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Abstract: A dynamic model of a helical gear rotor system is proposed. Firstly, a generally distributed dynamic model of 
a helical gear pair with tooth profile errors is developed. The gear mesh is represented by a pair of cylinders connected 
by a series of springs and the stiffness of each spring is equal to the effective mesh stiffness. Combining the gear 
dynamic model with the rotor-bearing system model, the gear-rotor-bearing dynamic model is developed. Then three 
cases are presented to analyze the dynamic responses of gear systems. The results reveal that the gear dynamic model is 
effective and advanced for general gear systems, narrow-faced gear, wide-faced gear and gear with tooth profile errors. 
Finally, the responses of an example helical gear system are also studied to demonstrate the influence of the lead crown 
reliefs and misalignments. The results show that both of the lead crown relief and misalignment soften the gear mesh 
stiffness and the responses of the gear system increase with the increasing lead crown reliefs and misalignments. 
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1 Introduction 
 

The helical gear transmission system is one of 
the most important and popular systems for motion 
and power transmission. Dynamic analysis is 
important and necessary in describing noise and 
durability characteristics of gear systems, and the 
special geometrical parameters of gears will 
influence the dynamic characteristics. Therefore, a 
relatively accurate dynamic model for prediction of 
vibration characteristics is necessary to analyze the 
vibration, noise and durability of gear systems, and 
to identify potential solutions to other problems. 

Mesh stiffness and transmission error are the 

two important internal excitation sources of gear 
systems, which have attracted the attention of many 
researchers over the years [1–8]. In the simpler 
models, the gear mesh stiffness was assumed to be 
constant. In common models, a rectangular stiffness 
variation was used to represent a spur gear and a 
sinusoidal stiffness variation was used to represent 
a helical gear [9]. In recent years, more and more 
precise mesh stiffness models were established. 
WEBER [10] and YANG et al [11] proposed a 
model for calculating the mesh stiffness of a spur 
gear pair in which the tooth was considered a 
cantilever beam. In their model, the tooth stiffness 
was calculated by the potential energy method and 
the total stiffness of a gear pair included the  
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bending stiffness, axial compressive stiffness and 
Hertzian contact stiffness. Based on WEBER and 
YANGs’ work, CHEN et al [12, 13] established a 
mesh stiffness model of a spur gear pair with tooth 
profile modification and tooth root crack. MA et al 
[14, 15] and WAN et al [16] developed a mesh 
stiffness model taking the misalignment of gear root 
circle and base circle into account. For a helical 
gear pair, LI [17–19] and WEI et al [20] calculated 
the gear mesh stiffness and transmission error by 
the finite element method with manufacturing 
errors, assembly errors and the tooth profile 
modifications. Taking the load distribution 
non-uniform into account, WANG et al [21] 
presented an analytical mesh stiffness model using 
the thin slice theory. This model was effective for 
the tooth with tip relief, root relief, lead crown 
relief and misalignment. The effective mesh 
stiffness distribution had been proposed with tooth 
profile errors. From the above, more and more 
geometrical parameters are considered in analyzing 
the gear mesh stiffness. 

Based on the existing literature on gear mesh 
stiffness excitation, many researchers studied the 
dynamic models of gear systems, and a 
comprehensive review of these models had been 
summarized in Ref. [22]. ANDERSSON et al [23] 
developed a classic torsional model of a gear pair in 
which the gear mesh stiffness was calculated by the 
finite element method. Most of the researches 
focused on flexural-torsional coupling gear 
dynamic models [24–29]. Free and forced vibration 
characteristics of spur and helical gears were 
analyzed using these models and the results 
revealed a strongly coupling between flexural and 
torsional vibrations. A group of studies [30–34] 
researched the dynamic characteristics of helical 
gear systems in which a twelve degrees of freedom 
dynamic model of the helical gear model was 
presented. The results showed the complex 
coupling amongst the transverse, torsional and axial 
motions of gears. NISHINO [35, 36] and 
ERITENEL et al [37, 38] presented an integrated 
model of a helical gear system. The gear mesh on 
the contact lines was reduced to two stiffnesses: a 
translational one and a twist one. VELEX et al [39] 
introduced a mathematical model for analyzing the 
gear dynamic characteristics with tooth profile 
errors. Each contact line on the action plane was 
discretized in independent elementary cells with 

constant stiffness. The stiffness was equal to a 
constant when the elementary cell is in contact; 
otherwise, it is equal to zero. 

In most of the previous works, there is seldom 
researched on the gear dynamic characteristics by 
simulating the actual gear mesh process and using 
the actual gear mesh stiffness excitation. In fact, the 
gear mesh stiffness is softened by tooth profile 
errors. Therefore, the main objective of this study is 
to present a general dynamic model of a gear 
system in which the gear mesh can be represented 
by a pair of cylinders connected by a series of 
springs and the stiffness of each spring is equal to 
the effective mesh stiffness of the sliced tooth pair 
based on our earlier work [21]. What’s more, 
dynamic responses by the proposed method will be 
presented and compared to the common method in 
Ref. [33] to validate correctness and advancement 
of the proposed method. Finally, dynamic responses 
of a gear system are also analyzed to demonstrate 
the effects of the tooth profile deviations and 
assembly errors. 

This work consists of four sections. Reviews 
on the gear mesh stiffness models and gear dynamic 
models are listed in introduction. In Section 2, a 
gear dynamic model of a gear system is presented. 
The gear mesh is approximated as a pair of 
cylinders connected by a series of springs. Shafts 
and bearing flexibility are included in the model as 
well. Then, section 3 validates the correctness and 
advancement of the proposed method and studies 
the effect of tooth shape deviations and assembly 
errors on dynamic responses. Finally, conclusions 
are drawn in section 4. 
 
2 Theory 
 
2.1 Basic theory 
2.1.1 Instantaneous contact lines 

Figure 1 shows the mesh behavior of a helical 
gear. The blue lines represent the contact lines 
under different mesh positions. The contact line of 
the pinion moves its operating location from the 
root of one end of the tooth face S to the tip of the 
other end E during the mesh process. Therefore, it 
is important to determine the instantaneous contact 
lines. A spur gear is in fact a special case of a 
helical gear when the helix angle becomes zero. So, 
a helical gear, shown in Figure 2, can be 
approximated as a series of spur gear slices whose 



J. Cent. South Univ. (2018) 25: 287–303 

 

289

 

 

 
Figure 1 Mesh behavior of a helical gear 

 

 
Figure 2 Sliced tooth model 

 
face width is relatively small. The red dash lines 
represent the end faces of those sliced teeth. The 
instantaneous contact lines can be calculated by 
determining whether the sliced tooth pair is in 
mesh. 

The instantaneous pressure angle of each 
sliced tooth in mesh is different and can be 
calculated as follows: 

 
1, 2,arc tan( )i n n                          (1) 

 
where φ1,n and φ2,n (n=1, 2 represent the pinion and 
gear respectively) of each sliced tooth pair can be 
expressed as follows: 
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where k is the tooth pair number in mesh 

simultaneously (k=1, ···, Ceil(ε) for different tooth 
pairs and ε is contact ratio of the helical gear pair. 
The Ceil function returns the value of a number 
rounded upwards to the nearest integer); a denotes 
the center distance of the gear pair; bi is the 
coordinate of the sliced tooth along the axial 
direction and locates at the center of each slice; rb1 
and rb2 are the base circle radii of the pinion and 
gear respectively; z1 and z2 are the numbers of the 
pinion and gear teeth respectively. φ12 represents the 
transverse operating pressure angle of the gear pair; 
φ0 denotes the instantaneous roll angle of the first 
pinion tooth in mesh at the center of the tooth 
(bi=0). 
 

 0 0  1 1mod ,2b t z                       (4) 
 
here mod function returns the modulus after 
division of Ω1t by 2π/z1; Ω1 is the rotating speed of 
the pinion; t is for time; φ0b is the minimum of the 
φ0 and can be expressed as follows: 
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where B is the face width of the gear; 1 1N B  is 
shown in Figure 3; βb represents the base helix 
angle of the gear pair. Considering the hand of the 
pinion, helix angle βb is defined as follows: 
 

0, if  pinion has left hand teeth

0, if  pinion is a spur gear 

0, if  pinion has right hand teeth
b
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As shown in Figure 3, when a sliced tooth pair 

i is in mesh, the instantaneous pressure angle must  
 

 
Figure 3 Action line of a gear pair 



J. Cent. South Univ. (2018) 25: 287–303 

 

290

 

be between the τb and τe. τb and τe are the minimum 
and maximum pressure angles of the gear pair, 
respectively, and can be written as follows: 

 

1 1 1
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N B B B r





 


 
               (7) 

 
where 1 2N N  is the theoretical action line of the 
gear pair; 1 2B B  is the actual action line of the gear 
pair. By analyzing the instantaneous pressure angles 
of all the sliced tooth pairs, the contact lines can be 
determined. An example of contact lines of a helical 
gear pair is shown in Figure 4. It reveals that the 
contact lines vary under different mesh positions. 
 

 
Figure 4 Contact lines of an ideal helical gear pair under 

different mesh positions [21] 

 

2.1.2 Tooth profile errors 
Tooth profile errors are separated into tooth 

profile modification, lead crown modification, 
misalignment and so on. The tooth profile 
modification has been studied in many researches 
[2, 3, 13]. So, the lead crown relief and 
misalignment are only studied in this work. The 
lead crown relief and misalignment will affect the 
mesh stiffness and transmission error excitations 
and further affect the vibration characteristics of a 
gear system. 

Figure 5 shows a schematic of the infinitely 
expanded ridge curve. The lead crown relief is close 
to the curve defined by polynomial functions. Mesh 
stiffness and transmission error excitation model 
were developed in Ref. [21] by the lead crown 
relief. 

 

 
Figure 5 Tooth lead crown relief 

 
The misalignment error on the action plane is 

shown in Figure 6. The effective relative 
misalignment between the pinion and gear shafts 
was introduced in Ref. [21]. And the mesh stiffness 
and transmission error excitation model were also 
developed in Ref. [21] with the misalignment. 
 

 
Figure 6 Misalignment error on action plane 

 
2.2 Dynamic model 

As shown in Figure 7, a coupled three- 
dimensional model of a helical gear rotor system is 
presented in this study. The system consists of 
shafts, flexible bearings and gears. Rotating shafts 
can be modeled as Timoshenko beams with effects 
of shear deformation and gyroscopic moment taken 
into account. The stiffness, mass and gyroscopic 
matrices of each beam element were given in Ref. 
[29]. The cross terms and the damping of the 
bearings are ignored. So, the rolling bearings are 
 

 
Figure 7 Model of a helical gear rotor system 
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modeled as a stiffness form and the stiffness matrix 
was written in Ref. [34]. 
2.2.1 Dynamic gear mesh model 

In the common gear mesh models [33, 34], 
shown in Figure 8, the gears are connected to each 
other by a linear spring on the action plane (a plane 
tangent to both base cylinders). The motion 
equations in θx and θy directions only contain the 
gear mesh force component along the axial 
direction of gears (Fsinβb). In those models, it is 
assumed that the load distribution along the face 
width of a gear is uniform. So, the other gear mesh 
force component (Fcosβb) can be ignored. 
 

 
Figure 8 A common gear mesh model 
 

In fact, for the helical gear and gear with tooth 
profile errors, the load distribution along the face 
width of a gear is non-uniform. And a bigger 
flexural vibration in θx and θy directions may be 
caused by the non-uniform load distribution. 
Against the above problem and taking accurate 
force arms into account, a general distributed gear 

dynamic model is developed. As shown in Figure 9, 
the system is formed by the pinion and gear. The 
gear mesh can be represented by a pair of cylinders 
connected by a series of springs. a is the center 
distance of the gear pair. o1 and o2 denote the 
centers of the pinion and gear. Ω1 and Ω2 are the 
rotating speeds of the pinion and gear. rb1 and rb2 
are the base circle radii of the pinion and gear, 
respectively. T1 and T2 are the torques applied to the 
pinion and gear, respectively. βb represents the base 
helix angle and is defined in Eq. (6). A relative 
position angle α12 (0≤a12<2π) can be made by the 
line connecting the gear centers and the positive 
x-axis of the pinion. 

With α12 defined, the angle between the action 
plane and the positive y-axis becomes ψ12 (see 
Figure 9) and is defined as follows: 
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     (8) 

 
where φ12 represents the transverse operating 
pressure angle of the gear pair. e

ik  is the effective 
mesh stiffness of each spring which is dependent on 
the gear mesh position and can be calculated as 
follows: 
 

e
i i ik k kcf                                (9) 

 
here ki is the mesh stiffness of the spring i; kcfi 
(0≤kcfi≤1) is the effective stiffness factor of the 
spring i and can be calculated by our earlier work 
[21], where the stiffness model is developed by the 
sliced method with the tooth profile errors. 

Taking the influence of the rotating direction 
of the pinion into account, a sign function is 
introduced as follows: 

 

 
Figure 9 Dynamic model of a helical gear pair: (a) Three-dimensional model; (b) Projection drawing in z-direction 
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The displacement vector of a gear pair can be 

defined as follows:  
T

12 1 1 1 1 1 1 2 2 2 2 2 2[ , , , , , , , , , , , ]x y z x y zx y z x y z     X  

(11)  
where x, y, θx and θy represent the flexural degrees 
of freedom; z is the axial degree of freedom; θz is 
the torsional degree of freedom. With six degrees of 
freedom for each gear, the gear pair has a total of 
twelve degrees of freedom that define the coupling 
between the two shafts holding the gears. From the 
equilibriums of the force, flexural moment and 
torque for each gear, undamped equations of motion 
for a gear pair can be expressed as follows:  
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where N is the number of springs in mesh 
simultaneously; m1 and m2 are the masses of the 
pinion and gear, respectively; I1 and I2 represent the 
moments of inertia for the pinion and gear, 
respectively; J1 and J2 represent the polar moments 
of inertia for the pinion and gear, respectively; τi is 
the instantaneous pressure angle of each spring and 
can be calculated by Eq. (1); bi and ci of each spring 
are defined in Figure 9; li is the relative 
displacement of each spring in a direction normal to 
the tooth contact surface and is defined as follows:  
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here, NLTE is no load transmission error which is a 
displacement excitation and given in Ref. [2]. 

Substituting Eq. (13) into Eq. (12), motion 
equations of a gear pair can be written in matrix 
form as follows:  

12 12 12 12 12 e  M X K X F F                 (14) 
 
where the mass matrix of the gear pair is given as 
follows:  
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The mesh stiffness matrix of the gear pair can 
be expressed as follows:  

T
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The external vectors of the gear pair are 
defined as follows: 

 
T
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Then, the instantaneous dynamic mesh force of 

each spring can be written as follows: 
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The dynamic mesh force of the gear pair is 
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2.2.2 Motion equations of a helical gear rotor 

system 
The motion equation of system can be 

obtained by assembling equations of each 
component, and it can be expressed as follows: 

 
( ) Mu + C + G u + Ku = F                    (22) 

 
where u is the state vector; F represents external 
force vector and is defined by Eqs. (18) and (19); M, 
C, G and K are the system mass, damping, 
gyroscopic and stiffness matrices, respectively. The 
total stiffness matrix of the system can be 
assembled by the way of Figure 10. Damping 
values of gear, bearing and shaft are not known in 
most cases even in the final stages of gear design. 
Therefore, for practical engineering purposes, the 
Rayleigh-type damping is used [34]. 
 

 
Figure 10 Schematic diagram of assembled stiffness 

matrix for a gear system 

2.3 Solution 
According to the previous theory, the dynamic 

model of a gear rotor system considering the effects 
of tooth profile errors and assembly errors can be 
developed by the Matlab software. A flow chart of 
the computational procedure for a specific 
rotational speed is shown in Figure 11. At the first 
step, the effective mesh stiffness distribution and no 
load transmission error are determined with tooth 
profile errors and assembly errors according to  
Ref. [21]. The second step is to develop the 
dynamic model of the gear rotor system using the 
effective mesh stiffness distribution and no load 
transmission error calculated in previous step. Then 
the motion equation of the system, Eq. (22), can be 
solved numerically by a Newmark-β method. The 
whole process is repeated in the next time-step until 
the response converged. By analyzing the same gear 
rotor system for different rotational speeds, the 
structure dynamic responses can be detected. 
 
3 Results and discussions 
 
3.1 Simulation results 

The purposes of this section are to analyze and 
compare the dynamic responses by the proposed 
gear dynamic model and the common gear dynamic 
model in Ref. [33]. Three cases are performed and 
the three cases use the same rotor system defined in 
Figure 7 and Tables 1–3. The gear parameters of the 
three cases are listed in Table 4. Case 1 is a 
narrow-faced helical gear rotor system with the face 
width B=16 mm. Case 2 is a wide-faced helical gear 
rotor system with the face width B=50 mm. Case 3 
is a helical gear rotor system with tooth profile 
errors. The gear parameters are the same as case 2 
and the parameters of tooth profile errors are listed 
in Table 2. 
3.1.1 Case 1 

Case 1 is a narrow-faced helical gear rotor 
system when the face width of the gear B=16 mm. 
The parameters of the system are defined in  
Tables 1–4. The error distribution and effective 
stiffness distribution are calculated by our earlier 
work [21]. And the results are shown in Figure 12. 
Each solid blue line in the waterfall diagram shows 
the instant error distribution and effective stiffness 
distribution along the contact line for a certain mesh 
position. 
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Figure 11 Simulation process 

 
Table 1 Parameters of rotor system 

Segment 

Shaft dimension/mm 

Shaft 1  Shaft 2 

OD ID L  OD ID L 

1 26 0 110  32 0 84 

2 34 0 60  40 0 135 

3 48 0 52  32 0 84 

4 58 17 100     

5 40 17 90     

 
Table 2 Lumped mass parameter 

m/kg Ix=Iy/(kg·mm2) Iz/(kg·mm2) 

0.5185 372 709 

0.9969 956 1850 

 
Table 3 Bearing parameter 

kxx/ 
(N·m–1) 

kyy/ 
(N·m–1) 

kzz/ 
(N·m–1)

kθxθx/ 
(N·m·rad–1) 

kθyθy/ 
(N·m·rad–1)

2×108 2×108 108 105 105 

 

Using the proposed gear dynamic model and 
the common dynamic model in Ref. [33] 
respectively, the dynamic responses of the gear 
rotor system are analyzed. Amplitude frequency 
responses of the pinion and gear in y, θx and θz 
directions by the two different methods are shown 
in Figure13. The resonance peaks of the pinion at  

Table 4 Gear parameters of three cases 

Parameter Case 1 Case 2 Case 3 

Face width/mm 16 50 50 

Number of teeth on pinion 21 21 21 

Number of teeth on gear 49 49 49 

Normal pressure angle/(°) 20 20 20 

Helix angle/(°) 20 20 20 

Module/mm 5 5 5 

Hand of pinion Left Left Left 

Applied torque/(N·m) 500 500 500 

Relative position angle/(°) 21.17 21.17 21.17 

Rotating direction of 
pinion 

Counter- 
clockwise 

Counter- 
clockwise 

Counter-
clockwise

Elastic modulus/1011 Pa 2.06 2.06 2.06 

Poisson ratio 0.3 0.3 0.3 

Material density/(kg·m–3) 7850 7850 7850 

Amplitude of the tip 
relief/μm 

0 0 15 

Length of the tip relief/μm 0 0 2000 

Lead crown relief/μm 0 0 8 

Misalignment on pinion, 
θx/(°) 

0 0 –0.02 

 

700, 1050, 1400, 2100, 2800, 4200, 5600 and  
6600 r/min are evident from this figure. The 
resonance frequencies occur when the gear mesh 
frequency fm is equal to f1/2, f3/2, f1, f3, 2f1, 2f3, 4f1 
and 2f6. It reveals that the super-harmonic and sub-  
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Figure 12 Gear pair of case 1: (a) Error distribution; (b) Effective stiffness distribution 

 

 
Figure 13 Dynamic responses of case 1: (a) Responses of pinion in y direction; (b) Responses of gear in y direction;  

(c) Responses of pinion in θx direction; (d) Responses of gear in θx direction; (e) Responses of pinion in θz direction;   

(f) Responses of gear in θz direction 
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harmonic resonances may occur considering the 
effects of the time-varying mesh stiffness and no 
load transmission error by both the two methods. 

As shown in Figure 13, the responses by two 
different models are very close except the response 
in θx direction of the gear. The results show that the 
proposed model is correct and both the two models 
are effective for dynamic analysis of a narrow-faced 
helical gear rotor system. In addition, the responses 
in θx direction have a big error between the two 
models. This is because shaft 2 is symmetric about 
the installation position of the gear and shaft 1 is 
asymmetric about the installation position of the 
pinion. Due to static deformations of the shafts, it is 
misalign between the pinion and gear and the gear 
engagement has the leaning load. The proposed 
model is useful for the gear pair with the leaning 
load and it cannot be considered in the model of 
Ref. [33]. 

In general, both the two models are effective 
for dynamic analysis of a narrow-faced helical gear 
rotor system. 
3.1.2 Case 2 

Case 2 is a wide-faced helical gear rotor 
system when the face width of the gear B=50 mm. 
The parameters of the system are defined in  
Tables 1–4. The error distribution and effective 
stiffness distribution are shown in Figure 14. 

Using the proposed gear dynamic model and 
the common dynamic model in Ref. [33] 
respectively, the dynamic responses of the gear 
rotor system are analyzed. Amplitude frequency 
responses of the pinion and gear in y, θx and θz 
directions by the two different methods are shown 
in Figure 15. It also reveals that the super-harmonic 
and sub-harmonic resonances may occur 
considering the effects of the time-varying mesh 

stiffness and no load transmission error by both the 
two models. As shown in Figure 15, the responses 
by the two different models have a big error. This is 
because the proposed model incorporated non- 
uniform load distribution along contact line and the 
misalignment. And those factors could not be taken 
into account in the model of Ref. [33]. In general, 
for a wide-faced helical gear rotor system, the 
proposed model is effective and the model of   
Ref. [33] cannot predict accurately dynamic 
responses of a gear rotor system. 
3.1.3 Case 3 

Case 3 is a wide-faced helical gear rotor 
system with tooth profile errors. The parameters of 
the system are defined in Tables 1–3. The tooth 
profile error parameters are also listed in Table 4. 
The error distribution and effective stiffness 
distribution of the gear with tooth profile errors are 
analyzed by our earlier work [21] and the results are 
shown in Figure 16. Each solid blue line in the 
waterfall diagram shows the instant error 
distribution and effective stiffness distribution along 
the contact line for a certain mesh position. The 
tooth profile errors contain the tip relief, lead crown 
relief and misalignment. So, the error distribution 
and effective stiffness distribution are non-uniform. 

Using the stiffness and error excitations with 
ideal tooth profile in Figure 14 and those with tooth 
profile errors in Figure 16, the dynamic responses 
of the gear rotor system with ideal tooth profile and 
tooth profile errors are analyzed respectively by the 
proposed gear dynamic model. Amplitude 
frequency responses of the pinion and gear in y, θx 
and θz directions by the ideal tooth profile and tooth 
profile errors are shown in Figure 17. The solid 
lines are the dynamic responses of the gear system 
with ideal tooth profile, and the dash lines are the 

 

 
Figure 14 Gear pair of case 2: (a) Error distribution; (b) Effective stiffness distribution 
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Figure 15 Dynamic responses of case 2: (a) Responses of pinion in y direction; (b) Responses of gear in y direction;  

(c) Responses of pinion in θx direction; (d) Responses of gear in θx direction; (e) Responses of pinion in θz direction;   

(f) Responses of gear in θz direction 

 

 
Figure 16 Gear pair of case 3: (a) Error distribution; (b) Effective stiffness distribution 
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Figure 17 Dynamic responses of case 3: (a) Responses of pinion in y direction; (b) Responses of gear in y direction;  

(c) Responses of pinion in θx direction; (d) Responses of gear in θx direction; (e) Responses of pinion in θz direction;   

(f) Responses of gear in θz direction 

 

dynamic responses of the gear system with tooth 
profile errors. In Figure 17, the dynamic responses 
by different tooth profile errors have a small error. 
But for an accurate dynamic analysis of a gear 
system, the tooth profile errors should be included. 

As explained above, the results show that the 
proposed dynamic model is effective and advanced 
for general gear systems, narrow-faced gear, 
wide-faced gear and gear with tooth profile errors. 
Especially for the wide-faced gear and gear with 

tooth profile errors, the proposed model is more 
accurate than the model in Ref. [33] for dynamic 
analysis. 
 

3.2 Influence of some parameters 
In the previous section, it is demonstrated that 

the model is effective and advanced for dynamic 
analysis of gear rotor systems. In this section, 
parametric studies are performed for several design 
parameters in order to study their influence on the 
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overall behavior of the gear rotor system. The 
helical gear rotor system, case 2 in section 3.1, is 
used to predict the dynamic responses. 
3.2.1 Influence of the lead crown relief 

Using the proposed method, the effective 
stiffness distribution and dynamic responses of the 
gear system are analyzed with various lead crown 
relief Cβ=0, 20, 40, 60 µm on both the pinion and 
gear. Figure 18 shows the effective stiffness 
distribution while Cβ=0 and Cβ=40 µm. Each line in 
the waterfall diagram shows the instant effective 
stiffness distribution for a certain mesh position. 

Figure 18(a) shows the stiffness distribution of the 
gear with ideal tooth profile. As shown in    
Figure 18(b), there is partial effective stiffness 
equal to zero because parts of the tooth surface are 
out of contact. The mesh deformation is not large 
enough to compensate for the separation from the 
tooth profile errors due to the lead crown relief. In 
addition, due to static deformation of the shafts, the 
stiffness distribution is asymmetric along face 
width. 

In Figure 19, dynamic responses of the pinion 
and gear in different directions are plotted against  

 

 
Figure 18 Effective stiffness distributions under different lead crown reliefs: (a) Cβ=0 µm; (b) Cβ=40 µm 

 

 
Figure 19 Dynamic responses of pinion and gear under different lead crown reliefs: (a) Responses of pinion in y 

direction; (b) Responses of gear in y direction; (c) Responses of pinion in θz direction; (d) Responses of gear in θz 

direction 
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the input speed for different lead crown reliefs. It 
reveals that the super-harmonic and sub-harmonic 
resonances occur considering the time-varying 
mesh stiffness and no load transmission error 
excitations. The responses increase with the 
increasing lead crown reliefs. This is because the 
lead crown relief softens the gear mesh stiffness. 
For vibration and noise-deduction, the lead crown 
relief is expected as small as possible. But the small 
lead crown relief may lead to edge contact and 
stress concentration. Therefore, in some practical 
design cases, a tradeoff should be made between the 
vibration and edge contact by applying the lead 
crown relief. 
3.2.2 Influence of misalignment 

In this section, the influence of the 
misalignment on dynamic responses is studied. 
Effective stiffness distribution and dynamic 
responses of the helical gear rotor system, case 2 in 
Table 4, are analyzed when the gear pair has the 
misalignment errors of the pinion shaft. Figure 20 
shows effective stiffness distributions when the 
misalignment θx1=0° and θx1=0.06°. Each line in the 
waterfall diagram shows the instant effective 
stiffness distribution for a certain mesh position. 
Due to static deformation of the shafts, it is 
misalign between the pinion and gear. Figure 20(a) 
shows the stiffness distribution of the gear with 
ideal tooth profile. In Figure 20(b), there is partial 
effective stiffness equal to zero due to the 
misalignment. This is because tooth contact patterns 
have been changed by the misalignment. Since 
tooth side heavier contacts make the tooth loads 
concentrate on one of the tooth side and the other 
tooth side is separate due to the misalignment. 

Figure 21 shows dynamic responses of the 
pinion and gear in different directions for the 
different misalignments. It reveals that the dynamic 

responses become larger when the misalignment 
errors of the gear become greater. This is because 
the misalignment softens the gear mesh stiffness. In 
addition, the misalignment leads to edge contact 
and stress concentration on the tooth side. In 
summary, the misalignment is harmful to not only 
the vibration but also contact stress. Therefore, in 
some practical design cases, the misalignment 
should try to be avoided in the gear rotor system. 

 
4 Conclusions 
 

A dynamic model of a helical gear rotor 
system is developed in this work. Then the dynamic 
responses are analyzed by the proposed method. 
The conclusions drawn from the study may be 
summarized as follows: 

1) A distributed dynamic model of a helical 
gear pair is developed with tooth profile errors. The 
gear mesh is represented by a pair of cylinders 
connected by a series of springs and the stiffness of 
each spring is equal to the effective mesh stiffness. 
The model has the capability of including some 
relevant parameters, such as tooth profile errors, 
misalignment, pressure angle, helical angle, 
installation angle, face width of a gear and rotating 
direction of the gear. Then three cases are presented 
to analyze the dynamic responses of gear rotor 
systems. The results show that the model is 
effective and advanced for general gear rotor 
systems, narrow-faced gear, wide-faced gear and 
gear with tooth profile errors. Especially for the 
wide-faced gear pair and gear with tooth profile 
errors, the proposed model is more accurate for 
dynamic analysis. 

2) The effects of the lead crown reliefs and 
misalignments on the dynamic responses of a 
helical gear rotor system are also studied. It reveals 

 

 
Figure 20 Effective stiffness distributions under different misalignments: (a) θx1=0°; (b) θx1=0.06° 
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Figure 21 Dynamic responses of pinion and gear under different misalignments: (a) Responses of pinion in y direction; 

(b) Responses of gear in y direction; (c) Responses of pinion in θz direction; (d) Responses of gear in θz direction 

 

that the super-harmonic and sub-harmonic 
resonances may occur considering the time-varying 
mesh stiffness and no load transmission error 
excitations. Both of the lead crown relief and 
misalignment soften the gear mesh stiffness. The 
responses of the gear increase with the increasing 
lead crown reliefs and misalignments of the gear. In 
addition, a tradeoff should be made between the 
vibration and edge contact by applying the lead 
crown relief. And the misalignment should try to be 
avoided in the gear rotor system. 
 
Nomenclature 
a Center distance of the gear pair 

bi Coordinate of the sliced tooth along the
axial direction 

B Face width of a gear 

1 2B B  Length of the actual action line of the gear
pair 

F12, Fe External force vectors of the gear pair 
s

iF  Mesh force of the sliced tooth pair i 

Fm Instantaneous dynamic mesh force of the

gear pair 

kcfi The effective stiffness factor of the sliced 
tooth pair i 

ki Mesh stiffness of the sliced tooth pair i 
e
ik  The effective stiffness of the sliced tooth 

pair i 
K12 Mesh stiffness matrix of the gear pair 

li The relative displacement of each spring in 
a direction normal to teeth contact surfaces

M12 Mass matrix of the gear pair 

NLTE The no-load transmission error 

N Number of springs in mesh simultaneously

1 2N N Length of the theoretical action line of the 
gear pair 

rb1, rb2 Base circle radii of the pinion and gear, 
respectively 

T1, T2 Torques applied to the pinion and gear, 
respectively 

z1, z2 Numbers of the pinion and gear teeth, 
respectively 

α12 The relative position angle of the gears 

βb Base helix angle of the gear pair 
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ε Contact ratio of the gear pair 

τb The minimum pressure angle of the gear
pair in mesh 

τe The maximum pressure angle of the gear 
pair in mesh 

τi Instantaneous pressure angle of the sliced
tooth i 

φ12 Transverse operating pressure angle of the
gear pair 

Ω1, Ω2 Rotating speeds of the pinion and gear,
respectively 
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中文导读 
 

误差齿廓斜齿轮分布式啮合动力学模型 
 
摘要：本文研究了斜齿轮转子系统动力学模型。首先，将斜齿轮啮合等效为沿齿宽方向上分布的一系

列并联弹簧相连的圆柱，其中弹簧的刚度为齿轮等效啮合刚度，建立误差齿廓斜齿轮分布式动力学模

型。进一步结合转子–轴承动力学模型，建立齿轮–转子–轴承系统动力学模型。然后，通过 3 个算例

分析了齿轮系统的动力学响应，结果显示，对于窄齿面齿轮、宽齿面齿轮、修形齿廓齿轮，本文的动

力学模型均是有效的。最后，分析了齿向修形和齿轮不对中对齿轮系统动力学响应的影响，结果表明，

齿向修形和齿轮不对中使得齿轮的刚度变小、齿轮系统的振动响应变大。 
 
关键词：分布式动力学模型；齿廓误差；斜齿轮；转子系统；动力学响应 

 

 


