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Abstract: The traffic equilibrium assignment problem under tradable credit scheme (TCS) in a bi-modal stochastic
transportation network is investigated in this paper. To describe traveler’s risk-taking behaviors under uncertainty, the
cumulative prospect theory (CPT) is adopted. Travelers are assumed to choose the paths with the minimum perceived
generalized path costs, consisting of time prospect value (PV) and monetary cost. At equilibrium with a given TCS, the
endogenous reference points and credit price remain constant, and are consistent with the equilibrium flow pattern and
the corresponding travel time distributions of road sub-network. To describe such an equilibrium state, the CPT-based
stochastic user equilibrium (SUE) conditions can be formulated under TCS. An equivalent variational inequality (VI)
model embedding a parameterized fixed point (FP) model is then established, with its properties analyzed theoretically.
A heuristic solution algorithm is developed to solve the model, which contains two-layer iterations. The outer iteration
is a bisection-based contraction method to find the equilibrium credit price, and the inner iteration is essentially the
method of successive averages (MSA) to determine the corresponding CPT-based SUE network flow pattern.
Numerical experiments are provided to validate the model and algorithm.
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transportation research community in recent years.

1 Introduction To the best of our knowledge, AKAMATSU [3]
mathematically analyzed the effect of TCS with

Tradable credit scheme (TCS) is a novel traffic equilibrium theory for the first time. He
quantity-based instrument for managing traffic proposed a tradable bottleneck permits scheme
demand, which performs better than road (TBPS) to eliminate the queuing delay, and
congestion pricing (CP) in terms of social equity analytically investigate the relationships between
and revenue neutrality [1, 2]. With playing TBPS and congestion pricing. However, such a
essentially the same role as CP in managing traffic, TBPS has some implementation issues. The
TCS has attracted more and more attentions from complicated permit trading market and the
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controversial market selling scheme can
significantly devastate the effect of TBPS. To
address these issues, YANG and WANG [1]
proposed a new tradable credit distribution and
charging scheme with only one type of credit. They
quantitatively analyzed how to manage network
mobility with TCS in user equilibrium (UE) model
framework. This work has been widely extended
thereafter for different applications including
managing bottleneck congestions [4—7], network
design problem under TCS [8-10], achieving
special traffic objectives by optimizing TCS [11,
12], considering multiclass users [13—16], market
rules and transaction cost (TC) [17, 18], travelers’
loss aversion behaviors [18], mixed Cournot—Nash
(CN) and Wardrop-equilibrium (WE) model [19]
and some practical implementation strategies [20,
21]. For the most recent reviews on TCS, readers
can refer to Ref. [22]. Among these studies, the
transportation network equilibrium model is the
most commonly used model form, which can
describe the traffic flow equilibrium and TCS
market equilibrium simultaneously. The modeling
methods and basic assumptions are summarized in
Table 1.

However, nearly all the existing research
mentioned above have neglected the variability of
the traffic condition in both demand and supply, and
thus travelers were assumed to choose the
(perceived) shortest path. In such deterministic
scenarios, the traditional UE/SUE  model
frameworks are capable of addressing the related
problems. However, traffic condition is intrinsically
stochastic due to the demand and supply uncertainty
in a transportation network. The traditional model
frameworks fail to capture the uncertainty, thus it is
necessary to establish some more advanced models.
Such models must be able to describe more

Table 1 Modeling technologies of existing literatures

realistically how travelers behave in an uncertain
traffic environment. Actually, there are various
different path choice models based on different
behavioral assumptions on travelers’ risk-taking
behaviors, such as the expected utility based model
[23], the travel time budget (TTB) model [24-26],
the late arrival penalty model [27], the mean-excess
travel time (METT) model [28] and the cumulative
prospect theory (CPT) based models [29—32]. For
example, TTB model assumes that travelers always
choose the route with the minimum TTB. And TTB
is defined by a travel time reliability chance
constraint, such that the probability that travel time
exceeds the budget is less than a predefined
confidence level. METT model assumes that
travelers always minimize their METT, which is
defined as the conditional expectation of travel
beyond the TTB. For the detailed
comparisons and connections among these models,
readers can refer to Refs. [28, 31].

As stated in Ref. [31], the CPT-based user
equilibrium model can incorporate nearly all the
above mentioned models as special cases, thus has
very excellent compatibility. With retaining the
framework of the expected utility theory, CPT
incorporates three behavior characters which are
drawn from numerous behavioral experiments: 1)
People would distinguish gains from losses before
choosing any alternative. Based on certain reference
point, the corresponding payoff of choosing each
alternative is framed as gain or loss. 2) People
always care more about potential losses than
potential gains. They are risk averse over gains and
risk seeking over losses simultaneously. 3) People
tend to underweight average events, but they often
overweight extreme, but unlikely events [33—35].

Given that CPT possesses excellent
compatibility and provides a well-supported

times

Literature Perception error  User class  Transaction cost Equilibrium model Modeling form Traffic uncertainty
[1,2,8-11, 18, 20, 21] No Single No UE MP/VI No
[13—16] No Multiple No UE VI No
[19] No Single No Mixed CN&WE VI No
[17,18] No Single Yes UE MP No
[3-7] No Single/Multiple No Bottleneck model DE No
[12] Yes Single No SUE MP No
This paper Yes Single Yes CPT-based SUE VI Yes

Note: mathematical programming (MP); differential equation (DE); stochastic user equilibrium (SUE).
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descriptive paradigm for individuals’ decision
making under uncertainty, this paper adopts the
theory to describe travelers’ route choices in
stochastic networks. Furthermore, the endogenous
reference points are considered in CPT. With
respect to a reference point, the realized payoff of a
path is framed into either a gain or loss, and its
travel prospect value (PV) can be subsequently
determined. Travelers will choose paths with
maximal PV, thus they will select the routes in
accordance with the particular reference points. The
outcome of his or her choice may induce a change
in the reference point, which may lead to further
adjustment in his or her route choice, and so on.
Therefore, a model with endogenous reference
points is more competent to predict the long-term
stationary equilibrium flow pattern.

Considering the dramatic growth of private
cars, the road traffic congestion becomes more and
more serious. It is thus necessary and urgent to
enhance the use of public transit for the sake of
congestion mitigation and sustainable development
of transportation system. Based on this
consideration, the multi-modal transportation
network is considered in this paper. Besides, the
transaction costs (TC) of selling/buying credits are
also considered to further improve the practicability
of the study.

The contributions of this paper are threefold.
First, a novel CPT-based traffic assignment model
is established for a
transportation network under a given TCS. The
endogenous reference points are considered in CPT,
and meanwhile, the TC is considered in the credit
trading market. Second, a

stochastic  bi-modal

tailored solution

algorithm is developed to solve the proposed model.

The algorithm contains two-level iterations, of
which the outer iteration is a bisection-based
contraction method to find the equilibrium credit
price, and the inner iteration is essentially the MSA
to determine the CPT-based SUE network flow
pattern. Third, in order to avoid overestimating the
travel demand on road sub-network in some
extreme cases, the weighted average of the
generalized path costs is used in the mode-split
model, rather than the satisfaction function.

The remainder of this paper is organized as
follows. Section 2 describes the CPT-based
multi-modal equilibrium assignment problem under
given TCS; Section 3 proposes a heuristic solution

algorithm; Section 4 presents some numerical
examples. In the final section, some concluding
comments are provided.

2 CPT-based SUE model for bi-modal
traffic network under TCS

2.1 Network representation and assumptions

Consider a general strongly connected road
network G=(N, A4), with a set N of nodes, and a set
A of directed links. Let the set of O-D pairs be
denoted by W, and the traffic demand on road
network for O-D pair wE W be denoted by g,
let R,, denote the set of all paths between O-D pair
wEW, let f" denote the flow on path »ER,, and
let v, denote the traffic flow on link a € 4. The
following flow conservation equations should be
satisfied:

Zfrw:q;fno, YweW (D)

reR,,

v, = Z Z £16),, VaeAd (2)
weW reR,,

fr>0, YweW, reR, (3)

where 5, which is an element of the link/path

incidence matrix, is equal to 1 if path r€R, uses
link @ € 4 and 0 otherwise.

Assume that the road network G=(N, A) is
accompanied by a rail network G=(N', 4'), where
N'" and A’ denote the set of nodes and directed links
on the rail network. The O-D pairs on rail network
are the same as those on road network, i.e., W. For
simplicity, it is assumed that only one exclusive
metro line exists between each O-D pair. The travel
time on metro line between O-D pair wE W is
denoted by 7", w& W which is a flow-independent
constant. Moreover, there exists a fare denoted by
7%, w&€ W on each metro line, which is also
flow-independent and predetermined. Let ¢, be
the traffic demand on rail network for O-D pair
w& W, thus it also denotes the path flow on the
metro line between O-D pair wE W. Thus, the O-D

demands on two sub-networks fulfill this condition:
q:l;to + qAr}:lyetro = q_w’ VW € W (4)

where ¢" is a constant representing the upper
bound of traffic demand between OD pair wE W. In
this bi-modal transportation network, travelers
would make their mode-choice based on overall
travel impedance of using each mode.



J. Cent. South Univ. (2020) 27: 180—197

183

Assume that the government implements TCS
to manage network mobility, and levies credit
charges only on road network to promote transit
trip-mode and improve the roadway congestion. Let
K denote the total amount of credits issued to
travelers initially, and each traveler between O-D
pair wE W is eligible to get some amount of credits,
denoted as ¢', thusK = Y ¢"g". Let k, denote the

weW

credit charges on link a € A4, thus k=[k,, a € A]
denotes a link credit charge scheme on road
network. Hence, the notation (K, k) represents an
entire TCS. Since no credit is charged on rail
sub-network, the feasible network flow patterns
exist under any given TCS [1].

In road network, the link performance function
is assumed to be the Bureau of Public Roads (BPR)

function, i.e., t,(v,)=t[1+B,(v,/C,)"], where ¢
is the free-flow travel time on link ¢ €4 and C, is
the link capacity. Thus, the path travel time 7 on
route » € R,, can be obtained,

Zt(v)a,,VreRW,weW %)

acA

In fact, variability of travel time in road
network often arises from an array of different
sources: the stochastic traffic demand results in the
varying network flows, or the link capacity of the
road network is degraded unpredictably by
accidents and incidents. In such situations, the O-D
demands or link capacity are random variables, the
corresponding notations defined above can
represent their mean values. Note that with different
uncertainty sources, the analytic expression of the
mean link travel time ¢,, a €4 should be derived
from the specific random variables, e.g., stochastic
traffic demand or link capacity, based on BPR
function [24, 25].

Specifically, if the total O-D demand is
assumed to be the source of uncertainty, and it
follows a normal distribution, 1.e.,
0" ~N(@@".(cv-g")*), where 0" is the stochastic
O-D demand and cv denotes the coefficient of
variance of the demand. The path flows also follow
normal distributions and have the same coefficient
of variance with the O-D demand under a very mild
condition of constant path-choice probability [25,
31]. Furthermore, the probability distributions of
path travel times can be derived as:

Y ~N(@' (o)), VreR,, weW (6)

w?

where 7 and (0))* denote the stochastic path
travel time and its variance on path r€ Ry, with the
mean valuer"”and variance (c")* being calculated
via the following equations:

1" = Z&;fr(tgﬂ (ﬂo Zn:( ](0' Y (v,)" i - 1)!1]

acA ) i=1
(7

2
A,
= £0
(0" = 2.3 ( (C)J
2n 2
(Z( l"j(a)(v Y =Tl —

i=1

n

2
[ U(o)(v Y- 1)!!}] (8)
i=1

@y =Y Yo (o) =3 Yo evsr)

welW reR,, welW reR,,
©)

where (¢})? and (o)"/)* are the variances of the
link and path flows respectively. As mentioned
above, v, and " denote the mean values of link
and path flows, thus the probability distribution of
path travel time is actually parameterized by the
mean values of link flow patterns.

2.2 Generalized path cost in bi-modal network
In this study, the generalized path travel cost of
road network comprise two parts, i.e., time PV and
credit cost, while the generalized path travel cost of
rail network comprise three parts, i.e., time PV, fare
expense and credit income, as shown in Figure 1.
Each part of travel cost is introduced in the
following subsection. Note that the generalized path
costs determine not only the travel demands of all
trip modes, but also the network flow patterns in the
bi-modal transportation network. Conversely, the
network flow patterns would also influence the
credit price in the credit trading market, as well as
the path travel time and the corresponding path PV
in the bi-modal network.
2.2.1 Path-travel-time-based reference points and
prospect values
Assume that travel times are random and
their probability distributions are known to travelers,
and that travelers have the same risk-taking attitude
or on-time arrival probability [29—32]. Travelers
have to make a budgeted time for a specific trip due
to travel time variability. The budgeted time reflects
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Figure 1 Generalized path costs and related models

their probabilistic belief on travel times based on
their preferences, and can thus potentially serve as
reference points. More specially, when they depart
from their origin, travelers use the budgeted time as
a reference point to determine the gain or loss of
each path based on its travel time distribution, and
make their route choices accordingly.

Mathematically, suppose that travelers’ desired
on-time arrival probability is no less than ¢, and the
corresponding minimal budgeted time 5, for taking
path »E R,, can be written as:

W

brW:min{b‘Pr(Trwa)Zg’}, VreR,, weW (10)

Clearly, the minimal budgeted time 5 is
exactly the { th percentile value of the travel time of
path » € R,.. Since there exist multiple paths
between each O-D pair, the path-travel-time-based
reference point @" between O-D pair wE W is
assumed to be a function of the budgeted time 5"
for all paths between this O-D pair. In this study, the
minimum of the budgeted times of all paths is
adopted as the reference point between O-D pair
wew,

@"” =min{b’,VreR {, YweW (11)
{ |

Essentially, the reference points are based
upon the network flow pattern. The reference points
will remain constant and are consistent in network
equilibrium state, with the resulting CPT-based
equilibrium flow pattern and the corresponding path
travel time distributions.

Consider a trip between O-D pair wE W with

uncertainty

w

@" as the reference point. The relative payoff for
choosing path »€ER,, can be defined as @" -T".
As postulated in CPT, travelers may consider the
outcome of a trip as a gain, if the travel time is less
than the reference point; as a loss if otherwise. To
capture this kind of distortion in the perception of
the outcomes, the S-shaped value function g"(-) can
be defined as:

g“’m:{(ww RV (12

-nix—a"),x>a"

where a and £ determine the degree of diminishing
sensitivity of the value function. Typically, 0<a,
p<1 and thus the value function exhibits risk
aversion over gains and risk seeking over losses.
The parameter #>1 measures the degree of
loss-aversion, indicating that individuals are more
sensitive to losses than gains. The variable x
denotes a realized value of random variable 7,
reR,, weWw.

In the CPT context, travelers make their
decisions based on the outcome probabilities they
perceive, and typically, small probabilities are
over-weighted  while moderate and  high
probabilities are under-weighted [33—35]. In this
paper, Prelec’s probability weight function is used
[34]:

¥ (p) = exp(-[-In(p)]") 13)

where Y(p) and ¢ denote the perceived probability
and actual probability of an event respectively. The
parameter y € (0, 1) represents the distortion level in



J. Cent. South Univ. (2020) 27: 180—197

185

probability judgment in the decision making
process.

With the above value and probability weight
functions, the travel-time-based PV for choosing
path r € R,, can be written as:

= ]7 D e
; dx

LA

X VreR,, weW
’ g

(14)

where u,” is the time-based PV for choosing path
r€Ry; tY and 7 are respectively the lower and

upper bounds of the travel time on path »ER,,. In
this study, ¢" is assumed to be the free-flow
travel time and 7" is the 99.9999% of the random
travel time T7.". Note that the time PV u” of path
r € R, 1s deterministic, even if travel time is

stochastic. Clearly, u” 1is also a function of
network flow patterns. ¢ (x) is the cumulative
distribution  function of T, 1ie., ¢'(x)=
Pr(T” <x).

In rail network, since the travel time on metro
line is a constant rather than random variable, the
time PV cannot be directly calculated based on
Eq. (14). However, if we view the constant as a
special random variable with probability density

‘W
function pdf(x) :{l’x:i , the time PV on each
0,x=t"
metro line can be determined in a similar way as
presented above. Under this circumstance, the
probability weight function becomes ¥(¢)=
{;’Zzi), and the PV function would eventually
reduce to the wvalue function. Specifically, the
expression of time-based PV on the metro line
between O-D pair w € W can be written as:

w ‘Twha w w
. ' o —t t"<w
uw :gw(x):{( X ) b

—Tl(l‘w —Zﬂ'w)ﬂ, l’:w sa”

=[@" -i"1,* —gli" -a"1,” , YweWw (15)

where [a]i=a if a>0, and 0 otherwise. In fact,
Eq. (15) can be derived from the definition of PV of
an alternative with finite discrete outcomes [35].
Furthermore, CONNORS and SUMALEE [30]
provide an explicit derivation and show that
Eq. (14) reproduces Eq. (15) when the probability
density function represents a discrete distribution of
outcomes [30].

2.2.2 Path credit costs in bi-modal network

In the bi-modal network, the government
charges credits only on road network in order to
promote rail trip-mode and improve the roadway
congestion. Therefore, travelers have to bear some
credit costs if choose auto-mode, or they can get
some income by selling the credit if choose
rail-mode. Moreover, travelers have to pay some
transaction costs when trading credits.

Using mathematical expressions, for the
travelers choosing rail-mode between O-D pair
w& W, the income they can get can be written as
(1-p,)¢"p, where p €[0,1] is the TC rate of
selling credits. The notation p is credit price
measured in money unit.

Besides, the credit cost on the path of road
network can be expressed as:

C:’N:p(zkaé(:v ¢ )+p5 ¢ —Zk 514

acA acA

pbp[Zk O, —9"1,, VreR,, weW (16)

w
acA

where p, €[0, 1] is the TC rate of buying credits.
Equation (16) indicates that the travelers need to
buy extra credits when choosing the route charging
more credit than they possess, while they can sell
the leftover credits when choosing the route
charging less.
2.2.3 generalized path costs of bi-modal network

Since the generalized path travel cost involves
time PV and monetary cost, a conversion
coefficient must be introduced to make them
additive. In this paper, the conversion coefficient is
assumed to be identical for all travelers. Note that
PV and credit income represent utility rather than
disutility, thus a negative sign must be added to
them when calculating the generalized path travel
cost. Moreover, assume that travelers have
perception errors on the generalized path travel cost,
and the perception errors follow a certain
probability distribution, e.g., Gumbel or Normal
distribution.

For road sub-network, the perceived
generalized travel cost C) on path »€R, can be
formulated as the following expression:

BV = i b 4 EY
_ o d¥ (9" (x)
—"f'L.w Tac e

oo [0 e eragr (17)

a" dx
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where ¢ is the expected generalized travel cost
on path rER,, i.e., E(C')=¢&’. The notation « is
the conversion coefficient between time-based PV
and monetary cost. Without loss of generality, set
x=1. The notation &* is traveler’s perception error
of road sub-network, with zero mean E(&')=0
and constant variance Var(&)).

For rail network, the perceived generalized
travel cost on metro line between O-D pair wE W
can be expressed as:

CY=¢v 4 &V
= k0" 4" = (1= p)g p+ &
=—x-[@" -1"1," +nx-[{¥ —a"]” +
P —(l=p)P" p+EY YweW (18)

AW

where ¢" is the expected generalized travel cost
on metro line between O-D pair w € W, i.e.,
E(C")=¢". The notation & is traveler’s perception
error of rail sub-network. Actually, the travelers can
easily get perfect information on the travel cost on
rail sub-network, thus their perception errors in this

case can be taken as zero.

2.3 Mode-split model

In the bi-modal network, travelers are assumed
to choose a travel mode before they make the trip
on a specific route. In this study, a binary logit
model is selected for the mode-split, in view of its
simplicity for use and popularity in the mode-split
studies [36—38]. Thus, for any O-D pair wE W, the
travel demands on road sub-network are equal to:

7" exp(-0¢)..)

w — _ _auto 19
Bauto exp(-0¢”, ) +exp(—=0 -(1-1")-&") (19)

auto

where 6 is the dispersion parameter of mode
choice; ¢

o 1s the weighted average of the
expected generalized path costs between O-D pair
w € W in road sub-network, ie., co, =
> &'P"(¢"), where P"(¢")is choice probability
reR,

~W ~W

of the path &R, evaluated at ¢" =[¢", reR,];
and 2">0 is the exogenous attractiveness of metro
line between O-D pair w& W. Clearly, a large ¢,

auto

(i.e., auto-mode travel cost), a small ¢" (i.e., metro-

mode travel cost) or a large A% (i.e., metro

attractiveness) yields a large choice proportion of
metro traffic.

Note that in road sub-network, the weighted

average c,., of the generalized path costs is taken

auto

as the auto-mode travel cost for O-D pair wE W,
rather than the commonly used satisfaction function
S». [2,37]. According to Ref. [39], the inequality

auto

w fafSW —=w
Sauto < min {Cr e Rw} < Cauto

always holds, thus the

w
auto

inequality S, <¢" <min{¢), r € R,} may exist in

some extreme cases. Therefore, the travel demands
of road sub-network might be overestimated
unreasonably in such cases, if S, is adopted in
Eq. (19).

2.4 Variational inequality model for CPT-based

bi-modal SUE with TCS

For the bi-modal network under a given TCS,
a stationary equilibrium state can be achieved when
no traveler can improve his or her perceived
generalized path cost by unilaterally changing
routes. Mathematically, the CPT-based network
equilibrium (CPT-NE) conditions can be expressed
as:

(K=>kv,) p=0 (20)
K=k, 20 (21
p>0 (22)

1 = @B @), VreR,, welW (23)

w?

" 7" exp(-0y,)
Qauto = T—w = : Wy AW (24)
exp(—0c, ., ) +exp(—=0 -(1-1")-¢")

,
auto

As well as Egs. (1)—(4) and (17)—(18).

Equations (20)—(22) represent the credit
market equilibrium (ME) conditions, and
Egs. (1)-(4), Egs. (17)-(18), Egs. (23)—(24)

represent the CPT-based bi-modal SUE conditions.
At CPT-NE, the travelers no longer adjust their
reference points, which thus remain constant and
are  consistent with the CPT-NE flow
pattern and the corresponding travel time
distributions. Note that P"(¢") has analytic forms,

exp(~03)
z exp(—6¢")

\
r'eR,,

ie., P'(c")= under the assumption

of Gumbel distributed perception errors, while
P"(¢") cannot be expressed analytically under

the assumption of Normal distributed perception
errors, but can be calculated with Monte Carlo
method [39].

The CPT-NE conditions defined above can be
formulated as the following variational inequality
(VI) model:
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Find p" el ={pl0<p<M} such that:

(K—Zka -va(p*)j(p—pﬁzo, vpel (25)
aed
where M is a predetermined large number, which is
far greater than the potential maximum credit price.
Note that M does not influence the final solution to
the VI model, as M is just a nonbinding upper
bound; meanwhile, it is easy to know if M is big
enough, via the solution algorithm presented in the
next section. Notation v,(p’) is the SUE link flow
pattern of road sub-network under the given
parameter p". In fact, a parameterized fixed-point
(FP) model represented by Eqgs. (1)—(4), (17)—(18)
and Egs. (23)—(24) is embedded in the VI model
(25), which is exactly a CPT-based bi-modal SUE
sub-problem. Thus, v.(p°) is also the solution to the
parameterized FP model, with the given credit price
p.

The equivalence between the VI model (25)
and the CPT-NE conditions Eqgs. (1)—(4), (17)—(18)
and (20)—(24) can be established in a similar way to
that (given by Proposition 4) in Ref. [40], thus
omitted here. Assume that the PV function is
continuous with respect to £ (or v,), which is a
commonly used assumption in literatures [30—32].
Thus, the generalized path travel cost is also
continuous with respect to £ (or v,), then the
existence of SUE network flow pattern can be
guaranteed. Based on Proposition 2 in Ref. [40],
it can be further inferred that the function
K->k,-v,(p) is continuous with respect to p.

acA
With the non-empty, convex and compact set 7 it
can be concluded that the VI model (25) has at least
one solution [41].

The uniqueness of the ME credit price can be
guaranteed if there exists at least one OD pair
wE W whose realized positive demand g¢,,, of
road sub-network does not reach its upper-bound
g". The proof is similar to the Proposition 4 in
Ref. [1]. The uniqueness of the SUE network flow
pattern is not established in this paper, as the PV
function may be not strictly monotone with respect

to £ (or v,) due to the complicated function form.
3 Solution algorithm

Considering that the VI model -contains
double-layer structures, and that the ME credit price

is determined by the relationship of supply and

demand in the credit market, a heuristic solution
algorithm is developed based on these properties.
The algorithm contains two-level iterations: The
outer iteration is a bisection-based contraction
method to find the ME credit price, and the inner
iteration is essentially the MSA to determine the
corresponding CPT-based SUE network flow
pattern.

[Outer Iteration]:

Step 0: Initialization. Let p{) and p{j), be
the initial lower bound and upper bound of credit
M_ Pij + P
2

price, respectively. Set p Y8 be initial

credit price, and then set n=1;

Step 1: Invoking inner iteration. With the
current credit price p), the original problem
reduces to a bi-modal CPT-based SUE sub-problem,
which can be solved by implementing the inner
iteration;

Step 2: Checking the stopping criterion. If at
least one of the following two stopping criteria
holds,

lg(ply - Py <& or (26)

k.v*(p(")) ~
K

Ig [[<eg 27)

where & and & are the prescribed convergence
tolerances. Then, terminate the iteration and output
the current credit price p™, as well as the
corresponding SUE link flow pattern v (p™);
otherwise, go to Step 3;

Step 3: Updating the credit price bounds and
credit price. Update the lower bound p!% and
upper bound p{) of credit price according to the
following rules:
kv (p")-K

if >10%, then p!% =p™, and
71 .
="
) k * (n) -K )
else if &< -10%2, then pé;"B) =p",

7 -1
and piy = pfy";

Then update the credit price
(n) (n)
+
p) PLE TPUE - Tet p=p+l, and go back to
Step 1.

[Inner Iteration]:
Step 1.0 Initialization

Set m=1 and specify an initial path flow
pattern £V and convergence tolerance &3;
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Step 1.1 Determining reference points
between each OD pair. Based on the current road
flow pattern  f, calculate the probability
distributions of road path travel time according to
(7-9).  Further, determine the reference
points @", VweW that satisfy the constraints
(10—11);

Step 1.2 Calculating generalized path cost on
each path. Calculate the time PV and credit cost (or
income) for each path of the bi-modal network
according to Eqs. (14)—(16), with the current p®.
Then, the generalized path cost ¢, ¢"” can be
obtained by Eqgs. (17) and (18);

Step 1.3 Mode split. Determine the current
travel demands ¢, and ¢, respectively, for
auto-mode and metro-mode by the Eq. (19) ;

Step 1.4 Determining search direction. Based
on the current travel demands and generalized path
cost, obtain the search direction f™ by
implementing stochastic network loading via the
Eq. (23);

Step 1.5 Convergence check:

NN
o

current path flow pattern f ™ (ie., £ ™(™)).
Otherwise, go to step 1.6;
Step 1.6 Updating path flows. Update the path

< &, then stop and output the

flow pattern by £+ =f(m)+i(f(’”)—f("’)). Set

m
m=m+1, and then go to step 1.1.

Remarks: The stop criterion in Eq. (26) can
be used to verify the appropriateness of the preset
initial bounds of credit price, i.e., p'} and plj,.
Meanwhile, Eq. (26) can also prevent the algorithm
sinking into dead circulation, if the initial interval
[p%), pi)] doesn’t contain the final ME credit price
p’. Generally speaking, it is only the stop criterion
in Eq. (27) that would be satisfied when the
algorithm converges, if the initial interval is
appropriate. And it is only when the undesired
situation p{) > p* or pl)) < p" occurs, that the stop
criterion in Eq. (26) could be satisfied. Under this
circumstance, Eq. (27) could never be satisfied,
thus Eq. (26) can stop the dead circulation of the
algorithm.

Note that the reasonableness of the stop
criteria in Step 2 must rely on the updating rules in
Step 3 in outer iteration. Meanwhile, the
appropriateness of p') and p{; can be verified by
using the following rules similar to those in Step 3.

Specifically, p{j) is set too low and must

. o kv (P -K
increase if MMO‘EZ holds, whereas

1 .
piy s

kv (pi3)-K

set too high and must decrease if

< —10*2 holds.

According to Proposition 1 in Ref. [40], it can
be easily inferred that the function K —k-v'(p) is
monotonically increasing with respect to p. Thus,
function k-v’(p) is monotonically decreasing with
respect to p, given that total credit amount K is
constant. Therefore, the outer iteration can
definitely find the ME credit price after finite
iterations. The inner iteration is essentially the
well-known MSA, which demonstrated a good
convergence property in our numerical experiments.

4 Numerical experiments

The Nguyen-Dupuis network is used as the test
network, as shown in Figure 2. The bi-modal
network consists of 13 nodes, 19 road links (solid
line) and 4 metro links (dashed line). There are 4
O-D pairs in the bi-modal network, 1-2, 1-3, 4-2
and 4-3. The numbers of paths of road sub-network
between those O-D pairs are 8, 6, 5, and 6,
respectively. There exists only one exclusive metro
line between each O-D pair. The mean O-D
demands are ¢'*=800, ¢"*=1600, ¢**=1200, ¢*=400.
The average link travel time function of road
sub-network is the standard BPR function, i.e.,
1,v,)=121+0.15x(v,/C,)*], and  the  link
characteristics are given in Table 2. The constant
travel times 7% on each metro line are 35, 40, 35,
40, respectively, and the transit fares 7" are 5, 5,
4, 6, respectively. The metro attractiveness 1" is
0.04, 0.05, 0.06, 0.04, respectively.

The TCS is assumed to be imposed in the
bi-modal transportation network, and total credit
amount is K=900, initial credit amount ¢" for the
traveler of each O-D pair is 0.25, 0.2, 0.25 and 0.2,
respectively. The credit is charged only on links of
road sub-network, and the charge £, is presented in
Table 2. The TC rates are ps=0.08, pr=0.1.

Assume that the path travel times are
stochastic on road sub-network, due to the daily
road traffic incidents. And the probability
distribution is assumed to be following the normal
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Destination

Destination

Road network
Figure 2 Nguyen-Dupuis network

Metro line ------ -

Table 2 Link characteristics of road sub-network

Link £ Ca ka
1 7 900 0.1
2 8 700 0.1
3 9 700 0.1
4 14 900 0.1
5 5 800 0.1
6 9 600 0.1
7 5 900 0.1
8 13 500 0.1
9 5 300 0.2
10 9 400 0.2
11 10 700 0.1
12 10 700 0.1
13 9 600 0.1
14 8 700 0.1
15 9 700 0.1
16 8 700 0.1
17 7 300 0.1
18 15 700 0.1
19 11 700 0.1

distribution, ie., 7" ~N(t'.(ev) 1)), VreR,,

ls

weW, and cv=[0.5, 0.01, 0.15, 0.2, 0.1, 0.3, 0.001,
0.01; 0.3, 0.01, 0.3, 0.5, 0.02, 0.2; 0.1, 0.4, 0.001,
0.35, 0.02; 0.6, 0.1, 0.3, 0.05, 0.01, 0.1].

Assume that travelers’ desired on-time arrival
probability is no less than (=95%. The parameters
of the value function in Eq. (12) are assumed to be
0=(=0.52, n=2.25, and the parameter of probability
weight function in Eq. (13) is y=0.74. The
logit-based stochastic network loading is adopted
with dispersion parameter 6#=0.1, and the dispersion
parameter for mode-split model is 6 =0.1.

Based on the solution algorithm proposed

above, the equilibrium solution is obtained after 7
outer iterations and totally 51 inner iterations in this
numerical example, as shown in Figure 3. At
CPT-NE, the ME credit price p'=3.9375 and SUE
link flow pattern v'=[629.20, 441.01, 48241,
235.81, 757.04, 354.57, 716.70, 400.35, 236.03,
480.67, 317.04, 333.43, 256.94, 733.78, 506.11,
708.34, 360.01, 81.00, 256.94]. Meanwhile, the
travel demands g¢,,,, on road sub-network are
341.94, 728.28, 481.21, 237.00, and the reference
points @" are 38.70, 45.18, 41.41 and 34.65,
respectively.

0 9
Inner iteration times
=~ Convergence curve

ooy,
0
g
=3
m
g2 17
—
o
g
Q
=
g
n
_4 5

1 2 3 4 5 6 7
Outer iterations

Figure 3 Convergence curve of solution algorithm

In order to reveal the impacts of various
parameters on  equilibrium  solutions, the
equilibrium solutions under different parameter
values are compared in this study, as shown in
Figures 4—8. Specifically, Figure 4 compares the
equilibrium solutions under different risk levels (i.e.,
on-time arrival probability {); Figure 5 compares
those under different route-choice dispersion
parameters ¢; Figure 6 compares those under
different mode-choice dispersion parameters 6;
Figure 7 compares those under different TC rates
(pp and ps); Figure 8 compares those under
different link-based credit charge schemes k (with K
fixed).

Figure 4 shows that the ME credit price and
reference points will increase with the increasing of
risk level. Thus, with the risk level increasing, the
path credit costs also increase. It is interesting to
see that the generalized path travel costs decrease
while both the PV and credit costs are increasing,
which indicates the decrease of generalized path
travel costs caused by the rising PV is greater than
the increase caused by the rising credit cost.

It can be seen from Figure 5 that the impacts
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Figure 4 Comparison of solutions under different risk level values {: (a) Reference points (RP); (b) Prospect values
(PV); (c) Credit price; (d) Path generalized cost (GC); (e) Auto travel demand (TD); (f) Path flow between OD 4-2

of path-choice dispersion parameter 6 on
equilibrium solutions are more complicated. With
the increasing of 6, both increasing and decreasing
phases arise for ME credit price and reference
points, as shown in Figures 5(a) and (c). Besides,
the SUE path flow approaches to the UE path flow
when 6=1, as shown in Figures 5(d) and ().

Figure 6 shows that the mode-split dispersion
parameter 6 has very little influence on the
reference points and PV. However, the auto-mode
travel demands of road sub-network, as well as the

ME credit price, are influenced by & to a large
extent. With @ increasing, the travelers become
more sensitive to the travel cost differences
between the two traffic modes, and more travelers
will choose the metro-mode. Thus, more credits
will be left, and the credit price will decrease. As
shown in Figure 6(c), the ME credit price will
decrease to zero when 6 =0.7.

Figures 7(a)—(d) the equilibrium
solutions under different TC rates p, of buying
credit, and Figures 7(e)—(h) shows those under

shows
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Figure 5 Comparison of solutions under different dispersion parameter 6: (a) Reference points (RP); (b) Prospect values
(PV); (c) Credit price; (d) Path generalized cost (GC); (e) Auto travel demand (TD); (f) Path flow between OD 4-2

different TC rates ps of selling credit. It can be seen
from Figure 7 that both reference points and PV
have little change under different TC rates.
However, the ME credit price will decrease with the
increasing of pp, while it will increase with the
increasing of p,. Figures 7(c) and (d) show that the
path credit costs still increase even if the credit
price decreases, which indicates that the increase of
path credit cost caused by the rising TC is greater
than the decrease caused by the declining credit
price.

Figure 8 shows that the generalized path travel
costs increase and the travel demands decrease in
road sub-network, with the credit charges k
increasing. These results indicate that TCS can
effectively regulate the trip mode choice, thus is
promising in improving service level of multimodal
transportation system. Interestingly, the ME credit
price may increase or decrease with k increasing,
which demonstrates that the supply-demand
relationship of credit market becomes more
complicated in multimodal transportation network.
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5 Conclusions

This paper has applied the cumulative prospect
theory to describe travelers’ route choice behaviors
in a stochastic bi-modal transportation network
under a given TCS. In the bi-modal network,
traveler’s generalized path travel cost consists of

PV and credit cost in road sub-network, while it
consists of PV, transit fare and credit income in rail
sub-network. The CPT-based network equilibrium
conditions are proposed to describe the stationary
state of the bi-modal network based on the
generalized path travel cost. At the equilibrium state,
the reference points and PV will remain constant, as
both of them depend on the equilibrium flow
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pattern ultimately. An equivalent VI model is then
established for the CPT-based network equilibrium
conditions, in which a parameterized FP model is
embedded as a subproblem. Some theoretical
analyses are presented to guarantee the existence
and uniqueness of the equilibrium solution.
Considering that the VI model contains two-layer
structures, and that the ME credit price is

determined by the relationship of supply and
demand in the credit market, a heuristic solution
algorithm is developed based on these properties.
The algorithm contains two-level iterations, of
which the outer iteration is a bisection-based
contraction method to find the ME credit price, and
the inner iteration is essentially the MSA to
determine the corresponding CPT-based SUE
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network flow pattern.

The classical Nguyen-Dupuis network is taken
as the test network to illustrate the proposed model
and algorithm. The numerical results show that: 1)
The ME credit price and reference points increase,
with the on-time arrival probability increasing.
However, the generalized path travel costs don’t
increase necessarily. 2) With path-choice dispersion
parameter € increasing, the ME credit price and
reference points may increase or decrease. When 6
is great enough, CPT-based SUE path flow becomes
equal to CPT-based UE path flow. 3) The
mode-split dispersion parameter 6 has very little
influence on the reference points and PV. However,
the travel demands in road sub-network, as well as
the ME credit price, are influenced by @ to a large
extent. 4) The reference points and PV change little
under different TC rates, but the ME credit price
decreases with the increasing of TC rates of buying
credit py, while it increases with the increasing of
TC rates of selling credit ps. 5) With the credit
charges k increasing, more travel demands in road
sub-network would transfer to the metro mode,
which indicates that TCS is promising in improving
service level of multimodal transportation system.

For future research, the multiclass travelers
with heterogeneous risk attitudes can be considered
to extend this study. And the optimal TCS design
problem based on the proposed traffic equilibrium
model in this paper can also be further investigated.
Besides, some further studies under more practical
assumptions are worthy of devoting effort, such as
considering park and ride choice behavior, route
choice in large sub-network,
behavior between different metro lines, and so on.

metro transfer

Nomenclature

G A general strongly connected road network
G’ Rail network

N Set of nodes

N’ Set of nodes on the rail network

A Set of directed links, a € 4

A’ Directed links on the rail network

w Set of O-D pairs, wE W

Garto Traffic demand on road network for O-D
pair, wEW

R, Set of all paths between O-D pair, wE W

Va
5 w

a,r
W
t

~W
metro

K
¢

ka
k

ta
Y

»
T}V

r
W)z

Flow on path, r€R,,

Flow on link, a €4

Element of the link/path incidence matrix
Travel time on metro line between O-D
pair, wEW

Fare on metro line between O-D pair, wE
w

Traffic demand on rail network for O-D
pair, wE W

Total amount of credits issued

Initial credit amount distributed to each
traveler between O-D pair, wE W

Credit charges on link, a €4

Credit charge scheme on road network,
k=k,, a€ A]

Mean travel time on link, a €4

Path travel time on route, rER,,

Random path travel time on path, ¥ ER,,
Variance of path travel time on path, rER,,
Lower limit of travelers’ desired on-time
arrival probability

The minimal budgeted time for taking
path, r€R,,

Path-travel-time reference point between
O-D pair, we W

Value function

Perceived probability of an event

Actual probability of an event

Time prospect value for choosing path, r&
Ry

Time prospect values on the metro line
between O-D pair, wE W

Lower bounds of the travel time on path,
reR,

Upper bounds of the travel time on path,
reR,

TC rate of selling credits, ps € [0, 1]

TC rate of buying credits, p, €[0, 1]

Credit price measured in money unit
Perceived generalized travel cost on
path, ER,,

Expected generalized travel cost on path,
reR,

Conversion coefficient between time PV
and monetary cost
Traveler’s perception
sub-network

Expected generalized travel cost on metro

error of road
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line between O-D pair, wE W

Ev Traveler’s perception error of rail
sub-network

0 Dispersion parameter of mode choice

0 Dispersion parameter of route choice

Canto Weighted average of the expected
generalized path costs between O-D pair,
weWw

P"(é") Choice probability of the path, » € R,
evaluated at ¢" =[¢",reR,]

A Exogenous attractiveness of metro line
between O-D pair, wE W

Soio Satisfaction function between O-D pair,
weWw
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