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Abstract: Present work reports chemically reacting Darcy-Forchheimer flow of nanotubes. Water is utilized as base 
liquid while carbon nanotubes are considered nanomaterial. An exponential stretchable curved surface flow is originated. 
Heat source is present. Xue relation of nanoliquid is employed to explore the feature of CNTs (single and multi-wall). 
Transformation technique is adopted in order to achieve non-linear ordinary differential systems. The governing 
systems are solved numerically. Effects of involved parameters on flow, temperature, concentration, heat transfer rate 
(Nusselt number) with addition of skin friction coefficient are illustrated graphically. Decay in velocity is noted with an 
increment in Forchheimer number and porosity parameter while opposite impact is seen for temperature. Moreover, role 
of MWCNTs is prominent when compared with SWCNTs. 
 
Key words: chemical reaction; Darcy-Forchheimer flow; exponential stretched curved surface; carbon nanomaterial; 
numerical solution 
 
Cite this article as: Tasawar HAYAT, Khursheed MUHAMMAD, Ahmed ALSAEDI, Muhammas FAROOQ. Features 
of Darcy-Forchheimer flow of carbon nanofluid in frame of chemical species with numerical significance [J]. Journal of 
Central South University, 2019, 26(5): 1260–1270. DOI: https://doi.org/10.1007/s11771-019-4085-8. 
                                                                                                             

 

 

1 Introduction 
 

Recently advancement in thermal engineering 
and industrial processing reports a direct impact to 
have more productive and conservative heat transfer 
equipments. In order to achieve such goal many 
investigations have been made by scientists and 
engineers. They found that the main factor 
responsible for advanced rate of heat transfer is the 
thermal conductance of liquids. Also they analyzed 
that solid particles have better performance in terms 
of thermal conductance than liquid particles. By 
adding these solid particles into the liquid, the 
thermal conductance can be improved. Such 
particles are known as nanoparticles. Basically 

liquids which are utilized as cooling agents for 
cooling purposes have lower thermal conductance. 
Water, kerosene oil, gasoline oil, ethylene glycol etc 
may be mentioned here. In order to enhance thermal 
conductance of such liquids by adding nano sized 
particle, the first step was taken by CHOI [1]. Such 
mixture of small (nano) sized particles and base 
liquid is referred to as nanofluid. Nano materials are 
of various shapes like spherical, blades, bricks and 
cylindrical etc. Thermal conductance of base liquid 
is highly dependent of the shape of nano sized 
particles. Tube-shaped nano sized particles 
(cylindrical shaped nano paritcles) show better 
performance in terms of improving thermal 
conductance of base liquid [2]. Nanoparticles are 
made of carbon, silver, gold, titanium etc. Nano  
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materials of carbon include two types, namely 
single-wall and multi-wall CNTs. There are 
extensive applications of CNTs like in preparation 
of bullet proof jackets, table tennis rackets, 
semiconductors, batteries, solar storages, solar 
panels, water purification plants and many more [3]. 
Time-independent squeezed flow of nanoliquid was 
explored by HAYAT et al [4]. Heat transfer in 
nanofluid flow using single and multi-wall phase 
model was investigated by TURKYILMAZOGLU 
[5]. Chemically reacting nanofluid flow with 
Newtonian heating was studied by HAYAT et al [6]. 
SHIEKHOLESLAMI et al [7] analyzed nanofluid 
flow with natural convection and magnetic field 
effects. Melting effect in nanomaterial flow by a 
variable thickened surface was examined HAYAT  
et al [8]. SOLTANI et al [9] performed an 
experimental study about nanofluid applications 
and a hybrid photovoltaic/thermoelectric system. 
Chemically reactive nanomaterial flow by a 
variable thickened sheet is deliberated by HAYAT  
et al [10]. HAYAT et al [11] explored radiative and 
chemically reactive flow of nanomaterial with 
melting heat. Entropy generation in non-linear 
radiative flow of nanofluid is presented by KHAN 
et al [12]. Melting effect in nanomaterial flow with 
chemical reactions was considered by HAYAT et al 
[13]. Chemical reactions in viscous dissipative flow 
with magnetic effect were presented by KHAN et al 
[14]. Further some related study of nanomaterial 
can be seen in Refs. [15–28]. 

Due to widespread applications the flow by 
stretching surface has been extensively discussed in 
literature. In manufacturing processes stretchable 
surface has vital impact on the finished produced 
materials. Such sheet has vast range of applications 
in spinning of fibers, production of paper, rubber 
sheets, blowing of glass, flow generated in hot 
rolling, extrusion of polymer sheets and many more. 
For such processing, the scientists and engineers 
considered various stretching velocities like 
exponential, linear and non-linear. Flow over a 
stretchable surface was initiated by CRANE [29]. 
Flow of a non-Newtonian fluid with non-Fourier 
heat flux by a stretchable surface is investigated by 
HAYAT et al [30]. SHIEKHOLESLAMI et al [31] 
explored heat transport in flow of nanofluid with 
porous medium. Three-dimensional squeezed 
Jeffrey fluid flow in a rotating frame was 
investigated by HAYAT et al [32]. Viscous fluid 

flow over a curved surface is analyzed by SAJID  
et al [33]. Viscous fluid flow over a precurved 
stretched sheet was deliberated by HAYAT et al 
[34, 35]. Time-independent flow by a curved 
stretchable sheet with magnetic field effect was 
studied by NAVEED et al [36]. Nanomaterial flow 
by a curved stretched sheet was explored by 
HAYAT et al [37]. OKETCHI et al [38] considered 
viscous fluid flow by an exponential curved 
stretchable surface. 

Chemical reactions are of two types: 1) 
homogeneous reaction, 2) heterogeneous reaction. 
In chemical reacting processing both the chemical 
reactions have vital role such as in polymers 
production, ceramics assembling, combustion, 
catalysis, food processing, handling crop harms by 
means of solidification and many more. In 
boundary layer flow isothermal chemical reaction 
was studied by MERKIN [39]. KHAN et al [40] 
analyzed chemical reactions in Darcy-Forchheimer 
flow. Melting effect in MHD chemically reactive 
flow by a stretchable surface is presented by 
HAYAT et al [41]. IMTIAZ et al [42] studied 
MHD chemically flow by a curved stretchable sheet. 
Chemically reactive three-dimensional flow along 
with double diffusion was investigated by HAYAT 
et al [43]. IMTIAZ et al [44] explored chemically 
reactive flow of ferrofluid over a curved surface. 
Chemical reactions in Sisko-fluid were elaborated 
by HAYAT et al [45]. QAYYUM et al [46] 
analyzed flow of silver and copper water based 
nano materials with chemical reactions and 
non-linear thermal radiations. Chemically reactive 
nanofluid flow with magnetic effect was presented 
by HAYAT et al [47]. Joule heating in chemically 
reactive flow with Joule heating effect was 
considered by KHAN et al [14]. 

Studying the features of fluids subjected to 
high rate of heating and cooling, the engineers and 
scientists had only paid much concentration to the 
dispersion of nano materials of Al2O3, Ag in the 
base liquids. In this paper our main aim is to 
develop analysis and modeling of high rate of 
heating or cooling by dispersing single and 
multi-wall CNTs in the base liquid known as water. 
Heat source and Darcy-Forchheimer porous 
medium are considered in flow field. Fluid flow and 
heat transport characteristics are explored in 
presence of and heat source. Exponentially curved 
stretchable surface is considered. The governing 
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expressions for flow field are solved by bvp4c (a 
MATLAB tool). Flow, rate of heat transfer, 
temperature with addition of skin friction 
coefficient under the impact of influential 
parameters are sketched graphically. 
 
2 Mathematical modeling 
 

We assume steady incompressible carbon 
nanomaterial flow by an exponentially stretchable 
surface. Flow behavior is analyzed via Darcy- 
Forchheimer porous medium. Homogeneous- 
heterogeneuos reactions are taken into account. We 
have adopted curvilinear coordinates such that 
s-axis is taken along the exponential curved 
stretched surface while r-axis is perpendicular to it 
(see Figure 1). For cubic catalysis the homogeneous 
reaction is defined as [13]: 
 

  
Figure 1 Geometry for flow field 
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Furthermore, the reaction equations guarantee 

that rate of reaction is zero in the external flow as 
well as at outer edge of the boundary layer. After 
ignoring thermal radiation and viscous dissipation, 
the flow field under mentioned assumptions 
becomes [27–32]:  
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with associated boundary conditions 
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According to Xue relations for carbon 
nanotubes we have [48]: 
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Implemented transformations are [38] 
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Continuity Eq. (3) is verified while Eqs. (4)–(8) 
give 
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The subjected boundary conditions are 
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The involved physical variables are defined by  
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Dimensional skin friction and local Nusselt 

number for the considered flow field are 
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while in dimensionless form: 
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where fws / vsURe  presents the local Reynolds 
number. 
 
3 Solution via bvp4c 
 

We have solved nonlinear ODEs numerically 
with the help of bvp4c technique. This method 
solves first order ODEs. That is why we have 
converted these higher order ODEs along with 
boundary conditions into first order ODEs. Thus we 
adopted procedure as [49, 50]: 
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while the boundary conditions are z0(0)=0, z01(0)=1, 
z11(0)=1, z21(0)=K*

2z2(0), z02→0, z01→0, z1→0, 
z21→0, as η→∞. 

The above system of first order ODE’s is 
further solved by finite difference scheme which 
follows the three-stage Lobatto IIIa formula in 
MATLAB software. 
 
4 Description 
 

This section reports the variations of involved 
variables on temperature, flow, concentration, local 
Nusselt number and skin friction coefficient.  
Figure 1 represents the schematic diagram for the 
flow field. Figures 2–6 present the variation in 
velocity via , γ, Fr* and λ* respectively. It has been 
deliberated that velocity enhances through 
increment in , while γ decrement has been noticed 
for higher Fr* and λ*. It is due to the fact that 
increment in γ leads to enlargement in radius of 
curved surface and thus a large number of particles 
are stuck with the surface due to the fact that 
increment in velocity is observed. Similarly, larger 
Fr* corresponds to generation of higher drag forces 
 

 
Figure 2 f ′ via  

 

 
Figure 3 f ′ via γ 
 

 
Figure 4 f ′ via Fr 

 

 
Figure 5 f ′ via λ* 
 
(resistive forces) and as a result of these forces the 
fluid velocity decreases. Increment in λ* 
corresponds to the presence of more porous space 
due to the fact that more resistance is experienced 
by the fluid which degrades fluid velocity. 
Temperature of fluid via , Fr*, λ, δ and A are 
designed in Figures 7–10, respectively. 
Enlargement in , Fr*, λ*and δ leads to increment in 
fluid temperature. Furthermore, multi-wall CNTs 
dominates over single-wall  CNTs. Higher  
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Figure 6 θ via  
 

 
Figure 7 θ via Fr* 
 

 
Figure 8 θ via λ* 
 
corresponds to larger thermal conductivity of base 
liquid. Temperature of fluid particles enhances 
gradually, which results an increment in velocity of 
fluid. Similarly, Fr* produces more resistive force 
between the particles of fluid and is responsible for 
the enhancement of temperature. Increment in 
porous space occurs with increase in λ*, which 
results in more resistance to the fluid flow. Hence 
decay in temperature occurs. Increment in δ leads 

 

 
Figure 9 θ via  δ 

 

 
Figure 10 θ via A 

 
to increase in temperature. Physically δ>1 
demonstrates that Tw>T∞. i.e., more heat transfer 
occurs from curved surface towards fluid and 
consequently there is an enhancement of fluid 
temperature. Multi-wall CNTs are dominant over 
single-wall CNTs. Figures 11–13 are displayed for 
the variation in concentration due to higher K*

1, K*
2 

and Sc. It is noticed that concentration raises while 
 

 
Figure 11 g via Fr*  
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Figure 12 g via K*

2  

 

the corresponding penetration depth declines for 
larger Sc. Sc is ratio of mentum diffusivity to mass 
diffusivity. Thus higher Sc leads to decay in mass 
diffusion, as a result enhancement of concentration 
occurs. Figure 14 is drawn for variations in skin 
friction coefficient via , γ, Fr* and λ*. Skin friction 
is lager for higher , Fr* and λ* while opposite 
behavour is examined for larger γ. Figure 15 is 

 

 
Figure 13 g via Sc 

 

labelled for the variation of local Nusselt number 
via , δ, A and γ. Reduction in Nusselt number is 
seen for higher  while opposite trend has been 
observed for larger γ, Fr* and λ*. Multi-wall CNTs 
show dominating features when compared with 
single-wall CNTs. Thermophysical features of the 
base liquids (water) and nanomaterials are 
presented in Table 2. 

 

 
Figure 14 Cf variations vs  (a), γ (b), Fr* (c) and λ* (d) 
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Figure 15 Nus variations vs  (a), δ (b), A (c) and γ (d) 

 
Table 2 Physical characteristics of CNTs and water [11] 

Material 
ρ/ 

(kgꞏm–3) 
cp/ 

(Jꞏkg–1ꞏK–1) 
k/ 

(Wꞏm–1ꞏK–1) 

Base fluid Water 997.1 4179 0.613 

Nanoparticles 

Single-wall 
CNTs 

2600 425 6600 

Multi-wall 
CNTs 

1600 796 3000 

 
5 Conclusions 
 

1) An intensification in velocity occurs for 
higher values of  and γ while reduction in velocity 
is observed for larger Fr* and λ*.  

2) Temperature of fluid enhances with 
enlargement in  , Fr*, λ*, δ and A.  

3) Larger K*
1 reduces concentration while it 

enlarges with an increment in λ*, K*
2 and Sc. 

4) Increment in skin friction occurs via  , Fr* 
and λ* where it reduces for larger γ.  

5) Heat transfer rate is higher for δ, A and γ 
while it reduces for larger  

6) Impacts of multi-wall CNTs on local 
Nusselt number as well as skin friction coefficient 

are more than those of single-wall CNTs. 
7) Cooling process of can be regulated by 

higher A and γ. 
8) Flow can be controlled via larger Fr* and λ*. 
9) In future one may study CNTs based flow 

with entropy production through viscous or 
non-Newtonian fluids. 

10) Cavity flow in this direction can also be 
examined. 
 
Nomenclature 
u, v Components of velocity 

μf Dynamic viscosity of baseliquid 

vf Kinematic viscosity of base liquid 

Uw Surface stretching velocity 

a Positive constant 

fnf Thermal conductivity of nanoliquid 

(cp)f Specific heat of base liquid 

k*
p Porous medium permeability 

Tf Temperature of hot fluid 

Fr* Forchheimer number 

h* Heat transfer coefficient 
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θ Dimensionless temperature 

(cp)nf Specific heat of nanofluid 

η Dimensionless variable 

Pr Prandtl number 

CNTs Carbon nanotubes 

k1, k2 Rate constants 

F*
1 Homogeneous reaction parameter 

F*
2 Heterogeneous reaction parameter 

m Behavior index 

Res Local Reynolds number 

τw Wall shear stress 

A1, B1 Chemical species 

Sc Schmidt number 

s, r Curvilinear coordinates 

ρf Base fluid density 

1 Porosity of porous medium 

c*
b Drag coefficient 

vnf Kinematic viscosity 
Of nanoliquid 

kf Base liquid thermal conductivity 

αf Thermal diffusivity of base liquid 

p Pressure 

T∞ Temperature of the ambient fluid 

P Dimensionless pressure 

F* Non-uniform inertia coefficient of
porous medium 

 Nanoparticle volume fraction 

αnf Thermal diffusivity of nanofluid 

Q* Heat source coefficient 

kCNT Thermal conductivity of CNTs 

γ Curvature parameter 

DA1, DB1 Diffusion coefficient of species A1 B1 

g Concentration 

ε Ratio of diffusion coefficients 

f ′ Dimensionless velocity 

δ Heat source parameter dimensionless 

λ* Porosity parameter 

a1, b1 Concentration of species A1 and B1 
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中文导读 
 

碳纳米流体的 Darcy-Forchheimer 流体特征在化学物质框架中的数值意义 
 
摘要：本文对碳纳米管中发生的 Darcy-Forchheimer 流体化学反应进行了研究。当碳纳米管被认为是

纳米材料时，使用水作基液，由于指数拉伸弯曲表面流动的产生而出现热源。采用纳米液体的薛氏关

系式研究了碳纳米管(单壁、多壁碳纳米管)的特性。利用变换技术得到非线性常微分方程，对控制系

统进行数值求解。用图示说明所涉及的参数在增加表面摩擦系数的情况下，对流动、温度、浓度、热

传递速率(Nusselt 数)的影响。速度随着 Forchheimer 数和孔隙度的增大而减慢，但温度则呈相反的趋

势。与单壁碳纳米管相比，多壁碳纳米管的作用更显著。 
 
关键词：化学反应；Darcy-Forchheimer 流体；指数拉伸曲面；碳纳米材料；数值解 


