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Abstract: Reliable prediction of the potential collapse region of rock mass is a key challenge for deep underground 
cavity excavation, especially if a concealed karst cave is located above the excavated cavity. Because of the effect of the 
blast vibration, a possible collapse would occur at a certain region between the concealed karst cave and the excavated 
cavity. This paper aims to study the roof collapse of a deep buried cavity induced by a concealed karst cave base on a 
two-dimensional failure mechanism by using upper bound theorem. The failure mechanism is constituted by arbitrary 
curves which is similar to the collapse observed in an actual cavity excavation. The shape and range of the collapse 
block is determined by virtual work equation in conjunction with variational approach. The results obtained by the 
presented approach are approximate with the numerical results provided by finite difference code, which indicates that 
the proposed method in this work is valid. 
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1 Introduction 
 

The stability of rock pillar is often a concern 
during tunnel construction and underground project 
excavation in a karst terrain. Presently, the 
geophysical prospecting technique is widely used to 
predict concealed karst caves and other geological 
defects in tunnel engineering. However, due to the 
limitation of the prediction techniques, the position 
and the size of a karst cavity cannot be detected 
precisely in the prospecting stage. Because it is 
difficult to determine the position of the karst cavity 
accurately, the planned underground engineering 
may be very close to a concealed karst cave and the 
blast vibration resulting from the excavation would 
make the rock pillar collapse. Especially if a karst 
cave is located above the underground engineering, 
a large number of fillers would swarm into the 

tunnel under the effect of huge pressure of the karst 
cave. As a result of the fillers of the karst cave, the 
tunnel would be buried in a remarkably short period 
of time. More seriously, the occurrence of a 
collapse of rock pillar is instantaneous with no 
warning time for the builders. Therefore, the 
collapse of rock pillar induced by an adjacent karst 
cave in tunnel construction may lead to serious 
economic losses and has drawn the attention of 
many investigators in this area. 

To investigate the stability of the surface cover 
for a karst cavity, XIAO et al [1] designed a 
laboratory experiment and a physical model. By 
simulating the groundwater level changes in a karst 
cave, the authors obtained the influences of 
groundwater level fluctuation on the stability of 
surface cover above a karst cave. Employing a 
fluid-solid coupling model, ZHAO et al [2] 
investigated the mechanism of water inrush from a 
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karst cave in front of a tunnel face in conjunction 
with the strength reduction method. Based on the 
result of the numerical simulation, they proposed a 
formula to calculate a minimum thickness of a rock 
stratum to avoid water swarming into the tunnel. 
CUI et al [3] summed up the main reasons which 
cause  engineering problems encountered during 
the construction of diaphragm wall in karst area, 
and proposed a corresponding treatment technique. 
Based on an actual engineering, JIANG et al [4] 
employed a minimum model test to investigate the 
safety thickness of the rock pillar between a tunnel 
and a water-logged stratum. Finding that karst caves 
cause a risk to tunnel excavation, LI et al [5] 
proposed a method to detect the position of a 
concealed karst cave on the basis of displacement 
monitoring. Moreover, the validation of this method 
has been verified by studying the displacement 
rules of the monitoring points on tunnel arch ring 
obtained from numerical simulation. 
    Existing literatures show that the collapse of a 
rock mass around a underground engineering 
induced by karst cavity is common in tunnel 
engineering. It was difficult to find an effective 
method to determine the collapsing range of rock 
mass until FRALDI et al [6] proposed a new 
method on the basis of the upper bound theorem. 
Using this method, the authors derived the 
analytical expression of the collapse surface for 
rock mass above a cavern. The advantage of this 
method is that the final result is obtained by optimal 
calculation which makes the analytical solution 
consistent with the collapse surface observed in an 
actual project. Later on, FRALDI et al [7, 8] 
employed this method to study the collapse of roof 
for a railway tunnel and roof collapse by 
progressive failure. This method not only provides a 
simple and useful way of analyzing the collapse 
range of surrounding rock mass for tunnel, but also 
avoids the shortcomings of construction of a 
complex upper failure mechanism. Consequently, 
some investigators continued to study the collapse 
mechanism of tunnel roof with this method. With a 
great deal of attention paid recently to this issue, 
many in-depth studies have been conducted with 
remarkable achievements. 
    Finding that the method proposed by FRALDI 
et al [6] is a valid way to investigate the collapse of 
a cavity roof, some investigators have used this 
method to study the collapse resulting from 
adjacent karst cavity in tunnel construction. 

HUANG et al [9] used this method to study the 
collapse from the bottom of a tunnel induced by a 
concealed karst cavity. Though the achievement 
provided a useful way of analyzing the collapse in 
tunnel construction induced by a karst cavity 
beneath a tunnel, the mechanism of roof collapse 
for a cavity resulting from a concealed karst cave is 
still unclear. 
    This paper focuses on the prediction of 
collapse region for a deep buried cavity roof which 
results from a concealed karst cave. On the basis of 
the feature of the roof collapse above a deep 
rectangular cavity, a failure mechanism is 
constructed by using arbitrary curves. Employing 
this failure mechanism, we obtained the analytical 
formula of the collapse surface in the framework of 
the bound theorems of classical plasticity in 
conjunction with a variational approach. The shape 
and range of collapse blocks are drawn on the basis 
of the theoretical calculation. The study may help 
geotechnical engineers to determine the size and 
location of a possible collapse caused by a 
concealed karst cave in deep buried cavity 
excavation. 
 
2 Concealed karst cave inducing failure 

mechanism 
 
    A karst cave would induce the roof collapse in 
underground cavity excavation, especially if the 
concealed karst cave is located above the cavity. 
When the blast vibration transfers to the rock mass 
between the karst cave and the underground cavity, 
the rock mass may collapse under the effect of 
gravity and filler pressure. Thus, this study aims to 
study the collapse mechanism of the rock mass 
induced by the concealed karst cave above an 
underground cavity. To satisfy this purpose, a two- 
dimensional axis-symmetrical failure mechanism 
which reflects the roof collapse feature of the cavity 
is constructed. For reasons of mathematical 
convenience, it is assumed that the karst cave 
located above a rectangular cavity is circular. 
Moreover, the radius of the karst cave is R and the 
distance between the karst cave and the 
underground cavity is H. Two arbitrary curves 
extend from the cavity roof to the bottom of the 
karst cave. Because the failure mechanism is 
assumed to be axis-symmetrical, the two curves 
which are symmetric about y-axis constitute the 
collapse block. 
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    An arbitrary curve indicates that the 
constructed failure mechanism is not restricted to 
the predefined line type. Consequently, the collapse 
block which is constituted by the arbitrary curves 
would be more consistent with the collapse mode 
observed in an actual project. Due to the effect of 
blast vibration, a slight slide would occur along the 
boundary of the collapse block. So, the boundary 
which is composed of the two curves f(x) can also 
be known as velocity discontinuity curves. To study 
the roof collapse mechanism of the cavity induced 
by the concealed karst cave, it is necessary to derive 
the formula of the velocity discontinuity curve. 
Using the formula of the velocity discontinuity 
curve, the potential collapse range is obtained. 
 

 
Figure 1 Failure mechanism of rock mass above deep 
rectangular cavity induced by karst cave 
 
3 Calculation process of upper bound 

solution for collapse surface 
 
    Since the collapse block is detached from the 
cavity roof, the plastic flow occurs along the 
boundary of the collapse block. Based on the 
relationship between plastic stress and plastic strain 
rate, the rate of the energy dissipation for a random 
point in the plastic flow region is derived from the 
plastic stress/strain rate relation. As pointed out by 
CHEN [10], the stress/strain rate relation can be 
deduced from the normality condition related to a 
yield function. Hoek-Brown nonlinear failure 
criterion, which can be employed to evaluate the 
strength of rock mass from tightly interlocked to 
very poor quality, is widely applied in tunnel 
stability analysis [11−18]. This study also employs 
the H-B failure criterion to describe the failure 
characteristic of the rock mass caused by a 

concealed karst cave in a deep buried cavity 
excavation. Assuming the velocity discontinuity 
field satisfies the H-B yield condition, the plastic 
potential is obtained 
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where τ and σn are normal and shear stress, 
respectively; A and B are material constants; σci is 
the uniaxial compressive strength. Moreover, σtm is 
the tensile strength of the rock mass. 
    Based on the relationship between plastic 
potential and plastic strain rate, the rate of energy 
dissipation for a random point on the collapse 
boundary is given by: 
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where n  and n  are normal and shear plastic 
strain rate, respectively; f(x) is the analytical 
expression of the velocity discontinuity curve; v is 
the velocity vector of the collapse block; f ′(x) is the 
first derivative of f(x); and t is the thickness of the 
velocity discontinuity curve. The whole rate of 
energy dissipation in this failure mechanism can be 
computed by an integral.  
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where L1 and L2 are the half length of the top and 
bottom of the collapse surface respectively. 
Furthermore, the external rate of work is generated 
by external loads which are composed of the weight 
of surrounding rock, filler pressure of karst cave 
and supporting pressure. The rate of work produced 
by self weight of the collapse block is 
 

1 2

10
[ ( )d ( )d ]

L L

L
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where γ is the unit weight of the rock mass, and g(x) 
is the formula of the karst cave. Because the karst 
cave is a circle, the equation of the g(x) is given by 
 
  2 2=g x b x H                         (5) 

 
    The work rate of the filler pressure is written 
as 
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1T
vP TL
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                                (6) 
 
in which T is pressure of fillers in a karst cave and b 
is the half length of the underground cavity. 
Moreover, the work rate of the supporting pressure 
for the underground cavity is written in the form:  

2qP L qv                                (7) 
 
in which q is the supporting pressure. According to 
CHEN [10], the upper bound solution of the 
equation for the collapse region is deduced from the 
virtual work equation which is constituted by the 
total internal energy dissipation rate and the 
external work rate. Thus, an objective function ξ 
which is expressed by the difference of the total 
internal energy dissipation rate and the external 
work rate is established:  
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where ψ is a functional which is defined as:  
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(9)  

    Furthermore, based on the upper bound rules, 
the solution derived from the virtual work equation 
is one of the upper bound solutions. It means that 
the real upper bound solution of f(x) is the one 
which leads the ξ to reaching an extremum. 
However, objective function ξ is determined by ψ. 
Consequently, when the functional ψ reaches an 
extremum, the corresponding f(x) is the real 
solution of f(x). The variational principle indicates 
that the functional ψ has an extremum when f(x) 
satisfies the condition:  
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    By substituting Eq. (9) into Eq. (10), a 
differential equation is derived  
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    After integral operation, the analytical 

expression of f(x) can be derived as  
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where c0 and c1 are two integration constants. 
Substituting Eq. (12) into Eq. (8), the expression of 
ξ is:  
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    To derive the final expression of f(x), the 
values of c0 and c1 should be determined. So, it is 
necessary to obtain several boundary conditions 
which can be used to calculate the unknown 
parameters. Based on the distribution characteristics 
of shear stress, there is no such stress at the point of 
the collapse surface and the karst cave. Using this 
stress boundary condition, the value of c0 is 
obtained.  

0 1c L                                (14) 
 
    Substituting Eq. (14) into Eq. (12), the 
analytical expression of f(x) which includes L1 and 
c1 can be written in the form:  
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    Moreover, the velocity discontinuity curve f(x) 
fits the geometric boundary conditions illustrated as 
follows:  
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    By substituting Eqs. (5) and (15) into Eq.(16), 
nonlinear equations are obtained  
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    Obviously, there are three unknown constants 
in Eq. (17), and we have to find another equation to 
determine these unknown constants. Substituting 
Eq. (14) into Eq. (13), and equating the internal 
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dissipation of energy to the external rate of work, a 
new nonlinear equation is derived.  
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    Using Eqs. (17) and (18), the values of L1, L1 
and c1 can be computed by a numerical method. 
Finally, substituting the values of L1, L1 and c1 into 
Eq. (15), the final expression of f(x) is expressed as 
follows:  
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4 Parameter analysis 
 
    During the excavation of a deep underground 
cavity, the impending roof collapse of the cavity 
would lead to economic losses or even human 
casualties. If a karst cave is located above the cavity, 
the possibility of the roof collapse for the cavity is 
greater. Thus, we have only to determine the 
collapse region induced by the concealed karst cave, 
and the corresponding treatment scheme can be 
proposed to prevent the roof collapse of the cavity. 
In this section, the range of the potential collapse 
region is plotted based on the analytical equation 
illustrated in Eq. (19), and the effect of relevant 
parameters on the range of the potential collapse 
region is discussed. As illustrated in Figures 2−7, 
the shapes of the collapse block for the parameters 
related to B=0.6−0.9, A=0.35−0.65, γ=18−24 kN/m3, 
σtm=σci/100−σci/60, σci=10 MPa, T=600−900 kPa, 
q=100−400 kPa, H=5 m, b=3 m are plotted. To 
investigate the change rule of collapse region 
changing with these parameters, a univariate 
analysis method is employed here. It can be found 
from Figures 2−7 that the greater values of A, B, 
and σtm tend to induce a larger range of the collapse 
block. In contrast, a higher value of γ leads to a 
decrease of the range for the collapse block. The 
change rules of these parameters are consistent with 
the conclusions presented in existing document [6], 
which indicate that the presented method is valid. 
Moreover, with the increase of T, the collapse 
region tends to increases. Inversely, the collapse  

 

 
Figure 2 Effect of parameter B on shape and range for 
collapse block 
 

 
Figure 3 Effect of parameter A on shape and range for 
collapse block 
 

 
Figure 4 Effect of parameter γ on shape and range for 
collapse block 
 

 
Figure 5 Effect of parameter σtm on shape and range for 
collapse block 
 

 
Figure 6 Effect of parameter T on shape and range for 
collapse block 
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Figure 7 Effect of parameter q on shape and range for 
collapse block 
 
region decreases with the increase of values of q. 
This implies that the karst caves with larger filler 
pressure would lead to a greater collapse region 
which is more difficult to treat for the underground 
cavity excavated in a karst terrain. However, 
strengthening the lining structure to increase 
supporting pressure is an effective way to control 
the development of the potential collapse region. 
 
5 Comparison with numerical simulation 

results 
 
    Because this paper proposed a new method to 
calculate the collapse region of a rectangular cavity 
roof induced by a karst cave, it is necessary to 
verify the validity of the presented method. 
Numerical simulation technique is an effective way 
to conduct comparisons with theoretical results and 
numerous scholars have used this technique to 
achieve these comparisons [19−21]. In this work, 
the finite-difference code FLAC3D is employed to 
simulate the roof collapse of rock mass for a 
rectangular cavity which induced by a karst cave. A 
numerical model with approximately 16432 zones 
and 21320 nodes is constructed which can be seen 
in Figure 8. The dimensions of this model are taken 
to be 90, 110 and 4 m in the transversal, vertical, 
and longitudinal directions. Furthermore, the 
diameter of the karst cave is 6 m and the width of 
the rectangular cavity is 30 m. Because the roof 
collapse occurs in the region between the karst cave 
and the excavated cavity, the mesh in this region is 
densified to increase the precision of the simulation. 
    The H-B yield criterion invoked in the FLAC 
is expressed by the major and minor principal 
stresses, whereas the H-B yield criterion employed 
in theoretical calculation is expressed by normal 
and shear stresses. Thus, several parameters in the 
two types of the H-B yield criterion are inconsistent. 

 

 
Figure 8 Numerical model of karst cavern existing above 
rectangular cavity 
 
To compare the upper bound solution and the 
numerical result under the same condition, the 
parameters in one type of the H-B yield criterion 
should be converted into the other type equivalently. 
The method proposed by HOEK and BROWN [22] 
is employed here to achieve the equivalent 
conversion and a set of equivalent parameters for 
the two types of the mentioned criterion are 
illustrated in Table 1. Table 2 shows the relevant 
parameters used in numerical simulation. 
    Using the parameters illustrated in Table 2, the 
collapse of the cavity roof is simulated by using the  
 
Table 1 Equivalent parameters for two types of H-B 
failure criterion 

Parameter Value 

A 0.67 

B 0.7 

σci/MPa 4 

σtm/MPa 0.04 

a 0.5 

mb 3.2855 

S 0.0334 

σci/MPa 4 

GSI 69 

Notes: a, mb, S and GSI are parameters in H-B failure criterion 
denoted by the major and minor principal stresses. 
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Table 2 Parameters used in numerical 
γ/ (kN·m−3) E/GPa μ σci/MPa a mb S 

25.0 2.3 0.32 4 0.5 3.2855 0.0334 

Notes: E is elasticity modulus; μ is Poisson ratio. 
 
model described in Figure 8. It is assumed in the 
excavation of the cavity that the rock mass at the 
excavation region is excavated instantaneously. Due 
to the excavation disturbance, a tensile (or shear) 
zone in the rock mass above the cavity crown may 
form. When the tensile (or shear) zones connect 
each other in this region, tensile (or shear) failure 
belt forms and the roof collapse above the cavity 
crown occurs. To investigate the roof collapse, the 
contours of shear strain increment for the model 
that reflect the shape and the region of the collapse 
block are obtained. It is found from Figure 9 that a 
shear failure belt which is colored green forms in 
the rock mass above the cavity roof and extends to 
the edge of the karst cavern. The shear failure belt 
is symmetric about the y-axis. To find the difference 
of the collapse surface derived from the theoretical 
calculation and the failure belt obtained from 
numerical simulation conveniently, the collapse 
surface provided from Eq. (19) is superimposed on 
Figure 9 with the equivalent parameters illustrated 
in Table 1. The shape of the collapse block provided 
by upper bound calculation is similar to the 
shear-failure belt obtained by the numerical 
simulation. Although the range of the shear-failure 
belt is larger than the analytical solution of the 
collapse region, the difference between the results 
provided by the two methods is acceptable. The 
 

 
Figure 9 Comparison of collapse region derived from 
theoretical calculation and numerical simulation 

result of the comparison between the two methods 
implies that the method presented in this paper is 
effective. 
 
6 Conclusions 
 
    For an underground cavity excavation in a 
karst terrain, the stability of rock mass above the 
excavated cavity crown is a key factor that is  
concerned  most by engineers. This paper aims to 
investigate the roof collapse of a rectangular cavity 
induced by a concealed karst cave. A failure 
mechanism constituted by arbitrary curves is 
established, and upper bound solutions of collapse 
block above a rectangular cavity crown are derived 
from the upper bound theorem in conjunction with 
variational principle. 
    The upper bound solutions of a collapse block 
are compared with the results provided by 
numerical simulation technique. The solutions 
provide by the presented method agree with the 
numerical solutions, which indicates that the 
presented method is an effective method to predict 
the potential collapse region of rock mass. 
    Furthermore, parameter analysis shows that 
increasing γ and q led to a reduction in the range of 
collapse block, whereas the greater values of A, B, 
σtm and T tended to induce a larger collapse region. 
The change rules of the collapse region varying 
with these parameters imply that the karst cave with 
large filler pressure would cause a larger scale 
collapse of rock mass whereas strengthening the 
lining structure is an effective way to prevent the 
occurrence of the rock mass collapse for deep 
cavity. 
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中文导读 
 

顶部存在隐伏溶洞的深埋地下硐室围岩塌落机理研究 
 
摘要：可靠地预测由于地下工程施工导致的围岩塌落范围是地下工程施工中遇到的一个关键问题。尤

其当地下硐室上方存在隐伏溶洞时，由于施工过程中爆破振动的影响，增大了地下硐室与隐伏溶洞之

间围岩发生垮塌的可能性。针对这一现象，利用任意线型的曲线构建了由于隐伏溶洞诱发深埋硐室顶

部围岩塌落破坏的二维破坏机制。在此基础上，基于极限分析上限定理的虚功率方程和变分法计算得

到了深埋硐室顶部围岩塌落面的解析方程，并绘制了不同参数作用下深埋硐室顶部围岩塌落面的形状

和范围。为了验证理论结果的正确性，将计算得到的围岩塌落面理论解和数值模拟得到的数值解进行

了对比。分析表明：理论解和数值解基本一致，证明本文的理论计算结果是有效的。 
 
关键词：隐伏溶洞；深埋矩形硐室；塌落机理；围岩 


