.3 Dynamic equation of coupled train-ballast-
subgrade system

Combining Eq. (1) and Eq. (5) with the given
interaction, the stochastic dynamic
equation of the coupled ballast-subgrade system can
be established as:

|:Mvv 0 :|{XV}+|:CVV va }{XV}_F
0 My|lX,] |G, Cp(®)]|X,

|: o :|{ V}—F() F() (9)
1+ L
Kbv Kl;b(c) ‘Kb ¢

wheel-rail

where My, Con(@) and K'%b(@) are the mass,
stochastic equivalent damping, and stochastic
equivalent stiffness matrices associated with the
coupled rail-ballast-subgrade system involving
stochastic parameters, as well as the contribution
from the wheel/rail interaction force of the vehicle’s
wheel pairs; K=K, and C,=C,, are the
equivalent stiffness and equivalent damping matrices
representing the wheel/rail interactions; the matrices
C), and C, have the same form as K, and
K, so one can obtain the matrices Cj,and C,
by simply replacing K with C and k with ¢; Fy(?)
represents the deterministic excitation vector due to
the gravity acting on the vehicles; F(¢) represents the
excitations that due to the track irregularities acting

Rail '
I pe,1
Sleeper pe.1
|
b -1 Ko.1
I Ch,1
Ballast
| s,1
| s,1
I
Subgrad
ubgrade LS /Jt

Figure 5 Partially enlarged model of coupled ballast-subgrade system with stochastic parameters
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on the ballast-subgrade system. For greater clarity
and convenience, by using the principle of
superposition, the stochastic dynamic equation in
Eq. (9) can be rewritten as:

M{X}+C(@){X}|+K(@){X}|=F() (10)

2.3 Point design of stochastic parameters

As the stochastic dynamic equation of
ballast-subgrade coupled system involving random
systemically parameters established in Eq. (10), the
probability density evolution method (PDEM) [27,
28] is employed to solve the stochastic problem.
PDEM is a newly developed method that is used to
capture the probabilistic properties of stochastic
processes, especially the probability density function
(PDF) of linear or nonlinear dynamic systems
through the stochastic dynamic responses. On this
basis, some effective uniform points set of stochastic
parameters mentioned in Eq. (10) should be
elaborately designed for the better calculation by
PDEM.

It is worth noting that each parameter might not
have the same target probability distribution function
due to material property differences, which may
result in the multi-dimensional point design with
different probability distributions. The traditional
uniform design methods, i.e., the good point (gp)
method and the good lattice point (glp) method [38],
are developed for wuniform designs with
multidimensional parameters and collectively
known as number theoretical method (NTM) for
point design. Meanwhile, continual further
investigations also are extended on uniform designs
with large-size variables [39, 40]. Here, an approach
named as “Number theoretic method of multi-target
probability distribution” (NTM-mp) [32] which
developed based on NTM is employed for the point

design of stochastic parameters in TBSS.
As the random vector point  set

_ k c k c k. (4 =
éq_[ qpc’ gqpc’ qb’ 6 ’s g §qs:|€@’ q—1,2, ’

np) mentioned in Section 2.2 is combined with the
sub-vector point set of stochastic parameters of
equivalent stiffness and damping of
rail-ballast-subgrade  coupled  system, these
parameters are independently assumed to be normal
distribution for the different structure layer, but
non-independent and related to each other in the

same layer. The correlation between the parameters
is non-uniform, which means a closer distance
between two parameters, indicating a larger
correlation between them. Therefore, the correlation
coefficients [41] can be assumed to be:

1 _pl i_j 1 1
¢i~.j _Rmax _| N |'(Rmax _Rmin)
with I=k,., ¢ .. by, ¢y, kg, € (11)

where 7 and j are the numbers of rows and columns
in correlation coefficient matrix, and =1, 2, ---, N,
j=1,2,---,N; RL_ and R, arethe maximum and
minimum correlation coefficient, respectively. N is
the total number of random variables in each kind of
parameters, such as the ballast equivalent stiffness K.

Therefore, referring to Ref. [42], the correlation
coefficient matrix of random variables in the state
space @ that obey the normal distribution in 6N
dimensions can be derived by:

R= diag{R],f,";N, R;}O;Nﬂ Rzlx(f’xNa RJC\}"xNa R]’{’st’ ch\?xN}
(12)

where the submatrix of correlation coefficient is
written as:

I I
1 G o PN
I I
R]{, v = D1 1 v Oy
) : I 1
I I
Pyt Pn2 1
with 1=k, c,.. ky, ¢y, kg, ¢ (13)

Using the Cholesky decomposition on account
of its symmetries and positive definiteness, the upper
triangular matrix Cjy,, of correlation coefficient
matrix R}, can be obtained Ry, =[Cr.y]" -
Croy With I=ky, ¢,, k,, c,. On this basis, the total
upper triangular matrix of correlation coefficient
matrix in Eq. (12) is derived as:

R . Ky Coe k ¢ k,
Conxon =dlag{CprN’ CVins Cins Cnuns Crns
cﬁ
Chiun | (14)

Return to the initial status in Eq. (4), without
loss of generality, as the number theoretic method of
multi-target probability distribution (NTM-mp)
mentioned in Ref. [32], and assume that there exists
a vector P; in the s-dimensional hypercube
1* =[0, 1]°, which follows:

I)S:{Zq:[ll,qs ;(Z,q’ ) Zs,q]ens;



J. Cent. South Univ. (2021) 28: 2238-2256 2245
q=L 2, =, nys s=ON (s) :J‘"ijﬁ Po(&y:10)ds
q
where the point set g, =[x, 2245 s Zsq] 10 -
hypercube space IT° can be well designed using :.[% Po(8y>l0)de=1 (19)

traditional number theory.

Herein, the discrete point set in s-dimensional
hypercube in Eq. (15) is designed by the gp method
which is mentioned in the number theoretical method
(NTM) [38]. The evenly scattered point set y, , is
derived as:

Zig=a- Y1 —ini(g-Vr e, 1)
(i=1, 2, ---, 4N) (16)

where ¥ denotes a prime number.
As the random variable fq:[ff‘”, f,;‘”, o

pA
f;b, ., f;s]e@, g=1, 2, -+, ny is assumed to be
non-uniform probability distributions, the inverse
transformation of probability function distribution
[38] is employed to transform the uniform designed

discrete points of g, into non-uniform designed

discrete points #,. Here, each random variable is

assumed to be normal distribution functions. There
exists:

;Zi,q = fT(Zi,q)
[ 13, G g = [ Fy, ) 20y =Py, (i)
a7)
where i=1, 2, ---, 6N; g=1, 2, -+, np; ¢(-) is the
Rosenblatt transformation function; f;?q (Zig) 18 the
target normal probability density function; Py (Zig)

denotes the probability distribution function.
On this basis, considering the correlation

coefficient matrix CJy,,y in Eq. (14), the final
designed discrete point set fq{é"“”, éc‘”, qk",

5;", ., é:qc J €® can be constructed as follows:

ngo-@'/%q'cjl\}xN +Ho, q=15 2, -, o (18)

In this case, the discrete point set of
multi-dimensional random parameters with target
probability density functions is designed. The total

probability satisfies:

ZP:B, = ZP: Po(&,:1)dE
q=1

g=1 "1

where P, is the initial probability of each designed
point set é:q. Po(&,.1)) denotes the joint probability
density function, and the initial conditions of each
design point set are partially discretized
correspondingly as follows:

- S(u—uy)pe(&,.t)

Pue(u,&y,1) =0(u—uy)E,

(20)

t=t,

where d(+) is the Dirac delta function.

2.4 Solution with PDEM

The ballast-subgrade coupled system is a
conservative system which means that the total
probability of the systems is equal whenever the
probability is inflow or outflow in any domain of the
state space. With the initial conditions given above,
the randomness of dynamic equation of ballast-
subgrade coupled system is from the stochastic
parameters set @ and the solution is real and unique
[44].

The steps for calculation of ballast-subgrade
coupled system with PDEM are shown as follows:

1) After the numerical point design above, the
representative points set &; in the random
systemically parameters space @ with the initial
probability P, is obtained.

2) Considering the stochastic parameters in
Eq. (4), the stochastic dynamic responses of
ballast-subgrade coupled system in Eq. (10) with the
deterministic analysis with the Newmark-f
integration method step, for more general form, the
stochastic dynamic response vector can be derived
as:

Z(£,.0) = g{X (£, 0, X(&,,0), X(&,.0)} (21)

where g{-} denotes the conversion function, and
Z(&,,1) denotes the vector involving the stochastic
dynamic responses interested, of which the velocity
is Z(&,.0).

3) With the initial condition Z(&,.4)) =7z, , the
ballast-subgrade coupled system is considered the
probability conservation system. Based on the
Reynold transform theorem and its relevant
derivation, the stochastic response Z(& 1)
obtained in Step 2) is presented into the discretized
version of PDEM [45], the probability density
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evolution equation writes:
P0(2:8,:1) Pe(2,8,:1) _
ot oz
The initial condition Z(z)) =z, is given when
§,€0 (q=1,2, -, ny), the initial probability of
Eq. (22) is determined by:

Pro(6,0)_, =8G-2)pe(€0|_, =0-2)F,

(23)

4) Then, the stochastic dynamic equation can be
solved with the finite element method of bilateral
difference method and the total variation diminishing
(TVD) scheme [28]. In this step, the response
space-time (z, 7) in probability function p,4(z,¢,.1)

+Z(&,.0) 0 (22)

should be meshed, and the nodes denoted as (z,
t),i=0, £1, £2, -+ k=0, 1, 2, --->, where z, =iAz,
ti=kAt, Az is the space step in the direction of z and
At is the time step.

5) Finally, synthesize the results in Step 4), and
then the instantaneous probability density function
through the discretized probability values is shown
as:

pz@(Zst):jgpz@(Zsqut)df:ipz@)(ngqst) (24)
q=1

The calculation frame chart of
train-ballast-subgrade coupled system is shown in
Figure 6, and for more details of the derivation

process of PDEM can refer to Ref. [28].
3 Model verification and case studies

A ballast-subgrade coupled model featuring
four sections of rail-sleeper-ballast-subgrade
sub-models involving stochastic parameters is
established in Figure 7, where the ballast-subgrade
structure is divided into four sections with each 15 m
length in the middle and two sections at each end
with infinite length. The mass blocks of ballast and
subgrade are divided by L,=0.615 m in the
longitudinal direction and L,=0.80 m in the lateral
direction. The ballast thickness is H,=0.5 m, and the
subgrade thickness is Hs=1.5 m with the slope angle
0=35°. The major parameters in the middle four
sections considered the stochastic parameters are
shown in Table 1, and the major data are referred
from Ref. [29], e.g., the stiffness and rail pad
damping with fastener, ballast and subgrade are
distributed within random ranges. Assume that all of
random parameters used in the present paper satisfy
the normal distributions.

ITrain data| IBallast data| |Sugrade data|
]
!
|Choose stochastic structural parameters |

Stochastic dynamic equation of
train-ballast-subgrade system

M{X}+C(0){X}+K(0){X}=F(1)
I

| Train enter track /=0; speed v |
=t+At

Track geometry parameters,
wheel tread gradient information

Dynamic response of train, ballast, Initial
subgrade at time # with Newmark probability
numerical integration method of random
[X(O, 1), X(8, 1), X(6, )] process p,

]
Normal force N and

creep force F of
wheel-rail contact

I
1
Solve train-ballast-subgrade
dynamic equation with probability
density evolution theory:
apU@(uaéq 7t) +M(f ,t) 6pU@(u7§q st) ¥
ot ou

1

Mean and Std. of responses and
probability density functions

Py ()=, o nds

No T runs o=
Yes
End

]
Wheel-rail
contact
geometry
[

0

Figure 6 Calculation frame chart of train-ballast-subgrade
coupled system

The train model contains eight vehicles, with
four motor cars and four trailer cars as the
marshalling. The major parameters of the vehicles
are listed in Table A-1 in Appendix. The train is
assumed to run along the ballast-subgrade system
with a constant velocity of 250 km/h. Although the
track irregularities are normally considered the
random excitations in many prevent studies, only a
determined track irregularity sample at each position
is considered, e.g., the vertical track irregularity
sample shown in Figure 8. The track irregularity
samples used as the wheel/rail excitation are
generated by German low-interference track



J. Cent. South Univ. (2021) 28: 2238-2256

2247

Normal section

Sections with stochastic parameters
15m
A

Normal section

15m
A

Rail
Sleeper

Ballast

Subgrade T

Y

Y

Figure 7 Ballast-subgrade coupled model with stochastic parameters in numerical study

Table 1 Value range of parameters used in ballast-
subgrade coupled system

Parameter Value in Ref. [29]
Rail pad stiffness, kpc/(MN-m™!) 53-104
Rail pad damping, cpe/(KN's'm ™) 30-63
Ballast stiffness, ko/(MN-m™") 165220
Ballast damping, cv/(kN-s'm™") 55-82
Subgrade stiffness, ks/(MN-m ™) 40-133
Subgrade damping, c¢s/(kN-s-m™!) 90-100
Lateral stiffness of sleepers, k1/(MN-m™!) 402.5
Lateral damping of sleepers, c1/(MN-m ™) 11.5
Lateral and vertical shearing stiffness at 20
ballast-subgrade interface, kbs/(MN-m™")
Lateral and vertical shearing stiffness at 6
subgrade-rigid interface, ks/(MN-m™")
Vertical shearing stiffness of ballast, p
koo/(MN-m™")
Vertical shearing stiffness of subgrade, 9
Jess// (MN'm’l)
Wheel-track contact stiffness, kw/(MN-m™) 1225-1500
10
g 5
£
2
£ 0
=
o
E st
— 1 0 1 1 1
0 200 400 600 700

Distance/m
Figure 8 Vertical track irregularity sample used on left rail

spectrum, whose cut-off spatial frequency ranges
from 0.04 to 3.14 rad/m.

3.1 Numerical verification

As mentioned in many publications, the Monte
Carlo method (MCM) was normally used for the
verification of other new random theories for its
efficiency at an acceptable calculation precision. The

mean values (Mean) and the standard deviation
values (Std) are frequently used.

In order to reduce the computational cost of
large amount calculation of MCM, the number of
vehicles used in the train model is reduced to one
motor car and one trailer car. Only one stochastic
parameter is considered in the verification model,
which is the random rail pad stiffness. The random
rail pad stiffness ky; is assumed as normal
distribution, with the mean value #y =79 MN/m
and the standard deviation value &, =8.5 MN/m.
The train speed is 250 km/h. )

On the basis of the track irregularity samples
and the track-subgrade model mentioned in
Section 3.1, the calculations are carried out using
PDEM and MCM. According to the curves shown in
Figure 9, the results obtained by PDEM coincide
well with the ones obtained by MCM, where only
400-representative-points design is used in the the
probability density evolution method (PDEM)
calculation while MCM uses as many as 9999
samples. In details, the maximum deviation between
the random responses obtained by PDEM and MCM
is less than 1.0 %. Obsoletely, PDEM shows a higher
efficiency at the same calculation precision when
compared to MCM.

3.2 Sensitivity analysis of structural parameters

based on the deterministic model

As the data shown in Table 1, there are several
major stochastic parameters referred to Ref. [26], e.g.
the rail pad stiffness ranges from 53 to 104 MN/m
while the stiffness of subgrade ranges from 40 to
133 MN/m. With such huge uncertainty on these
parameters, it is hard to point out which one is the
most important just through defining their value
ranges. The sensitivity analysis on these structural
parameters is extremely needed.

The sensitivity analysis of stochastic
parameters is designed through several simple
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Figure 9 Verification of results got by PDEM and MCM: (a) Mean value of vertical rail displacement; (b) Standard
deviation of vertical rail displacement; (c) Mean value of vertical rail acceleration; (d) Standard deviation of vertical rail

acceleration (v=250 km/h)

numerical calculations. On the basis of the stochastic
model of train-ballast-subgrade coupled system
established the sections before, all the stochastic
parameters are defined as the deterministic ones.
Taking the rail pad stiffness which ranges from 53 to
104 MN/m as an example, the data ranges are
divided into 13 equal parts from 53 to 104 MN/m,
named S1 to S13 with the values gradually
increasing. The same rules with the other stochastic
parameters are listed in Table 1. The major stochastic
parameters in the sensitivity analysis are the rail pad
stiffness k,c and damping cy., the ballast stiffness Ay
and damping c¢,, the subgrade stiffness ks and
damping ¢;. When considering the uncertainty of a
special parameter in the numerical case studies, the
values of other ones are determined using the middle
values in the case of S7. Therefore, there are totally
6x13=78 calculation cases in the sensitivity analysis.
All case studies present in the sensitivity analysis use
the same track irregularity samples mentioned in
Section 3.1.

As one of the most important responses that
directly act on the running safety of wheel/rail
interaction, the rail deformations under vehicle

loading normally attract attentions. The sensitivity
analysis of the systematically stochastic parameters
on rail displacement at the position of rail pad is
shown in Figure 10. The rail displacement curves at
rail pad distributed on a huge range and showing
great uncertainty at a total number of 78 numerical
case studies under the influence of uncertain
parameters. This shows that the
randomness of parameters on
responses can not be ignored.
Calculating the minimum value (maximum in
absolute values) of the rail displacement curves at

influence of

rail vibration

different cases, one can plot the minimum data with
the cases from S1 to S13 by different kinds of
parameters in Figure 10(c). The value of the case S7
is considered the standard value at each parameter
analysis case. The increment or decrement (4) of the
response value can be calculated by

A max (Response(S;))

x100% —100% (25)

max (Response(S;))
where i=1, 2, ---, 13; max(Response(S;)) presents the
maximum absolute value of response in the case “S;’.
As shown in Figure 10(c), these lines have



J. Cent. South Univ. (2021) 28: 2238-2256

2249

0.5
g 1.0 > | (b)
g 0.5 =
= 0
O —
g _(1):(5) 0E N
8 -15
&2l .
a 25 30 35 40 45 _gsl
Time/s g
g
60 —— 0.06 T %
50 —— cpc 0.04 ! g -1.0 |
o kPC = 0.02) ! 3]
40 b % o f g
¢ B : | o
30 ——k = 1 , a-15f i
S Blli ~0.06 S7 89 Sl SI3 . L
S 20 values
10 shown in
2ok Figure 10(c)
0 :
-10 Curves of 78 cases
-20 1 1 1 1 1 1 l =-2.5 1
S1 S3 S5 S7 S9 S11 S13 2.10 2.15 2.20 2.25
Case Time/s

Figure 10 Sensitivity analysis of systematically stochastic parameters on rail displacement at position of rail pad:

(a) Time travel curves of vertical rail displacement under 78 calculation cases; (b) Partial enlarged figure of Figure 10(a);

(c) Sensitivity analysis of random parameters (v=250 km/h)

mostly continuous decreasing trend, and the ranges
are comparatively large for the lines of the stiffness
of rail pad k., ballast k&, and subgrade k. Especially,
for the subgrade stiffness ks, the maximum values of
rail displacement in the vertical position do not
decrease in linearity when the subgrade stiffness is
increasing. Actually, the stiffness of subgrade has a
huge impact on the rail displacement, especially at
the S1 case (k~40 MN/m) the maximum extremum
displacement increased by 48% while at the S13
case (k=133 MN/m) the maximum extremum
displacement decreased only by 12%. Compared
with the sensitivity analysis of other stochastic
parameters in the present study, the most important
parameters should be considered their uncertainty, in
turn the stiffness of subgrade, the stiffness of rail pad
and then the stiffness of ballast. As for the rail
displacement, the damping uncertainty of ballast-
subgrade system may be ignored due to the
negligible effects acting on the responses, the
difference of which is even less than 0.05%, referring
to the local magnified drawing in Figure 10(c).

To further fully validate the results in Figure 10,
the accelerations of each typical structure of full
train-ballast-subgrade coupled system are shown in
Figure 11. The acceleration of each substructure is
obviously influenced by the stiffness of subgrade,

then the stiffness of rail pad, and the third one is the
stiffness of ballast. The accelerations decreased with
the increase of stiffness and damping in linearity or
small nonlinearity. The stiffness of subgrade is
always one of the most important factors that should
be seriously considered. The trend curves of
maximum responses values drawn in Figure 11 show
that enhancing the subgrade and improving its
stiffness in the extend permit will greatly reduce the
vibration amplitude.

It is worth mentioning that, referring to
Figure 11(a), the systematically structural parameter
uncertainty does not so greatly impact the vehicle
acceleration maybe because the amplitude change of
rail displacement is not so large, compared to the
amplitude of track irregularity samples.
Figure 11(b), the rail pad damping is also a great
important factor that should not be ignored for the
rail accelerations control. The greater the damping of

In

rail pad, the smaller the acceleration of rail element.
In the opposite, increasing the stiffness of rail pad
and ballast, the accelerations of the ballast and
subgrade will increase, which will also make
disadvantages for the ballast-subgrade interaction.
Totally, in order to get better control of
structural responses of train-ballast-subgrade
coupled model established in the present paper, the
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Figure 11 Sensitivity analysis of systematically random parameters on different dynamic responses: (a) Vertical vehicle

acceleration; (b) Vertical rail acceleration; (c) Vertical ballast acceleration; (d) Vertical subgrade acceleration (v=250 km/h)

stiffness uncertainty of subgrade, rail pad and ballast,
as well as the damping uncertainty of rail pad, should
be considered. Meanwhile, the uncertainty of ballast
damping and subgrade damping may be ignored due
to its insensitivity.
3.3 Case studies interval
estimation

and probability

Except for the excitations of random track
irregularities, how great the stochastic systematically
structural parameters will affect the dynamic
The
systematically structural parameters used in the

responses needs investigation. stochastic
present case study are shown in Table 2, where u
denotes the mean value and ¢ denotes the standard
deviation value.
3.3.1 Probability interval estimation of random
responses
Based on the train-ballast-subgrade coupled
model established in the present paper, combining
the randomness of the major structural parameters
such as the stiffness of subgrade ks, rail pad k. and

ballast £y, the damping of rail pad cpe synchronously,

Table 2 Stochastic systematically structural parameters

Parameter Range Value used in Coefficient
in Ref. [29] present study of variation
Rail pad stiftness, _ ﬂkpc:79,
koo (MN-m™1) 53-104 01, =8.5 0.108
Rail pad damping, . Hep=45,
Cpc/(kN'S'mil) 30-63 O'cpc:s 0.111
Ballast stiffness, 1, =192,
o/ (MN-m) 165-220 0k, =9 0.047
Subgrade stiffness, 5 k=36,
J/(MN-m™) 40-133 or=15 0.174

the point set of stochastic parameters in Eq. (4) can
be reconstructed as:

k
ng[ g >

All of the stochastic parameters are assumed to

g, £ |e@ g=1 2, (26)

be normal distribution functions. The maximum and
minimum correlation coefficients of the variables in
Eq. (26) are assumed as 0.6 and 0.0. The stochastic
parameters for the rail-ballast-subgrade models are
listed in Table 1, and the vehicle parameters are listed
in Appendix 1.

Deriving Eq. (26) into the dynamic equation of
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Eq. (10) and solving the investigative procedures
following the illustration in Figure 6, one can get the
probability density function of random responses
Pzo(z,t) . Therefore, there is

Rz0=[" pelzid 27)

where P (z,t) is the cumulative distribution
function and satisfies P;(z,7)|,_,=1.
The time-history expectation values of random

responses E-(f) can be calculated by
E0)=] zp.o(zn)d (28)

It is convenient to get the dynamic indices of
probability extreme estimation that evolve over
time-history procedures. Define the time-history
dynamic probability values of interval estimation
with lower and upper limit values at specified
probability value as z,(f) and z,(f), respectively. If the
given confidence probability is prarget, it satisfies

(0
ez (29)

E. (D) z
ptarget - J‘zl(t) pz@(Z,t)dZ+J.E
where the sub-equations in Eq. (29) also satisfy

E.(1)
ptarget = 2'[21(0 pZ@(z, l)dZ

pz@(zst)dz

(30)

Zu(t)
Prarget = 2-[E )

Therefore, the interval estimation with upper
limit value z(#) and lower limit values z,(¢) can be
calculated by

2() =D (P(20)=0.5-0.5p()

(31)
2,() =D (P(2.) = 0.5+0.5 Dy )

where @(-) denotes the inverse function of
cumulative distribution function 7 (z,t) .
3.3.2 Dynamic analysis of random responses

With the same track irregularity samples acting
on former cases, the same typically results of random
responses are shown as follows.

As a schematic diagram, the three-dimensional
time-history probability density function (3D PDF)
of the vertical vehicle acceleration when the train
speed is 250 km/h is shown in Figure 12, where the
mountain-resembled time-history processes of PDF
fully  demonstrate the random  dynamic
characteristics of vehicle acceleration.

Taking the vehicle response as an example, the
random displacement and random acceleration of

Probability/%

;E“IOO g0
<, 50 60
= 0 40
a qu 20
>Q ‘80

ceeley. ,Q}Q?’Q’_‘) 7 S Iy O o

m.g *2) T"me/S

Figure 12 3D probability density functions (PDF) of
vertical vehicle acceleration (v=250 km/h)

car-body in the vertical position are plotted in
Figure 13. The probability contours of vertical
vehicle acceleration in Figure 13(d) are drawn from
3D probability density functions in Figure 12.

As shown in Figure 13(a) and the partial
enlarged plot in Figure 13(b), the vertical
displacement of car-body at the gravity center
distributed in a range from —6.62 to —7.35 mm at the
local peak, of which the expectation value at the peak
is —6.99 mm and a huge difference reaches to
0.73 mm between the two limit values. Therefore,
the possible vehicle displacement under the
influence of the systematically structural parameters
randomness maybe increased by 4.86% or decreased
by 5.29%. The phenomenon clearly defines the
interval of PDF contours in Figure 13(b), where the
time-history interval estimations with lower values
z/(f) and upper values z,(¢) at a confidence probability
Prareet=99.74% are well coincided. Using the similar
analysis ideas, the vertical accelerations of car-body
at the gravity center distributed in a range from 0.34
to 0.48 m/s” at the local peak, with the expectation
value 0.39 m/s>. The possible vehicle acceleration
under the influence of the systematically structural
parameters randomness maybe increased by 12.82%
or decreased by 23.08%. Therefore, it is clear that the
randomness of systematically structural parameters
considered in Table 2 has the unnegligible eftfect on
the vehicle’ random dynamic responses.

The smoothness of rail surface is one of the
most important factors that will greatly influence the
railway running safety. Except for the track
irregularity existing on the rail, the dynamic rail
deformation randomness that occurs under vehicle
loading due to the substructural stiffness and
damping uncertainty is also extremely important.

Similar with the plots in Figure 13, the random
rail responses (displacement and acceleration) of rail



2252

J. Cent. South Univ. (2021) 28: 2238-2256

element at the rail pad in the vertical position are
shown in Figure 14, where the possible time-history
interval estimation is calculated by the probability
density functions. From the subfigures in Figure 14,
one can clearly know that the vertical displacement
of rail element at the rail pad is distributed in a range
from —1.29 to —2.01 mm at peak with the expectation
value at —1.56 mm. A huge difference between the
two limit values reaches to 0.72 mm, which means
the possible rail displacement under the influence of
the systematically structural parameters randomness

maybe increased by 28.84% or decreased by 17.31%.
Similar results are got from the random rail
acceleration in Figures 14(c) and (d).

It is worth noting that the difference of vehicle
displacement between the upper and lower limit
values at the peak in Figure 13(b) is 0.73 mm while
the difference of rail displacement at peak in
Figure 14(b) is 0.72 mm, under the influence of
systematically structural parameters uncertainty.
This phenomenon confirms the coupled vibration
between the train and rail-ballast-subgrade system
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Figure 13 Random dynamic responses of car-body at gravity center: (a) Contours of PDF and its probability extremum
values on random vertical displacement; (b) Partial enlarged figure of Figure 13(a); (c) Contours of PDF and its probability
extremum values on random vertical acceleration; (d) Partial enlarged figure of Figure 13(c)
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extremum values on random vertical acceleration; (d) Partial enlarged figure of Figure 14(c)
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and the train can be directly deformed by the rail
deformation caused by the systematically structural
parameters uncertainty.

Combined with the sensitivity results got in
Section 3.2, the results discussed are strong to
support the opinion that the change of the stiffness
and damping of ballast-subgrade system due to the
systematically structural parameter uncertainty will
greatly influence the dynamic rail deformation, and
directly influence the railway running stability and
safety. When designing the rail-ballast-subgrade
system, the uncertainty of systematically structural
parameters, such as the stiffness of subgrade, rail pad,
ballast and the damping of rail pad, needs to be
priorly considered, especially the stiffness of
subgrade and rail pad.

4 Conclusions

A computational probabilistic dynamic model
of 3D train-ballast track-subgrade coupled system
(TBTSS) for the stochastic dynamic estimation of
train-ballast-subgrade interaction is established,
where the coupling effect of track irregularities, the
stiffness and damping uncertainty of ballast-
subgrade system are simultaneously considered.
Number theoretical method was employed to the
discrete multidimensional parameters points design.
Several cases and sensitivity analysis are presented
for detailed numerical investigation.

1) Compared with MCM, the time-varying
stochastic dynamic vibrations of train-ballast-
subgrade coupled system under systematically
structural parameters uncertainty can be solved
accurately with high efficiency by employing the
probability density evolution method.

2) With a series of parameter sensitivity
analysis, the results show that the uncertainty of
subgrade stiffness, rail pad stiffness, ballast stiffness
and rail pad damping needs to be priorly considered
in the railway design. Meanwhile, the uncertainty of
ballast damping and subgrade damping is insensitive
in the present study.

3) The systematically structural parameter
uncertainty of rail-ballast-subgrade system will
greatly influence the dynamic rail deformation, and
directly influence the railway running stability and
safety.

4) Using the present probabilistic model

established in the paper, the stochastic probability
evolutionary interval estimation of random dynamic
responses can be accurately estimated at the given
confidence probability.
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Appendix
Table A-1 Major parameters of vehicle used in this study
Vehicle parameter Tractor Trailer
Mass of the body, Mc/kg 48x10°  44x103
Roll mass moment of the body, 115%10°  100x10°

Jex/(kg-m?)

Pitch mass moment of body, Ju/(kg-m?) 2700x103 2700x10°

Yaw mass moment of the body,
Jeo/(kg-m?)

Mass of the bogie, Mvkg 3200 2400

Roll mass moment of the bogie,

2700x10% 2700%103

Ju/(kg-m?) 3200 2400
Pitch mass moment of the bogie,
Jul(kg-m?) 6800 6800
Yaw mass moment of the bogie,
Jul(kg m?) 7200 7200
Mass of the wheel-set, mw/kg 2400 2400
Roll mass moment of the wheel-set,
Jd(kg-m?) 1200 1200
Yaw mass moment of the wheel-set,
o (kg-m) 1200 1200
Longitudinal stiffness of the 1st
suspension system, per side, 9000 15000
ki/(KN-m™1)
Lateral stiffness of the 1st suspension
system, per side, k1v/(kN-m™") 1040 700
Vertical stiffness of the 1st suspension
system, per side, ki/(kKN-m™") 3000 5000
Longitudinal stiffness of the 2nd
suspension system, per side, 240 280

kox/(KN-m™)

to be continued
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Continued DOI:10.1243/095440903762727339.

Vehicle parameter Tractor Trailer [4] ZAKERI J, XIA He, FAN Jun-jie. Dynamic responses of
Lateral stiffness (?f the 2nd suspension 400 300 train—t.rack system to .single rail irregularity [J]. Latin
system, per side, k2v/(kKN-m ™) American Journal of Solids & Structures, 2009, 6 (2): 89—104.

Vertical stiffness of the 2nd suspension 430 560 DOI: 10.1243/095440903762727339.

system, per side, c1/(KN-m™") [5] KARDAS-CINAL E. Spectral distribution of derailment
Longitudinal damping of the 1st coefficient in non-linear model of railway vehicle-track
suspension system, per side, 50 0 system with random track irregularities [J]. Nonlinear
en/(kN-s-m'") _ Dynamics, 2013, 8(3): 1349-1376. DOL: 10.1115/1.4023352.

Lateral damping of the Ist suspension 5, 50 [6] RECUERO A M, ESCALONA J L. Dynamics of the coupled
5y stem, per side, ciz/(kN-sm™) . railway vehicle-flexible track system with irregularities using

Vertical damping of the 1st suspension 30 30 i . g .

system, per side, ca/(kN-s-m™") a multibody approach with moving modes [J]. Vehicle System
Longitudinal damping of the 2nd Dynamics, 2014, 52(1): 45-67. DOIL: 10.1080/00423114.2013.
suspension system, 60 120 857030.
per side, c2v/(kN-s'm™) [7] LEI Xiao-yan, WANG Jian. Dynamic analysis of the train and
Lateral damping 'of the 2nd susp?nsion 60 60 slab track coupling system with finite elements in a moving
system, per side, c2,/(kN's'm™) frame of reference [J]. Journal of Vibration and Control, 2014,
Vertical damping of the 2nd suspension 5 25 20(9): 1301-1317. DOL: 10.1177/1077546313480540.
system, per side, c2:/(kN-s-m™) [8] YANG Y B, YAU D J, WU S Y. Vehicle-bridge interaction
Full length of vehicle, Z/m 24.775 24.775 dynamics:with applications to high-speed rail [M]. Singapore:
Half-distance of two bogies, Lc/m 17.375/2  17.375/2 World Scientific Pub Co Inc, 2004.
Half-distance of two wheel-sets, Ly/m 1.25 1.25 (0] ZHAL Wan-ming, WANG Kai-yun, CAIL Cheng-biao.
Half-span of the 2nd vertical Fundamentals o.f vehicle-track coupled dynamics [J]. Vehicle
suspension system, b1/m 1.00 1.00 System Dynamics, 2009, 47(11): 1349—1376. DOI: 10.1080/
Half-span of the 1st vertical 0.95 0.95 00423110802621561. _ _ ) )
suspension system, b2/m : : [10] XIA H, ZHANG N. Dynamic analysis of railway bridge under
Half-span of the 2nd horizontal 1.00 1,00 high-speed trains [J]. Computers & Structures, 2005, 83(23,
suspension system, b3/m ’ ) 24): 1891-1901. DOI: 10.1016/j.compstruc.2005.02.014.
Half-span of the 1st horizontal 0.95 0.95 [11] TYENGAR R N, JAISWAL O R. A new model for non-
suspension system, b4/m ' ' gaussian random excitations [J]. Probabilistic Engineering
Half-span of wheel-set, bo/m 1.496/2 1.496/2 Mechanics, 1993, 8(3, 4): 281-287. DOI: 10.1016/0266-
Lateral distance from wheel-set 250 250 8920(93)90022-N.
to bridge center, e/m [12] TYENGAR R N, JAISWAL O R. Random field modeling of
Vertical distance from rail to bridge 1.80 1.80 railway track irregularities [J]. Journal of Transportation
center, i/m Engineering, 1997, 121(4): 303—308. DOI: 10.1061/(ASCE)
Height of body above the 2nd 0.80 0.80 0733-947X(1995)121:4(303).
_ suspension system, /n/m [13] YU Zhi-wu, MAO Jian-feng, GUO Feng-gi, GUO Wei. Non-
Height of the 2nd sgsp ension system 0.30 0.20 stationary random vibration analysis of a 3d train—bridge
above bogie, /2/m . L . .

) . system using the probability density evolution method [J].
Height of bogie above wheel-set, is/m  -0.05 0.10 Journal of Sound and Vibration, 2016, 366(Supplement C):
Height of wheel-set above bridge 230 230 173-189. DOL: https:/doi.org/10.1016/j.jsv.2015.12.002.

centroid, h4/m [14] CHEN Jian-bing, SUN Wei-ling, LI Jie, XU Jun. Stochastic
Initial rolling radius of wheel, Rwo/m ~ 0.92/2 0.92/2 harmonic function representation of stochastic processes [J].
Journal of Applied Mechanics, 2013, 80: 1-11. DOI:
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