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Abstract: A procedure of kinematic analysis is presented in this study to assess the reinforcement force of geosynthetics 
required under seismic loadings, particularly for steep slopes which are hardly able to maintain its stability. Note that 
curved sloping surfaces widely exist in natural slopes, but existing literatures were mainly focusing on a planar surface 
in theoretical derivation, due to complicated calculations. Moreover, the non-uniform soil properties cannot be 
accounted for in conventional upper bound analysis. Pseudo-dynamic approach is used to represent horizontal and 
vertical accelerations which vary with time and space. In an effort to resolve the above problems, the discretization 
technique is developed to generate a discretized failure mechanism, decomposing the whole failure block into various 
components. An elementary analysis permits calculations of rates of work done by external and internal forces. Finally, 
the upper bound solution of the required reinforcement force is formulated based on the work rate-based balance 
equation. A parametric study is carried out to give insights on the implication of influential factors on the performance 
of geosynthetic-reinforced steep slopes. 
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1 Introduction 
 

In engineering practice, some pre-emptive 
countermeasures such as installation of geotextiles 
or piles are taken to offer additional resistance, 
particularly for steep slopes subject to heavy 
earthquake effect. It is of interest for engineers to 
assess the resistance force necessitated to maintain 
slope stability. A commonly used approach, 

kinematic analysis, will be employed in this study 
to resolve such a problem. The kinematic approach 
within the framework of plasticity theory indicates 
that the load calculated from the equilibrium of the 
external and internal rates of work is not less than 
the actual failure load within the boundary 
conditions [1]. Owing to its conciseness and 
simplicity with no-stress calculations involved in a 
specific analysis, many researchers [2−8], applied 
this approach to evaluating the slope stability  
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using a log-spiral velocity discontinuous surface. 
Such a failure surface is a sound approximation to 
the physical failure in a homogeneous soil slope, 
and it is limited to account for a constant soil 
friction angle with a prescribed failure pattern, as 
substantiated in Ref. [9]. Therefore, such a 
conventional approach is hardly able to consider 
non-uniformity of soil properties, such as soil 
friction angle and unit weight, with a log-spiral 
failure mechanism a priori. In an effort to 
overcome this shortcoming, the discretization 
technique was proposed. Such a technique enables 
one to break down the whole problem into 
discretized components, and readily account for the 
non-uniform soil properties in the process of 
generation of a kinematically admissible collapse 
mechanism. MOLLON et al [10] initially predicted 
the face stability of a pressurized tunnel, for both 
the collapse and blow-out case, with a 
two-dimensional and three-dimensional failure 
mechanism generated by this technique. Based on 
this line of thought, QIN et al [11, 12] also applied 
this principle to generating a failure surface for 
assessment of seismic slope stability. 
    Slopes in earthquake-prone regions are more 
vulnerable to landslides, which may pose enormous 
impacts to people’s lives and property. A proper 
inclusion of seismic effect is vital in predicting 
seismic slope stability. The most reliable approach 
is to use the actual acceleration time-history as the 
input; however, it is principally applied for 
numerical analyses with much computational effort 
necessitated. In response to maximally simplify the 
seismic input, the pseudo-static approach using 
constant horizontal/vertical acceleration is widely 
used in theoretical derivation. Notice that the 
constant acceleration is usually selected from the 
peak value of acceleration time-history, thereby 
yielding conservative solutions to slope stability 
problems. It is seen that the former consumes much 
computational time and is hardly able to be 
incorporated into theoretical analyses, while the 
latter cannot characterize the dynamic effect of an 
earthquake. In an effort to retain the simplicity of 
the pseudo-static approach and dynamic 
characteristics of an earthquake, a compromise is 
attained with the use of pseudo-dynamic approach. 
Initially, the pseudo-dynamic analysis was applied 
to investigating the external/internal stability of a 
retaining wall with or without geosynthetics    

[13, 14]. Therein, the horizontal and vertical 
accelerations were expressed in sinusoidal waves 
without considering initial phase lag [13, 15]. Note 
that the above analyses were mainly presented with 
the limit equilibrium method. Recently, such an 
approach was extended to kinematic analysis of 
seismic slope stability, and shown to be capable of 
yielding more reliable solutions [12]. 
    As stated earlier, reinforcing structures are 
constructed to offer greater stability with additional 
resistance provided by stabilizing piles or 
geosynthetics. Some researchers [16, 17] 
investigated the stability of pile-reinforced slopes 
with the upper bound analysis, which is proven to 
be valid to improve slope stability. In the case of 
failure patterns of geosynthetic-reinforced slopes, 
they are dependent on the length, layout density and 
distribution of geosynthetics. The pseudo-static 
solutions of reinforcement force and length of 
geosynthetics required were derived with limit 
equilibrium, considering different failure patterns 
and horizontal acceleration only [18]. Apart from 
limit equilibrium analysis, the kinematic analysis of 
reinforced soil structures was performed by 
MICHALOWSKI [19, 20], with rigorous bounds 
obtained on the reinforcement strength and limit 
loads. In the design of a reinforced slope, the slope 
with geosynthetics was analyzed in a pseudo-static 
manner, considering rotational and sliding failure 
mechanisms, and a procedure was developed based 
on earthquake-induced permanent displacement 
[21]. Further, the pseudo-dynamic approach was 
used to replace the commonly-used pseudo-static in 
assessment of the internal stability or for tieback 
analysis of a reinforced soil wall [14]. Another 
extension of kinematic analysis of seismic slope 
stability is the use of non-associated flow rule 
combined with the pseudo-dynamic analysis [22]. 
VAHEDIFARD et al [23] employed the limit 
equilibrium method to investigate the stability of a 
geosynthetic-reinforced concave slope, aiming at 
determining the optimal profile of facing elements 
in geosynthetic-reinforced soil structures. In order 
to evaluate the combined effects of uncertainties on 
the structure’s performance, the reliability-based 
approach was applied to the slope stability analysis 
based on EC7 partial factor design method, with 
geosynthetics installed for steep slopes [24]. 
JAVANKHOSHDEL et al [25] investigated internal 
and external failure mechanisms of slopes 
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reinforced by horizontally installed geosynthetics, 
having obtained the correlations between factor of 
safety, reinforcement strength and length through 
Monte Carlo simulation. Employing the 
discretization-based kinematic analysis, the 
geosynthetic-reinforced force required were 
discussed for steep slopes which are vulnerable to 
fail under earthquake disturbance [26, 27]. 
 
2 Methodology 
 
2.1 Upper bound theorem 
    As a concise and effective approach, the upper 
bound theorem is commonly used in engineering 
practice in the analysis of slope stability, ultimate 
bearing capacity of foundation and earth pressure 
calculations. It is established from the perspective 
of energy (rate), and the critical state is reached in 
the condition of equilibrium of external and internal 
rates of work. Based on the upper bound analysis, 
the actual collapse load is no larger than the limit 
load calculated from the work rate-based balance 
equation within boundary conditions [1]. In a 
mathematical manner, the expression depicting the 
upper bound theorem gives  

d d dij ij i i i is
TV s X V

 
                    (1) 

 
where σij and εij are the stress tensor and strain rate 
at failure in a kinematically admissible velocity 
field, respectively; Ti refers to the surface load on 
the boundary s; Xi is the body force within the 
volume of a failure block Ω; and Vi denotes the 
velocity along the failure surface. For ease of 
practical use, the upper bound analysis is applied 
for a rigid failure block, with soil materials being 
perfectly plastic and following the associated flow 
rule. Such a rule is the fundamental principle for 
proposing the discretization technique as elaborated 
in the next section. 
    Equation (1) is the basis in the application of 
upper bound theorem, based on which more 
scenarios can be accounted for, such as pore water 
effect and reinforced structures. Apart from internal 
forces generated within soils, other influential 
factors can be regarded as external forces, playing 
different roles in generation of a potential failure 
block. For instance, the pore water effect has an 
adverse consequence on slope stability; however, 
installation of reinforced structures like geotextiles 
is capable of strengthening slope capacity. This is 

attributed to additional resistance provided by 
geotextiles for the latter. The resistance effect can 
be considered as external force or internal force, 
both yielding the same results. For the case of a 
geosynthetics type, geogrids or geotextile, only the 
tensile strength aids to offer resistance, ignoring the 
negligible resistance to torsion, bending and shear. 
Accordingly, the tensile failure of reinforcement is 
investigated herein. This is achieved by assuming a 
sufficient length of geosynthetics, avoiding pull-out 
and shear failure. In order to ensure kinematic 
admissibility in a specific analysis, the velocity 
jump vector, [v], makes an angle of internal friction 
φ to the failure surface. Referring to 
MICHALOWSKI [20], the dissipation rate per unit 
area of the velocity discontinuity presents  

/ sin

0
sin d [ ]cos( )sin

t
t l tD k x k v


           (2) 

 
where t is the thickness of the shear band; η denotes 
the inclination angle for geosynthetics intersecting a 
velocity discontinuous surface; kt is the average 
strength of the reinforcement; l  denotes      
the strain rate in the reinforcement which is    
taken as positive in tension and expressed as 

[ ]cos( ) / sinl v t      ( 0l   when π ,
2

    

disregarding the reinforcement in resisting 
compression), where [v] is the velocity jump vector, 
and φ is soil friction angle. 
    A complete form of upper bound theorem 
considering the effect of geosynthetics is then 
developed by incorporating Eq. (2) into Eq. (1). 
This general form used in the following calculations 
presents  

/ sin

0
d sin d d

t
ij ij t l i is

k x TV s



          

    di iX V


                             (3) 

 
2.2 Discretization technique 
    The discretization technique is developed to 
generate a kinematically admissible failure 
mechanism. It aids to account for non-uniform soil 
properties including soil unit weight, cohesion and 
friction angle, and facilitates the application of 
kinematic analysis considering complex scenarios. 
As mentioned earlier, a constant-angle log-spiral 
failure surface within c−φ materials in shape is 
prescribed in conventional upper bound slope 
stability analysis, which is attributed to the use of 
associated flow rule requiring that the plastic 
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normal strain is inclined at an angle of π/2+φ to the 
plastic shear strain. This rule is also used in the 
discretization technique when determining the 
discretized points along the contour of failure 
surface. 
    As elaborated in Ref. [12], the principle of 
discretization technique lies in the ‘forward 
difference’ method, i.e., systematically generating 
the potential failure surface using the previous 
known point on the contour of the mechanism. For 
ease of formulation in the later kinematic analysis, a 
brief description of this technique is presented 
herein. It is well known that gentle slopes are more 
likely to maintain its stability, and failure usually 
occurs in steep slopes. In an effort to enhance the 
stability of steep slopes, geosynthetics are installed 
for preventing the possibility of landslides. A toe 
failure mode is suited to a steep slope with c−φ 
materials following perfect plastic flow. 
    In the process of point generation, the potential 
failure surface commences at slope toe and ends at 
the ground surface, as shown in Figure 1(a). Based 
on the coordinate system with the origin placed at 
slope toe, the key is to determine the discretized 
points along a potential slip surface point by point. 
This is achieved with an angular discretization 
procedure with a triangle enclosed by two radial 

lines and a section of slip surfaces, demarcated by 
O, Pi and Pi+1. Each triangle is regarded as a rigid 
failure block, rotating around the same centre O. 
The angle between two radial lines, δ, is 
user-defined and usually kept as a constant. 
Intuitively, a smaller δ value produces denser points 
along the failure surface. The choice of δ value 
affects the accuracy of kinematic solutions and 
computational effort required. Its effect was 
discussed in Ref. [12] where selection of δ=0.1° 
could meet the accuracy requirement and save 
computational time. For a rotational toe failure 
pattern, two independent variables, such as the 
initial radius, r0, and initial angle, θ0, would suffice 
to depict the whole velocity discontinuity, as 
illustrated in Figure 1(a). Thereof, the rotation 
centre is denoted as O (xo, yo) and can be directly 
expressed with r0 and θ0. 
    A specific procedure for determining the next 
point Pi+1 (xi+1, yi+1) along the contour of failure 
surface is briefly presented herein based on the 
coordinates of point Pi (xi, yi). The rotational failure 
mode permits the velocity vector at point Pi, 

( ,  ),i xi yiv vv  gives ( sin ,  cos ),i i   where θi is 
the angle between the radial line OPi and horizontal 
line as presented in Figure 1(a). Within the scope of 
Mohr-Coulomb (MC) criterion, the associative flow 

 

 
Figure 1 Internal failure mechanism of geosynthetic-reinforced steep slope with curved sloping surface (a) and 
non-uniform soil strength profiles (b) 
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rule requires the velocity vector vi to meet the unit 
normal vector ( ,  )i xi yin nn  at an angle of soil 
friction. To encompass wider scenarios, the 
non-uniformity of soil friction angle with depth is 
denoted by profile φ(yi). Accordingly, it presents 
 

sin ( )
1

i i i

i

y  
 

v n
n

                        (4) 

 
    Another explicit relationship lies in the 
normality condition between vector ni and PiPi+1, 
i.e., 
 

1 0i i i n P P                              (5) 
 
    After arithmetic and vector reasoning, the 
coordinates of point Pi+1 are determined as  

1 1 1

1 1 1

cos
sin

i o i i

i o i i

x x
y y

 
 

  

  

 
  

                     (6) 
 
where λi+1 is the radial length of the vector OPi+1 
and expressed as  

   
1

1 1cos sin
xi o i yi o i

i
xi i yi i

n x x n y y
n n


 

 

  



              (7) 

 
    A more detailed description of the above 
procedure can be found in Ref. [12]. The constraint 
for point generation is 1 ,iy H   and the final xi+1 
should be refined for the case of 1 ,iy H   using 
linear interpolation herein. After having obtained 
the discretized points meeting the above conditions, 
a kinematically admissible failure surface is 
generated by connecting non-standard curves PiPi+1. 
Through discretization of the whole problem into 
elements, not only the non-uniform soil friction 
angle can be readily accounted for in generation of 
a failure mechanism, but also other complicated 
scenarios including non-uniform soil properties, 
curved sloping geometry and external loading are 
considered in a discretized kinematic analysis. 
 
2.3 Pseudo-dynamic approach 
    The pseudo-static approach has been of long 
interest for engineers to perform a rough prediction 
of slope stability; however, a conservative solution 
is more likely to be induced. On the other hand, the 
prediction accuracy of seismic slope performance 
could be greatly improved with actual acceleration 
time-history in time domain, at the expense of much 
computational effort consumed. A compromise is 
made with the pseudo-dynamic approach, retaining 
the dynamic characteristics of ground shaking and 

simplicity of the pseudo-static. Such a quasi-static 
analysis is capable of considering the time- 
dependent seismic effect, and hence likely to yield 
reliable solutions. 
    Pseudo-dynamic approach considers finite 
primary and shear wave velocities within slopes. 
The shear wave velocity is defined as 

0.5
s ( / ) ,V G  and the primary wave velocity 

0.5
p [2 (1 ) / (1 2 )] ,V G       where G is shear 

modulus, ρ soil density and υ Poisson ratio. For 
common geomaterials with υ=0.3, Vp/Vs=1.87. 
Analogous to the pseudo-static approach, both 
horizontal and vertical accelerations are considered 
for completeness, although the vertical seismic 
effect is rather minimal when compared to the 
horizontal. A commonly used approach is to use 
sinusoidal functions to represent horizontal and 
vertical accelerations. This is logical since each 
seismic signal can be expressed as a weighted sum 
of sinusoidal signals by the means of Fourier 
transform. In the preliminary study, both horizontal 
and vertical accelerations are assumed to commence 
at the slope base at the same time without 
considering initial phase lag between these two 
inputs. Moreover, the amplification effect of 
acceleration propagating from slope toe to slope 
crest is considered with a soil amplification factor f. 
In the field, the initial phase shift between seismic 
inputs may exist due to geological and seismic 
conditions, and the factor f may not be a constant 
with depth. Nevertheless, it cannot be readily 
accounted for in the existing literatures. Resorting 
to the discretized kinematic analysis, the 
complicated cases including the above mentioned 
effects can be considered with ease from the 
perspective of elementary analysis. 
    Assuming that the horizontal and vertical 
accelerations reach khg and kvg in amplitude at 
slope toe surface, where kh and kv are horizontal and 
vertical seismic coefficients, the seismic signals at 
depth yi above the slope toe at time t are written as 
 

 

 

h h
s s

0
v v

p p p

1 1 sin 2π

1 1 sin 2π

i i

i i

y yta f k g
H T

y y tta f k g
H T T





                   
                       

 (8) 

 
where Ts and Tp are periods of shear and primary 
seismic waves; λs (=TsVs) and λp (=TpVp) denote the 
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wavelength for shear and primary waves; and t0 is 
the initial phase lag between horizontal and vertical 
accelerations at the slope base. 
 
3 Kinematic analysis of reinforcement 

force 
 
    In this study, the critical slope failure is 
investigated considering the seismic effect. For the 
case of steep slopes subject to earthquake, its 
stability is hardly able to be maintained on its own, 
and hence reinforcement structures are required to 
provide additional resistance. A geosynthetics type 
with geogrids or geotextile is used, considering 
tensile failure only in this kinematic analysis. The 
specific analysis lies in work rate calculations for 
establishing an objective function, the required 
reinforcement force herein. Thereof, the external 
rates of work come from soil weight of the incipient 
failure block, surcharge loading and seismic forces, 
and the internal work rates stem from soil and 
geosynthetic resistance. Based on the discretized 
failure mechanism generated with the forward 
difference method, the external and internal rates of 
work are calculated from elementary analysis, 
which enables one to account for various scenarios. 
There are some conditions where sloping surface is 
not always planar, presenting curved facing profiles 
which commonly exist in natural slopes. To date, 
related research is hardly able to be found due to its 
complexity in conventional kinematic analysis. 
However, such a problem can be readily resolved in 
this study using the proposed approach – discretized 
kinematic analysis. In theory, a random facing 
profile can be accounted for in a specific kinematic 
analysis. For ease of calculation, the sloping surface 
with a monotonous function is considered. The 
following section gives a specific procedure for 
determination of reinforcement force required for 
slope stability. 
    Considering that the amplitudes of horizontal 
and vertical accelerations at the same level are 
unchanged at time t, a shape of horizontal 
trapezoidal element is chosen for work rate 
calculations. Given a discretized collapse 
mechanism, an element PiQiQi+1Pi+1 is taken as an 
example, as shown in Figure 2(a). Note that point 
Qi and Qi+1 are positioned at sloping surface, with 
the same ordinate values as Pi and Pi+1, respectively. 
The abscissa of points Qi and Qi+1 are calculated 

from the inverse function of the sloping profile. For 
instance, given a monotonous function of the 
sloping profile, f(x), its inverse function is 
expressed as f −1(x) in the condition that it exists. In 
this way, the abscissa can be directly computed 
from the ordinate value. Within the established 
coordinate system, the infinitesimal area of this 
element Ai gives  

 1 1
1 1 1

1 ( ) ( )
2i i i i i i iA x f y x f y y y 

           (9) 
 
    In an effort to express the rate of work done by 
body forces, the gravity centre Ci (xoi, yoi) should be 
determined for each element. Its coordinates can be 
expressed as  


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 (10) 

 
    Based on a rotational failure mechanism, the 
direction of velocity vector is prescribed as normal 
to the vector OPi, and the value defined as the dot 
product of the angular velocity at failure ω and the 
radius from the rotation centre to the gravity centre 
for each infinitesimal element, i.e.,  

   2 2
i o oi o oiv x x y y                  (11) 

 
    Assuming that the failure mechanism is 
generated with i+1 points, a total of i trapezoidal 
elements are counted. Accordingly, the overall rate 
of work done by soil weight is obtained through 
summation of the elementary rates of work, i.e.,  

   2 2( )G i i o oi o oi
i

W y A x x y y        

      cos gi                           (12) 
 
where γ(yi) is to describe the variation of soil unit 
weight along ordinate yi; θgi is the angle between 
the vector OCi and the ground surface as illustrated 
in Figure 2(b). 
    In a similar pattern, the rates of work produced 
by the horizontal and vertical seismic forces are 
expressed as 



J. Cent. South Univ. (2019) 26: 1755−1768 

 

1761 

 

 
 

 
Figure 2 Elementary analysis of trapezoidal element PiQiQi+1Pi+1: (a) Generation of discretized failure mechanism;   
(b) Stresses acting infinitesimal element 
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(13)  
    For a possible surcharge loading located on the 
slope crest surface, such as a strip footing, it has a 
direct effect on slope stability if the surcharge is 
positioned within the failure area. Otherwise, its 
effect out of this scope can be ignored at ultimate 
limit state. A uniform surcharge loading leads to  

 0cotq AW q x H m H     

    0cot
2

A
A o

x H m H
x x




    
 

         (14) 
 
where q is the surcharge loading; xA refers to the 
abscissa of point A; β is the slope angle, and 
coefficient m0 is defined as the ratio of the edge 
distance to the slope height H. 
    As a permanent force, the earthquake-induced 
seismic force for surcharge loading is accounted for. 
For ease of simplification, the thickness of potential 
surcharge is not considered, and in this case, the 
accelerations are the same as those propagating to 

slope crest surface, namely,  
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        (15) 

 
    As a consequence, the rates of work for 
seismic forces of surcharge yield  
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   (16) 

 
    For an incipient failure block, the soil strength 
resists the occurrence of landslides. When the 
failure block slides along the velocity detaching 
surface, shear forces are generated in the form of 
dissipated energy which is derived from the plastic 
deformation only under the rigid assumption. For 
MC soil materials, the internal rate of energy 
dissipation is defined as the dot product of the shear 
force and the velocity vector. Considering a 
discretized failure mechanism with i trapezoidal 
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elements, the total internal rates are calculated by 
the sum of the elementary rates, i.e.,  

1 ( ) cos ( )D i i i i
i

W c y L R y                  (17) 
 
where c(yi) and φ(yi) are profiles of soil cohesion 
and friction angle at ordinate yi; Li denotes the 
length of vector PiPi+1 which is expressed as  

   2 2
1 1i i i i iL x x y y                   (18) 

 
and the radius from point O to Pi gives  

   2 2
i i o i oR x x y y                    (19) 

 
    It is well-known that steep slopes are incapable 
of maintaining stability by its intrinsic strength. 
Geosynthetics are installed for providing additional 
resistance in this study. As stated earlier, the tensile 
failure pattern is considered herein, and the internal 
failure mechanism is as shown in Figure 1(a). Such 
a failure is induced provided that the length of 
geosynthetics is large enough. 
    The geosynthetic resistance is incorporated 
into the upper bound theorem in the methodology 
part. In a specific kinematic analysis, it should be 
assured that the velocity vector makes an angle of 
internal friction to the shear band or rupture surface 
so as to meet the kinematical admissibility. For ease 
of simplification, the geosynthetics are assumed to 
be installed with uniform distributed tensile stress 
in i layers. Given a discretized collapse mechanism, 
the angle of inclination of the reinforcement layer to 
the failure surface ηi gives  

π
2i i i                               (20) 

 
    The rate of work produced by geosynthetics is 
expressed in Eq. (2) for a single layer of 
reinforcement. Therefore, the overall work rates are 
computed through summation of the elementary 
rates of i elements, i.e.,  

2 cos( )D ti i i i i
i

W f L R       

    sinti i i i
i

f L R                       (21) 
 
where f(ti) is the distributed tensile stress. 
    Based on the upper bound theorem, the 
equilibrium between the external and internal rates 
of work, h v h v 1G G G q q q DW W W W W W W        

2 ,DW yields the kinematic solution of the 
reinforcement force required for slope stability, in 

the form of ,r ti i
i

F f L in two dimensions. 

Specifically, the total reinforcement force required 
is formulated as 
 

h v h(
sin

i
i

r G G G q q
i i i

i
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F W W W W W

L R 
     




 

    v 2 )q DW W                            (22) 
 
    It is found from Eq. (22) that the reinforcement 
force Fr is a function of three independent variables, 

0 0( ,  ,  ),rF f r t using the pseudo-dynamic 
approach to represent time and space-dependent 
seismic accelerations. The optimal upper bound 
solution of the force Fr can be sought by optimizing 
the above non-linear function with enumerative 
algorithm under specific boundary conditions, and 
the results will be presented later in further detail 
under known parameters. 
 
4 Comparison and discussion 
 
    The preceding analysis is mainly placed on 
pseudo-dynamic analysis of geosynthetic-reinforced 
steep slopes, yielding an upper bound solution of 
reinforcement force required for slope stability. 
Note that the pseudo-static approach is solely a 
simple case of the pseudo-dynamic, and hence the 
pseudo-static solution can be readily derived from 
the earlier analysis. Specifically, this is achieved by 
replacing the time- and space-dependent 
accelerations with constant ones, khg and kvg. In 
such a manner, the reinforcement force Fr is 
determined by two independent variables, namely, 

0 0( ,  ,  ).rF f r t  
    In order to validate the robustness of the 
proposed approach and the code for determining the 
kinematic solution, comparison with existing 
publications is performed. Since little theoretical 
research has been found for slope analysis with a 
curved sloping profile, a straight comparison is 
made considering a planar sloping surface herein. 
Initially, the pseudo-static solutions obtained in this 
study are compared with those with limit 
equilibrium method, including LING et al [18] 
where the internal and external stability of 
geosynthetic-reinforced soil structures were 
assessed with an analytical model implemented in 
the ReSlope programme, and SHAHGHOLI et al 
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[28] with horizontal slice method (HSM). Figure 3 
presents the pseudo-static solutions of the required 
geosynthetic reinforcement force ,r ti iF f L  for 
the cases of kh=0, 0.1, 0.2 and φ=20°, 25°, 30° with 
c=0, β=90°, H=5 m, m0=0, q=0, γ=18 kN/m3 and 
μv=0. It is found that apart from some different at 
lower earthquake, the kinematic solutions of this 
study are in good agreement with the limit 
equilibrium solutions, substantiating the validity 
and applicability of the proposed approach and 
programming code. Comparatively, the optimal 
upper bound solution is on the whole a bit larger 
than those calculated from the two mentioned 
literatures, which is attributed to the fact that the 
kinematic analysis yields an upper bound to a 
specific problem. Such a gap between limit analysis 
and equilibrium solutions gradually narrows down 
with the increase in horizontal seismic coefficient kh, 
implying that the proposed kinematic analysis aids 
to produce a superior upper bound under heavier 
earthquakes. 
     

 
Figure 3 Comparison of pseudo-static solutions of 
geosynthetic reinforcement force 
 
    Apart from pseudo-static solutions, the pseudo- 
dynamic solutions of the required geosynthetic 
reinforcement force r ti iF f L  are calculated 
and compared with those in NIMBALKAR et al 
[14]. In such a pseudo-dynamic analysis, a 
homogeneous soil slope is accounted for with the 
parameters corresponding to: c=0, β=90°, H=5 m, 
Vs=100 m/s, Vp=187 m/s, f=1.0, Ts=Tp=0.3 s, m0=0, 
q=0, γ=18 kN/m3, μv=0 and t0=0. The numerical 
results are shown in Figure 4 where the 
discrepancies are deemed acceptable in engineering 
practice. Similar as above, the upper bound 
solutions of required reinforcement force increase 
slowly than the limit equilibrium with the increase  

 

 
Figure 4 Comparison of pseudo-dynamic solutions of 
required reinforcement force 
 
in kh. Therefore, a smaller upper bound solution is 
yielded under large seismic loadings, in comparison 
with the limit equilibrium solution. 
 
5 Numerical results 
 
    As presented in Eq. (22), the upper bound 
formulation of the required reinforcement force is 
established based on the work rate-based balance 
equation, with the optimal solution sought by 
optimizing the objective function under given 
parameters. Notice that a curved sloping surface is 
considered in the earlier analyses to encompass 
wider scenarios. In practice, there are three classical 
sloping profiles: concave, convex and planar. Since 
a planar surface was mostly adopted in slope 
stability analysis, and for ease of filling up the gap 
where concave and convex surface may exist, focus 
was placed on the effect of these two sloping 
surfaces in this paper. It is not uncommon to see a 
curved sloping surface in engineering practice. In 
many slope stability analyses, a planar surface is 
convenient and may be only feasible to be 
considered, so the approximation of a curved 
surface to be a planar one is usually adopted. In a 
sense, the accuracy of slope stability solutions is 
accordingly dependent on the approximation. In an 
effort to provide a more direct and accurate solution, 
the discretization-based kinematic analysis 
proposed in this study could well resolve this 
problem, because of its versatility to consider 
complicated sloping profiles and other loading 
conditions. It is worthwhile highlighting that the 
two functions used below are just two examples of 
concave and convex slopes, and this is to 
demonstrate the effect of sloping profiles on 
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seismic slope stability.  
2

2

2
2

tan tan , concave profile
2 2( )
tan 3 tan , convex profile

2 2

x x
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x x
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 

 


 

 

  (23) 

 
    The specific pseudo-dynamic solution of the 
geosynthetic reinforcement is calculated based on 
the basic input parameters: H=5 m, β=85°, m0=0, 
q=0, μv=0..5, Vs=100 m/s, Vp=187 m/s, f=1.0, 
Ts=Tp=0.3 s, t0=0, ch=0, c0=20 kPa, φh=10°, φ0=30°, 
γh=14 kN/m3, γ0=22 kN/m3. A linear variation of 
soil properties including soil unit weight, cohesion 
and friction angle is assumed in the calculations for 
ease of simplification, which is logical in normally 
consolidated or deposited soils. A random profile of 
soil parameters can also be accounted for with the 
proposed approach. The optimal solution is 
presented in the form of figures with the 
reinforcement force normalized as 2/(0.5 ),rF H   
where γ is the average unit weight. A comparison 
between the kinematic solutions computed from 
three sloping surfaces is highlighted. 
 
5.1 Effect of seismic acceleration 
    In this study, the focus is placed on the use of 
the pseudo-dynamic approach for depiction of 
seismic vibration rather than the pseudo-static. As is 
seen from Eq. (8), the horizontal and vertical 
acceleration are influenced by soil amplification 
factor, f, seismic velocity, Vs (Vp), shaking period, T 
(assuming Ts=Tp=T), initial phase lag, t0, seismic 
coefficients kh and kv (kv=μv kh). Its effect is 
presented in the following figures. 
    Figure 5 shows the implication of soil 
amplification factor f on the reinforcement force 
required for stability of steep slopes. A significant 
increase in normalized force is observed with an 
increment in horizontal seismic coefficient, kh. 
Similar trend goes for an increasing factor f, 
requiring further additional resistance from 
geosynthetics. This is sensible since a larger value 
of quantity f or kh implies more driving forces 
acting on the potential failure block, and hence 
more vulnerable to landslides for steep slopes. For 
the case of no earthquake, the solutions converge to 
a specific point regardless of f values. More 
interestingly, it is highlighted that concave slopes 
are more capable of maintaining its stability, with 
less reinforcement force required, followed by 
planar and convex slopes. For an incipient failure 

with the same failure surface, less weight of failure 
block and corresponding seismic forces are 
produced. This may also be attributed to the arching 
effect of the concave surface to resist slope failure. 
As illustration, the critical failure surface is readily 
plotted with the use of discretization technique, as 
shown in Figure 6. Intuitively, a stronger 
earthquake is likely to induce a much larger failure 
block. The difference in failure area between three 
facing profiles is insignificant, which in turn 
indicates a more stable slope surface with the 
concave profile. 
 

 
Figure 5 Effect of factor f and kh on normalized 
reinforcement force considering three facing profiles 
 

 
Figure 6 Critical failure surfaces under different seismic 
and geometry scenarios 
 
    In earlier publications, the horizontal 
acceleration was highly paid attention to due to its 
significance on slope stability, particularly in a 
pseudo-static analysis. The critical seismic case is 
under the case of seismic horizontal force acting 
outwards of the sloping surface. The vertical 
acceleration is usually ignored due to its presumed 
minimal effect in practice. For completeness, both 
horizontal and vertical accelerations are considered 
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with the pseudo-dynamic approach in this study, 
and its effect is illustrated in Figure 7, where the 
normalized force is plotted against different kh and 
μv (μv=kv/kh) ratios. Similarly, a larger resistance 
force is required from geosynthetics with the 
increase in ratio kh and μv. The higher capacity to 
maintain slope stability is again substantiated in 
concave facing profile. 
 

 
Figure 7 Effect of kv (μv) and kh on normalized 
reinforcement force considering three facing profiles 
 
    The influence of shear velocity Vs on the 
required reinforcement force is presented in  
Figure 8 where Vs varies from 100 to 200 m/s. In 
comparison with significant effect of horizontal 
seismic coefficient kh, a negligible increase of 
required reinforcement force is found with the 
increase in Vs. It can be seen from the preceding 
analyses that the shaking velocity has a direct effect 
on the phase, thereby influencing the amplitudes of 
accelerations along depth at time t. However, in the 
optimization process, it mainly affects the time 
required to make the objective function attain the 
optimal value within a cycling period. Owing to the 
 

 
Figure 8 Effect of Vs and kh on normalized reinforcement 
force considering three facing profiles 

difference of Vs, the critical case is sought at 
different t, leading to diverse accelerations and 
hence a varied geosynthetic reinforcement force. 
The shaking period produces the same outcome on 
the normalized requirement force when T varies 
from 0.2 to 0.4 s under basic input parameters. This 
is because the varying period T and Vs yield the 
same effect on wavelength for horizontal and 
vertical waves, which influences the phase only, 
and hence yielding similar solutions as those in 
Figure 8. 
    In order to encompass wider scenarios, the 
initial phase lag t0 is accounted for between two 
seismic signals, and its effect is depicted in Figure 9 
with t0/T varying from −0.5 to 0.5 in a whole 
shaking period. During the period of [−0.5, 0], an 
upward trend is seen for the reinforcement force, 
peaking at t0/T=0. In the subsequent half period, the 
required force is gradually decreased to the initial 
solution, presenting a cyclic characteristic. This is 
logical since the initial phase difference exists in the 
sinusoidal functions and affects the phase only in 
the optimization process. 
 

 
Figure 9 Effect of t0/T and kh on normalized 
reinforcement force considering three facing profiles 
 
5.2 Effect of non-uniform soil strength 

parameters 
    As highlighted earlier, the non-uniformity of 
soil strength parameters is accounted for using the 
proposed approach. The significance of soil 
cohesion in improving slope capacity is 
substantiated in Figure 10 where the cohesion at 
slope toe surface c0 increases from 0 to 20 kPa and 
ch at slope crest is kept as a constant. As expected, 
the geosynthetic reinforcement force required 
decreases sharply with the increase of c0. An 
increased soil cohesion aids to provide more 
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additional resistance to incipient failure, and hence 
less dependent on the reinforcement of 
geosynthetics. Similar as before, a steep slope with 
a concave facing profile has a larger capacity to 
prevent the occurrence of landslides. It is 
highlighted that the use of average soil cohesion 
tends to overestimate the kinematic solution of 
reinforcement force in non-uniform soil strata. 
 

 
Figure 10 Effect of non-uniform soil cohesion c0 on 
normalized reinforcement force considering three facing 
profiles 
 
    Within the scope of MC failure criterion, the 
soil friction angle is vital in upper bound analysis. 
This angle determines the failure shape of c−φ soil 
slopes, with a log-spiral detaching surface which is 
only suited for a constant-angle case. In an effort to 
consider non-uniform profiles of friction angle, the 
discretization technique is developed. Apart from 
this, this angle also plays a decisive role in 
calculation of internal rate of work. Assuming the 
friction angle is linearly increased from φh at slope 
crest surface to φ0 at slope toe, Figure 11 presents 
the effect of angle φ0 on kinematic solution of Fr. A 
significant decrement in normalized ratio 

2/(0.5 )rF H  is produced with the increase of angle 
φ0. The increasing kh yields the opposite 
consequence. Note that the reinforcement force 
required is proved to be overly conservative when 
using an arithmetic average value of non-uniform 
soil friction angles only. 
    The critical failure surface under each scenario 
can be readily plotted with the use of discretization 
technique. As the soil friction angle is a sensitive 
parameter, its effect on the yield sliding surface is 
illustrated in Figure 12. Three cases, φ0 =φh=10o, 
φ0=φh=20°, and φ0=30°, φh=10°, are discussed 
herein. Under the same earthquake, a greater failure 

area is induced for the constant friction angle 
increasing from 10° to 20°. The latter two cases are 
compared to show the effect of non-homogeneity of 
friction angle on the failure surface. It is seen that 
apart from a slightly larger failure area induced with 
average values, the major difference exists in the 
shape of sliding surface, which is attributed to the 
non-uniform soil friction angles used along depth in 
the point generation based on the associated flow 
rule. 
 

 
Figure 11 Effect of non-uniform soil friction angle φ0 on 
normalized reinforcement force considering three facing 
profiles 
 

 
Figure 12 Critical sliding surface considering non- 
uniformity of soil friction angles and three facing 
profiles 
 
6 Concluding remarks 
 
    This study presents a procedure for seismic 
analysis of geosynthetic-reinforced steep slopes. In 
order to assure stability of steep slopes, a 
geosynthetic type, geogrids or geotextile, is adopted 
to provide additional resistance. The main work of 
this study lies in the determination of geosynthetic 
reinforcement force required from the perspective 
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of plasticity energy. A curved sloping surface 
including concave, convex and planar profiles and 
non-uniform soil properties, such as soil unit weight, 
cohesion and friction angle, can be accounted for. 
The pseudo-dynamic approach is used to represent 
the time- and space-dependent seismic shaking. 
However, the above mentioned cases cannot be 
readily considered in conventional upper bound 
analysis. The proposed approach using discretized 
kinematic analysis is adopted to overcome these 
shortcomings with ease. Thereof, the discretization 
technique is proposed to generate a kinematically 
admissible failure mechanism where non-uniform 
soil friction angles at different depths are 
considered based on the associated flow rule. The 
work rate calculations are performed from 
elementary analysis which aids to account for 
complicated scenarios. Finally, the kinematic 
solution of geosynthetic reinforcement force is 
formulated based on the work rate-based balance 
equation. After optimizing the objective function, 
the optimal upper bound solution is sought under 
given parameters. The main research findings 
include: 
    Slopes with concave facing profiles have a 
larger capacity than planar and convex to resist 
ground shaking, and its contribution to slope 
stability is dependent upon the degree of curved 
surface. 
    Use of arithmetic average value in soil 
cohesion and friction angle overestimates the 
reinforcement force required in non-uniform soil 
strata. 
    The dynamic characteristics of horizontal and 
vertical accelerations have an effect on prediction 
of reinforcement force to varying degree. It is likely 
to yield more reliable solutions with the 
pseudo-dynamic approach when compared to the 
simple pseudo-static. 
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中文导读 
 

土工网加固的曲线型陡坡在地震区的机动性分析 
 
摘要：本文采用机动分析法评估了陡坡在地震条件下维持其稳定所需土工网加固力。由于涉及复杂计

算，已有文献在理论推导中主要考虑平面型边坡。而针对自然边坡中广泛存在着的曲线型边坡，尤其

是地震作用下曲线型非均质边坡，传统的上限分析法难以考虑其稳定性。为了解决上述问题，本文首

先采用离散技术生成一个离散的破坏机制，即将整个破坏块体分解成不同的组成部分，然后通过单元

分析来计算土工网加固力及地震荷载等外部荷载所做功率和内能耗散，其中采用拟动力法来表示随时

间和空间变化的横向和纵向加速度。最后，通过功率平衡方程获得土工网加固力上限解，并阐释了各

因素对土工网加固陡坡性能的影响。 
 
关键词：地震；拟动力法；基于离散法的机动分析；土工网；陡坡 


