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Abstract: A dynamic model of a helical gear rotor system is proposed. Firstly, a generally distributed dynamic model of
a helical gear pair with tooth profile errors is developed. The gear mesh is represented by a pair of cylinders connected
by a series of springs and the stiffness of each spring is equal to the effective mesh stiffness. Combining the gear
dynamic model with the rotor-bearing system model, the gear-rotor-bearing dynamic model is developed. Then three
cases are presented to analyze the dynamic responses of gear systems. The results reveal that the gear dynamic model is
effective and advanced for general gear systems, narrow-faced gear, wide-faced gear and gear with tooth profile errors.
Finally, the responses of an example helical gear system are also studied to demonstrate the influence of the lead crown
reliefs and misalignments. The results show that both of the lead crown relief and misalignment soften the gear mesh
stiffness and the responses of the gear system increase with the increasing lead crown reliefs and misalignments.
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two important internal excitation sources of gear

1 Introduction

The helical gear transmission system is one of
the most important and popular systems for motion
and power transmission. Dynamic analysis is
important and necessary in describing noise and
durability characteristics of gear systems, and the
special geometrical parameters of gears will
influence the dynamic characteristics. Therefore, a
relatively accurate dynamic model for prediction of
vibration characteristics is necessary to analyze the
vibration, noise and durability of gear systems, and
to identify potential solutions to other problems.

Mesh stiffness and transmission error are the

systems, which have attracted the attention of many
researchers over the years [1-8]. In the simpler
models, the gear mesh stiffness was assumed to be
constant. In common models, a rectangular stiffness
variation was used to represent a spur gear and a
sinusoidal stiffness variation was used to represent
a helical gear [9]. In recent years, more and more
precise mesh stiffness models were established.
WEBER [10] and YANG et al [11] proposed a
model for calculating the mesh stiffness of a spur
gear pair in which the tooth was considered a
cantilever beam. In their model, the tooth stiffness
was calculated by the potential energy method and
the total stiffness of a gear pair included the
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bending stiffness, axial compressive stiffness and
Hertzian contact stiffness. Based on WEBER and
YANGs’ work, CHEN et al [12, 13] established a
mesh stiffness model of a spur gear pair with tooth
profile modification and tooth root crack. MA et al
[14, 15] and WAN et al [16] developed a mesh
stiffness model taking the misalignment of gear root
circle and base circle into account. For a helical
gear pair, LI [17-19] and WEI et al [20] calculated
the gear mesh stiffness and transmission error by
the finite element method with manufacturing
errors, assembly errors and the tooth profile
modifications. Taking the load distribution
non-uniform into account, WANG et al [21]
presented an analytical mesh stiffness model using
the thin slice theory. This model was effective for
the tooth with tip relief, root relief, lead crown
relief and misalignment. The effective mesh
stiffness distribution had been proposed with tooth
profile errors. From the above, more and more
geometrical parameters are considered in analyzing
the gear mesh stiffness.

Based on the existing literature on gear mesh
stiffness excitation, many researchers studied the
dynamic models of gear systems, and a
comprehensive review of these models had been
summarized in Ref. [22]. ANDERSSON et al [23]
developed a classic torsional model of a gear pair in
which the gear mesh stiffness was calculated by the
finite element method. Most of the researches
focused on flexural-torsional coupling gear
dynamic models [24-29]. Free and forced vibration
characteristics of spur and helical gears were
analyzed using these models and the results
revealed a strongly coupling between flexural and
torsional vibrations. A group of studies [30-34]
researched the dynamic characteristics of helical
gear systems in which a twelve degrees of freedom
dynamic model of the helical gear model was
presented. The results showed the complex
coupling amongst the transverse, torsional and axial
motions of gears. NISHINO [35, 36] and
ERITENEL et al [37, 38] presented an integrated
model of a helical gear system. The gear mesh on
the contact lines was reduced to two stiffnesses: a
translational one and a twist one. VELEX et al [39]
introduced a mathematical model for analyzing the
gear dynamic characteristics with tooth profile
errors. Each contact line on the action plane was
discretized in independent elementary cells with

constant stiffness. The stiffness was equal to a
constant when the elementary cell is in contact;
otherwise, it is equal to zero.

In most of the previous works, there is seldom
researched on the gear dynamic characteristics by
simulating the actual gear mesh process and using
the actual gear mesh stiffness excitation. In fact, the
gear mesh stiffness is softened by tooth profile
errors. Therefore, the main objective of this study is
to present a general dynamic model of a gear
system in which the gear mesh can be represented
by a pair of cylinders connected by a series of
springs and the stiffness of each spring is equal to
the effective mesh stiffness of the sliced tooth pair
based on our earlier work [21]. What’s more,
dynamic responses by the proposed method will be
presented and compared to the common method in
Ref. [33] to validate correctness and advancement
of the proposed method. Finally, dynamic responses
of a gear system are also analyzed to demonstrate
the effects of the tooth profile deviations and
assembly errors.

This work consists of four sections. Reviews
on the gear mesh stiffness models and gear dynamic
models are listed in introduction. In Section 2, a
gear dynamic model of a gear system is presented.
The gear mesh is approximated as a pair of
cylinders connected by a series of springs. Shafts
and bearing flexibility are included in the model as
well. Then, section 3 validates the correctness and
advancement of the proposed method and studies
the effect of tooth shape deviations and assembly
errors on dynamic responses. Finally, conclusions
are drawn in section 4.

2 Theory

2.1 Basic theory
2.1.1 Instantaneous contact lines

Figure 1 shows the mesh behavior of a helical
gear. The blue lines represent the contact lines
under different mesh positions. The contact line of
the pinion moves its operating location from the
root of one end of the tooth face S to the tip of the
other end £ during the mesh process. Therefore, it
is important to determine the instantaneous contact
lines. A spur gear is in fact a special case of a
helical gear when the helix angle becomes zero. So,
a helical gear, shown in Figure 2, can be
approximated as a series of spur gear slices whose
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Figure 2 Sliced tooth model

face width is relatively small. The red dash lines
represent the end faces of those sliced teeth. The
instantaneous contact lines can be calculated by
determining whether the sliced tooth pair is in
mesh.

The instantaneous pressure angle of each
sliced tooth in mesh is different and can be
calculated as follows:

7, =arctan(g, , + ¢, ,) M

where ¢;,, and ¢,,, (n=1, 2 represent the pinion and
gear respectively) of each sliced tooth pair can be
expressed as follows:

T
P =@y +k—1)—+b;-tan B, /1 — ¢y,
2z @)
a-singy, +1, (@ +¢,,)
P = %%
Tp2
T
Py = —+Hmve,
2z
(3)
T
Prp =——+IMVQP),
2z,

where & is the tooth pair number in mesh

simultaneously (k=1, -+, Ceil(¢) for different tooth
pairs and ¢ is contact ratio of the helical gear pair.
The Ceil function returns the value of a number
rounded upwards to the nearest integer); a denotes
the center distance of the gear pair; b; is the
coordinate of the sliced tooth along the axial
direction and locates at the center of each slice; 7y,
and ry, are the base circle radii of the pinion and
gear respectively; z; and z, are the numbers of the
pinion and gear teeth respectively. ¢, represents the
transverse operating pressure angle of the gear pair;
@o denotes the instantaneous roll angle of the first
pinion tooth in mesh at the center of the tooth
(b70).

Py = Py, +mod (£2,,21/z;) (4)
here mod function returns the modulus after
division of Q¢ by 2m/z;; ©Q; is the rotating speed of

the pinion; ¢ is for time; @g, is the minimum of the
@ and can be expressed as follows:

N,B, Btanp,

Tp1 2n,

Pop = Q)

where B is the face width of the gear; N,B, is
shown in Figure 3; f, represents the base helix
angle of the gear pair. Considering the hand of the
pinion, helix angle £, is defined as follows:

>0, if pinion has left hand teeth
B, 4=0, if pinion is a spur gear (6)
<0, if pinion has right hand teeth

As shown in Figure 3, when a sliced tooth pair
i is in mesh, the instantaneous pressure angle must

Figure 3 Action line of a gear pair
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be between the 7, and z,. 7, and 7, are the minimum
and maximum pressure angles of the gear pair,
respectively, and can be written as follows:

{Tb =arctan(N, B / 1)

_ (7)
7, =arctan[(N, B, + B, B, )/”bl]

where N,N, is the theoretical action line of the
gear pair; BB, is the actual action line of the gear
pair. By analyzing the instantaneous pressure angles
of all the sliced tooth pairs, the contact lines can be
determined. An example of contact lines of a helical
gear pair is shown in Figure 4. It reveals that the
contact lines vary under different mesh positions.

) Position 1 Position 2
Tip [Tooth 1 Tooth 1
Root . .
Tip [Tooth 2 Tooth 2
Root ) . —
-B/2 0 B/2 -B/2 0 B2
Facewidth, B Facewidth, B
(a) (b)
. Position 3 Position 4
Tip
Root . Tooth 1 Tooth 1
Tip
Root ,___Tooth 2 Tooth 2
-B/2 0 B/2 -B/2 0 B2
Facewidth, B Facewidth, B
(©) (d)

Figure 4 Contact lines of an ideal helical gear pair under
different mesh positions [21]

2.1.2 Tooth profile errors

Tooth profile errors are separated into tooth
profile modification, lead crown modification,
misalignment and so on. The tooth profile
modification has been studied in many researches
[2, 3, 13]. So, the lead crown relief and
misalignment are only studied in this work. The
lead crown relief and misalignment will affect the
mesh stiffness and transmission error excitations
and further affect the vibration characteristics of a
gear system.

Figure 5 shows a schematic of the infinitely
expanded ridge curve. The lead crown relief is close
to the curve defined by polynomial functions. Mesh
stiffness and transmission error excitation model
were developed in Ref. [21] by the lead crown
relief.

B2 B2 |

S by b

(0] z
Figure 5 Tooth lead crown relief

The misalignment error on the action plane is
shown in Figure 6. The
misalignment between the pinion and gear shafts
was introduced in Ref. [21]. And the mesh stiffness
and transmission error excitation model were also
developed in Ref. [21] with the misalignment.

effective relative

Figure 6 Misalignment error on action plane

2.2 Dynamic model

As shown in Figure 7, a coupled three-
dimensional model of a helical gear rotor system is
presented in this study. The system consists of
shafts, flexible bearings and gears. Rotating shafts
can be modeled as Timoshenko beams with effects
of shear deformation and gyroscopic moment taken
into account. The stiffness, mass and gyroscopic
matrices of each beam element were given in Ref.
[29]. The cross terms and the damping of the
bearings are ignored. So, the rolling bearings are

Figure 7 Model of a helical gear rotor system
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modeled as a stiffness form and the stiffness matrix
was written in Ref. [34].
2.2.1 Dynamic gear mesh model

In the common gear mesh models [33, 34],
shown in Figure 8, the gears are connected to each
other by a linear spring on the action plane (a plane
tangent to both base cylinders). The motion
equations in 6, and 6, directions only contain the
gear mesh force component along the axial
direction of gears (Fsinfy). In those models, it is
assumed that the load distribution along the face
width of a gear is uniform. So, the other gear mesh
force component (Fcosf,) can be ignored.

Gear

7
—— ‘Ql
Figure 8 A common gear mesh model

In fact, for the helical gear and gear with tooth
profile errors, the load distribution along the face
width of a gear is non-uniform. And a bigger
flexural vibration in 6, and 6, directions may be
caused by the non-uniform load distribution.
Against the above problem and taking accurate
force arms into account, a general distributed gear

dynamic model is developed. As shown in Figure 9,
the system is formed by the pinion and gear. The
gear mesh can be represented by a pair of cylinders
connected by a series of springs. a is the center
distance of the gear pair. 0o; and o0, denote the
centers of the pinion and gear. Q, and €2, are the
rotating speeds of the pinion and gear. 7, and 7y,
are the base circle radii of the pinion and gear,
respectively. 77 and T, are the torques applied to the
pinion and gear, respectively. f, represents the base
helix angle and is defined in Eq. (6). A relative
position angle a;; (0<a;;<2m) can be made by the
line connecting the gear centers and the positive
x-axis of the pinion.

With a;, defined, the angle between the action
plane and the positive y-axis becomes y, (see
Figure 9) and is defined as follows:

. P2 T O
2 gt —n (2 Clockwise)

(£2,: Counterclockwise)

(&)

where ¢, represents the transverse operating
pressure angle of the gear pair. &’ is the effective
mesh stiffness of each spring which is dependent on
the gear mesh position and can be calculated as
follows:

ki =k; - kef; ©)

here k; is the mesh stiffness of the spring i; kcf;
(0<kcf<1) is the effective stiffness factor of the
spring i and can be calculated by our earlier work
[21], where the stiffness model is developed by the
sliced method with the tooth profile errors.

Taking the influence of the rotating direction
of the pinion into account, a sign function is
introduced as follows:

Projection drawing
in z-direction

(®)

Figure 9 Dynamic model of a helical gear pair: (a) Three-dimensional model; (b) Projection drawing in z-direction
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1 (£: Counterclockwise)
sgn = . (10)
-1 (£: Clockwise)
The displacement vector of a gear pair can be
defined as follows:

X =[x,y Zlagxlsgyla 21> %25 V25 ZZJH,‘CZ’HyZJHZZ]T

(11)
where x, y, 6, and 6, represent the flexural degrees
of freedom; z is the axial degree of freedom; 6, is
the torsional degree of freedom. With six degrees of
freedom for each gear, the gear pair has a total of
twelve degrees of freedom that define the coupling
between the two shafts holding the gears. From the
equilibriums of the force, flexural moment and
torque for each gear, undamped equations of motion
for a gear pair can be expressed as follows:

N
mx, —Zkfli cos fB, siny, =0

(12a)
i=1
N
mlj}1+Zkfli cos 3, cosyy, =0 (12b)
i=1
N
mZ, +sgn- Zkfli sinf, =0 (12¢)
i=1
.. N
16, +Zkieli[ci sin f3, sin(z; +y/,) =
i=1
b; cos B, cosy,1=0 (12d)
N
1,0, _zkieli[ci sin f3, cos(z; +y/15) -
i=1
b; cos f, siny,,]=0 (12e)
.. N
J,6., +sgn- Zkflirbl cos f3, =sgn- T (121)
i=1
N
my%, +Zkfli cos fB, siny, =0 (12g)
i=1
N
mzj)z—Zkfli cos S, cosyy, =0 (12h)
i=1
N
myZ, —sgn~2kfll- sinf, =0 (121)
i=1
.. N
1,6,, +sgn- Zkfll-[sin By(a-sine, —
i=1
sgn-c sinz, +1,)) +b, c0s fy cosyy, ] =0 (12))
.. N
5,0, —sgn- Zkfli [sin B,(a-cosay, —
i=1
sgn-¢; cos(z; +y1,)) +b; cos B, siny,1=0  (12k)

N
J,0., +sgn- Z:kflirb2 cos 3, =sgn-T,

i=l1

(121)

where N is the number of springs in mesh
simultaneously; m; and m, are the masses of the
pinion and gear, respectively; /; and /I, represent the
moments of inertia for the pinion and gear,
respectively; J; and J, represent the polar moments
of inertia for the pinion and gear, respectively; z; is
the instantaneous pressure angle of each spring and
can be calculated by Eq. (1); b; and ¢; of each spring
are defined in Figure 9; [, is the relative
displacement of each spring in a direction normal to
the tooth contact surface and is defined as follows:
[; = —x, cos B, siny,, + X, cos B, siny,, +

Y1 €08 f3, COsyyy = y; €08 f5, cosyyp +

z, sgn-sin B, —z, sgn-sin S, +

0,1 (¢; sin f, sin(z; +y1,) —b; €os f3, cosyy,) +

0,»[sgn-sin /5, (a-sin &y, —sgn-¢; sin(z; +y5)) +

b; cos f5, cosy, 1+ 0, [—c; sin 3, cos(z; +y5) —

b; cos B, siny, |+ 60,,[—sgn-sin 3, - (a-cos o, —

sgn-¢; cos(7; +yy,)) +b; cos By siny, |+

6,,sgn-r, cos B, +0_,sgn-1,, cos f, —NLTE (13)
here, NLTE is no load transmission error which is a
displacement excitation and given in Ref. [2].

Substituting Eq. (13) into Eq. (12), motion
equations of a gear pair can be written in matrix
form as follows:
M X, + Ky X, = Fy +F, (14)
where the mass matrix of the gear pair is given as
follows:
M,y = diag(my, my, my, Iy, I, Jy, my, my, my,

Iy, Iy, Jy) (15)

The mesh stiffness matrix of the gear pair can

be expressed as follows:

N
kK, :zkieaiaiT (16)
i=1

where

a; =[—cos f3, siny,,,c0s f3, cOsyy,,sgn-sin 3,
¢; sin 3, sin(z; +,) — b, cos B, cosy,,
—c; sin 3, cos(z; +y,) —b; cos B, siny,,
SgN: 73 €OS f3,, €08 f3, siny,,—Cos 5, cosy/y,,
—sgn-sin S, ,sgn-sin B, (a-sine, —
sgn-¢; -Sin(z; +yy,)) +b; cos ff, cosyy,,
—sgn-sin B, -(a-cos oy, —sgn-c; -cos(z; +

Y12)) +b; cos B, siny,,sgn- 7 cosﬂb]T (17)
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The external vectors of the gear pair are
defined as follows:

F,=[0,0,0,0,0, sgn-7;, 0, 0, 0, 0, 0, sgn-Tz]T
(18)
N
F,=> kfe;-NLTE (19)
i=1
Then, the instantaneous dynamic mesh force of
each spring can be written as follows:

F' =kfl, (20)

The dynamic mesh force of the gear pair is

N N
Fm:ZF;S:zkieli (21)
i=1 i=1

2.2.2 Motion equations of a helical gear rotor
system
The motion equation of system can be
obtained by assembling equations of each
component, and it can be expressed as follows:

Mii+(C+Gu+Ku=F (22)

where u is the state vector; F represents external
force vector and is defined by Eqgs. (18) and (19); M,
C, G and K are the system mass, damping,
gyroscopic and stiffness matrices, respectively. The
total stiffness matrix of the system can be
assembled by the way of Figure 10. Damping
values of gear, bearing and shaft are not known in
most cases even in the final stages of gear design.
Therefore, for practical engineering purposes, the
Rayleigh-type damping is used [34].

O Bearing element position
[l Mesh element position of a gear pair

Shaft 1 Shaft 2
iRy woe By oo My Mg oo Wy oee By
n Kisl | . ‘
n, ; Lo
R —| !
Shaft 14 7| qg . n
1 i |
ny, 1
Myl [ 2452
b ga
Shaft2{ m | . ,,,,,,,,,,,,,,,,,,,,,, 1
Wi 1 2

Figure 10 Schematic diagram of assembled stiffness
matrix for a gear system

2.3 Solution

According to the previous theory, the dynamic
model of a gear rotor system considering the effects
of tooth profile errors and assembly errors can be
developed by the Matlab software. A flow chart of
the computational procedure for a specific
rotational speed is shown in Figure 11. At the first
step, the effective mesh stiffness distribution and no
load transmission error are determined with tooth
profile errors and assembly errors according to
Ref. [21]. The second step is to develop the
dynamic model of the gear rotor system using the
effective mesh stiffness distribution and no load
transmission error calculated in previous step. Then
the motion equation of the system, Eq. (22), can be
solved numerically by a Newmark-f method. The
whole process is repeated in the next time-step until
the response converged. By analyzing the same gear
rotor system for different rotational speeds, the
structure dynamic responses can be detected.

3 Results and discussions

3.1 Simulation results

The purposes of this section are to analyze and
compare the dynamic responses by the proposed
gear dynamic model and the common gear dynamic
model in Ref. [33]. Three cases are performed and
the three cases use the same rotor system defined in
Figure 7 and Tables 1-3. The gear parameters of the
three cases are listed in Table 4. Case 1 is a
narrow-faced helical gear rotor system with the face
width B=16 mm. Case 2 is a wide-faced helical gear
rotor system with the face width B=50 mm. Case 3
is a helical gear rotor system with tooth profile
errors. The gear parameters are the same as case 2
and the parameters of tooth profile errors are listed
in Table 2.
3.1.1 Case 1

Case 1 is a narrow-faced helical gear rotor
system when the face width of the gear B=16 mm.
The parameters of the system are defined in
Tables 1-4. The error distribution and effective
stiffness distribution are calculated by our earlier
work [21]. And the results are shown in Figure 12.
Each solid blue line in the waterfall diagram shows
the instant error distribution and effective stiffness
distribution along the contact line for a certain mesh
position.
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( Read gear data, tooth profile errors, \
I misalignments, system data, running |
| parameters and load
| . |
Discretize tooth into many I
| segments along tooth width |
| ¥ |
I Calculate pressure angle t; of each sliced <—|E‘ I
| tooth and determine instant contact lines ke | | [
| Y Calculate dynamic I
| Calculate Lsf;, kcf; and effective >  misalignment and |
| stiffness & of each spring by | dynamic mesh force | |
| dynamic misalignment and dynamic |
| mesh force |
v
I Calculate mesh terms of gear One revolution Steady-state |
I pair My, K,, F,and F, simulated? solution? |
| : |
| Calculate mass and stiffness matrices |
of shafts, bearing and lumped mass. And > Solve Eq. (22) by
I develop motion equation of Newmark-f scheme |
| gear rotor system |
-~ - Y Y W -, J
Figure 11 Simulation process
Table 1 Parameters of rotor system Table 4 Gear parameters of three cases
Shaft dimension/mm Parameter Case 1 Case 2 Case 3
Segment Shaft 1 Shaft 2 Face width/mm 16 50 50
oD ID L OD ID L Number of teeth on pinion 21 21 21
1 26 0 110 32 0 84 Number of teeth on gear 49 49 49
2 34 0 60 40 0 135 Normal pressure angle/(°) 20 20 20
3 48 0 52 32 0 84 Helix angle/(°) 20 20 20
4 58 17 100 Module/mm 5 5 5
5 40 17 90 Hand of pinion Left Left Left
Applied torque/(N-m) 500 500 500
Table 2 Lumped mass parameter Relative position angle/(°)  21.17 21.17 21.17
m/kg 1x=1y/(kg~mm2) I/(kgrmm?) Rotating direction of Counter- Counter- Counter-
05185 37 709 . pinion | clockwise clockwise clockwise
Elastic modulus/10"" Pa 2.06 2.06 2.06
0.9969 956 1850 ) )
Poisson ratio 0.3 0.3 0.3
. . 3
Table 3 Bearing parameter Materlall. de(;ls1t}d(}i<g m ) 7850 7850 7850
kxx/ kyy/ kzz/ k0x0x/ k()yOV/ Amp ltlil ef/o the tlp 0 0 15
(Nm") Nm") ©Nm') Nmrad') (Nmrad") reliel/um
%10 2%10° 108 10° 10° Length of the tip relief/pm 0 0 2000
Lead crown relief/um 0 0 8
Misalignment on pinion, 0 0 0.02

Using the proposed gear dynamic model and
the common dynamic in Ref. [33]
respectively, the dynamic responses of the gear

model

rotor system are analyzed. Amplitude frequency
responses of the pinion and gear in y, 6, and 6,
directions by the two different methods are shown
in Figure13. The resonance peaks of the pinion at

/()

700, 1050, 1400, 2100, 2800, 4200, 5600 and
6600 r/min are evident from this figure. The
resonance frequencies occur when the gear mesh

frequency f,, is equal to f1/2, f3/2, fi, f3, 2f1, 2f5, 4fi
and 2f;. It reveals that the super-harmonic and sub-
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Error distribution/pm

e}

Effective stiffness distribution/
(10 N-m™'-mm™)

% 0 \\jmﬁ\
o) 0,8 ‘:acew\d&

Figure 12 Gear pair of case 1: (a) Error distribution; (b) Effective stiffness distribution

20 20
(@ —— Model in Ref. [33] ® g5 —— Model in Ref. [33]
fi e Proposedmodel | | ¢ ---- Proposed model
g’ g 15
= ! =
5} I 5}
EIO u I 3, —E 10+
B g £
3
) 5 ) 5 —J\v/ \
0 6 8 10 0 2 4 6 8 10
Pinion speed/(kr-min") Pinion speed/(kr-min")
10 _
© —— Model in Ref. [33] (d) — Model in Ref. [33]
= 3f ----- Proposed model S lof T Proposed model /,\3\
] e 3 \\
N d A
:? :\\ g 2 L8
<l 3
g [\ A 13an g 3 ¢ N
2 Vo I .l E ,_,—~—’ N
.'_';( %z '\‘/ a /-.// \\
g R P s,
< < v
0
0 2 4 6 8 10 0 2 4 6 8 10
Pinion speed/(kr-min™") Pinion speed/(kr-min")
4 4
(© —— Model in Ref. [33] ® —— Model in Ref. [33]
----- Proposed model -----Proposed model
E EN
E E
o o
e} o
E E
= =
g g
< <
0 2 4 6 8 10 0 2 4 6 8 10
Pinion speed/(kr-min™") Pinion speed/(kr-min")

Figure 13 Dynamic responses of case 1: (a) Responses of pinion in y direction; (b) Responses of gear in y direction;
(c) Responses of pinion in 8, direction; (d) Responses of gear in 8, direction; (¢) Responses of pinion in 6, direction;
(f) Responses of gear in 6, direction
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harmonic resonances may occur considering the
effects of the time-varying mesh stiffness and no
load transmission error by both the two methods.

As shown in Figure 13, the responses by two
different models are very close except the response
in 6, direction of the gear. The results show that the
proposed model is correct and both the two models
are effective for dynamic analysis of a narrow-faced
helical gear rotor system. In addition, the responses
in 6, direction have a big error between the two
models. This is because shaft 2 is symmetric about
the installation position of the gear and shaft 1 is
asymmetric about the installation position of the
pinion. Due to static deformations of the shafts, it is
misalign between the pinion and gear and the gear
engagement has the leaning load. The proposed
model is useful for the gear pair with the leaning
load and it cannot be considered in the model of
Ref. [33].

In general, both the two models are effective
for dynamic analysis of a narrow-faced helical gear
rotor system.

3.1.2 Case 2

Case 2 is a wide-faced helical gear rotor
system when the face width of the gear B=50 mm.
The parameters of the system are defined in
Tables 1-4. The error distribution and effective
stiffness distribution are shown in Figure 14.

Using the proposed gear dynamic model and
the common dynamic in Ref. [33]
respectively, the dynamic responses of the gear
rotor system are analyzed. Amplitude frequency
responses of the pinion and gear in y, 6, and 6,
directions by the two different methods are shown
in Figure 15. It also reveals that the super-harmonic
and  sub-harmonic may
considering the effects of the time-varying mesh

model

resonances occur

Error distribution/pm

0
(&) - /o™
s e

stiffness and no load transmission error by both the
two models. As shown in Figure 15, the responses
by the two different models have a big error. This is
because the proposed model incorporated non-
uniform load distribution along contact line and the
misalignment. And those factors could not be taken
into account in the model of Ref. [33]. In general,
for a wide-faced helical gear rotor system, the
proposed model is effective and the model of
Ref. [33] cannot predict accurately dynamic
responses of a gear rotor system.
3.1.3 Case 3

Case 3 is a wide-faced helical gear rotor
system with tooth profile errors. The parameters of
the system are defined in Tables 1-3. The tooth
profile error parameters are also listed in Table 4.
The error distribution and effective stiffness
distribution of the gear with tooth profile errors are
analyzed by our earlier work [21] and the results are
shown in Figure 16. Each solid blue line in the
waterfall diagram shows the instant error
distribution and effective stiffness distribution along
the contact line for a certain mesh position. The
tooth profile errors contain the tip relief, lead crown
relief and misalignment. So, the error distribution
and effective stiffness distribution are non-uniform.

Using the stiffness and error excitations with
ideal tooth profile in Figure 14 and those with tooth
profile errors in Figure 16, the dynamic responses
of the gear rotor system with ideal tooth profile and
tooth profile errors are analyzed respectively by the
proposed gear dynamic model. Amplitude
frequency responses of the pinion and gear in y, 6,
and 6, directions by the ideal tooth profile and tooth
profile errors are shown in Figure 17. The solid
lines are the dynamic responses of the gear system
with ideal tooth profile, and the dash lines are the

(10 N-m™'-mm™)

Figure 14 Gear pair of case 2: (a) Error distribution; (b) Effective stiffness distribution
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Figure 15 Dynamic responses of case 2: (a) Responses of pinion in y direction; (b) Responses of gear in y direction;
(c) Responses of pinion in 8, direction; (d) Responses of gear in 8, direction; (¢) Responses of pinion in 6, direction;
(f) Responses of gear in 6, direction
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Figure 16 Gear pair of case 3: (a) Error distribution; (b) Effective stiffness distribution
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Figure 17 Dynamic responses of case 3: (a) Responses of pinion in y direction; (b) Responses of gear in y direction;
(c) Responses of pinion in 8, direction; (d) Responses of gear in 8, direction; (¢) Responses of pinion in 6, direction;

(f) Responses of gear in 6, direction

dynamic responses of the gear system with tooth
profile errors. In Figure 17, the dynamic responses
by different tooth profile errors have a small error.
But for an accurate dynamic analysis of a gear
system, the tooth profile errors should be included.
As explained above, the results show that the
proposed dynamic model is effective and advanced
for general gear systems, narrow-faced gear,
wide-faced gear and gear with tooth profile errors.
Especially for the wide-faced gear and gear with

tooth profile errors, the proposed model is more
accurate than the model in Ref. [33] for dynamic
analysis.

3.2 Influence of some parameters

In the previous section, it is demonstrated that
the model is effective and advanced for dynamic
analysis of gear rotor systems. In this section,
parametric studies are performed for several design
parameters in order to study their influence on the
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overall behavior of the gear rotor system. The
helical gear rotor system, case 2 in section 3.1, is
used to predict the dynamic responses.
3.2.1 Influence of the lead crown relief

Using the proposed method, the effective
stiffness distribution and dynamic responses of the
gear system are analyzed with various lead crown
relief C4=0, 20, 40, 60 pm on both the pinion and
gear. Figure 18 shows the effective stiffness
distribution while C4=0 and C4=40 pm. Each line in
the waterfall diagram shows the instant effective
stiffness distribution for a certain mesh position.

(10° N-m™'-mm™™)

Effective stiffness distribution/

Figure 18(a) shows the stiffness distribution of the
gear with ideal tooth profile. As shown in
Figure 18(b), there is partial effective stiffness
equal to zero because parts of the tooth surface are
out of contact. The mesh deformation is not large
enough to compensate for the separation from the
tooth profile errors due to the lead crown relief. In
addition, due to static deformation of the shafts, the
stiffness distribution is asymmetric along face
width.

In Figure 19, dynamic responses of the pinion
and gear in different directions are plotted against
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Figure 18 Effective stiffness distributions under different lead crown reliefs: (a) C4=0 um; (b) C;~40 pm
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Figure 19 Dynamic responses of pinion and gear under different lead crown reliefs: (a) Responses of pinion in y

direction; (b) Responses of gear in y direction; (c) Responses of pinion in 6, direction; (d) Responses of gear in 6,

direction
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the input speed for different lead crown reliefs. It
reveals that the super-harmonic and sub-harmonic
resonances occur considering the time-varying
mesh stiffness and no load transmission error
excitations. The responses increase with the
increasing lead crown reliefs. This is because the
lead crown relief softens the gear mesh stiffness.
For vibration and noise-deduction, the lead crown
relief is expected as small as possible. But the small
lead crown relief may lead to edge contact and
stress concentration. Therefore, in some practical
design cases, a tradeoff should be made between the
vibration and edge contact by applying the lead
crown relief.
3.2.2 Influence of misalignment

In this section, the influence of the
misalignment on dynamic responses is studied.
Effective stiffness distribution and dynamic
responses of the helical gear rotor system, case 2 in
Table 4, are analyzed when the gear pair has the
misalignment errors of the pinion shaft. Figure 20
shows effective stiffness distributions when the
misalignment 6,1=0° and 6,1=0.06°. Each line in the
waterfall diagram shows the instant effective
stiffness distribution for a certain mesh position.
Due to static deformation of the shafts, it is
misalign between the pinion and gear. Figure 20(a)
shows the stiffness distribution of the gear with
ideal tooth profile. In Figure 20(b), there is partial
effective stiffness equal to zero due to the
misalignment. This is because tooth contact patterns
have been changed by the misalignment. Since
tooth side heavier contacts make the tooth loads
concentrate on one of the tooth side and the other
tooth side is separate due to the misalignment.

Figure 21 shows dynamic responses of the
pinion and gear in different directions for the
different misalignments. It reveals that the dynamic

Effective stiffness distribution/
(10 N-m™l-mm™™)

Effective stiffness distribution/

responses become larger when the misalignment
errors of the gear become greater. This is because
the misalignment softens the gear mesh stiffness. In
addition, the misalignment leads to edge contact
and stress concentration on the tooth side. In
summary, the misalignment is harmful to not only
the vibration but also contact stress. Therefore, in
some practical design cases, the misalignment
should try to be avoided in the gear rotor system.

4 Conclusions

A dynamic model of a helical gear rotor
system is developed in this work. Then the dynamic
responses are analyzed by the proposed method.
The conclusions drawn from the study may be
summarized as follows:

1) A distributed dynamic model of a helical
gear pair is developed with tooth profile errors. The
gear mesh is represented by a pair of cylinders
connected by a series of springs and the stiffness of
each spring is equal to the effective mesh stiffness.
The model has the capability of including some
relevant parameters, such as tooth profile errors,
misalignment, pressure angle, helical angle,
installation angle, face width of a gear and rotating
direction of the gear. Then three cases are presented
to analyze the dynamic responses of gear rotor
systems. The results show that the model is
effective and advanced for general gear rotor
systems, narrow-faced gear, wide-faced gear and
gear with tooth profile errors. Especially for the
wide-faced gear pair and gear with tooth profile
errors, the proposed model is more accurate for
dynamic analysis.

2) The effects of the lead crown reliefs and
misalignments on the dynamic responses of a
helical gear rotor system are also studied. It reveals

10

®) T A

(10 N-m™l-mm™")

Figure 20 Effective stiffness distributions under different misalignments: (a) 6,;=0°; (b) 6,,=0.06°
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Figure 21 Dynamic responses of pinion and gear under different misalignments: (a) Responses of pinion in y direction;
(b) Responses of gear in y direction; (c) Responses of pinion in 6, direction; (d) Responses of gear in 6, direction

that the super-harmonic and sub-harmonic
resonances may occur considering the time-varying
mesh stiffness and no load transmission error
excitations. Both of the lead crown relief and
misalignment soften the gear mesh stiffness. The
responses of the gear increase with the increasing
lead crown reliefs and misalignments of the gear. In
addition, a tradeoff should be made between the
vibration and edge contact by applying the lead
crown relief. And the misalignment should try to be

avoided in the gear rotor system.

Nomenclature
a Center distance of the gear pair
b; Coordinate of the sliced tooth along the

axial direction

Face width of a gear

Length of the actual action line of the gear
pair

Fy,, F, External force vectors of the gear pair

F? Mesh force of the sliced tooth pair i

F, Instantaneous dynamic mesh force of the

B
BB,

kcf;

ki

N|N,
Vb1, T2
T, T,
21, 22

012

B

gear pair

The effective stiffness factor of the sliced
tooth pair i

Mesh stiffness of the sliced tooth pair i

The effective stiffness of the sliced tooth
pair i

Mesh stiffness matrix of the gear pair

The relative displacement of each spring in
a direction normal to teeth contact surfaces
Mass matrix of the gear pair

The no-load transmission error

Number of springs in mesh simultaneously
Length of the theoretical action line of the
gear pair

Base circle radii of the pinion and gear,
respectively

Torques applied to the pinion and gear,
respectively

Numbers of the pinion and gear teeth,
respectively

The relative position angle of the gears

Base helix angle of the gear pair
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€ Contact ratio of the gear pair

Tp The minimum pressure angle of the gear
pair in mesh

T, The maximum pressure angle of the gear
pair in mesh

T Instantaneous pressure angle of the sliced
tooth i

P12 Transverse operating pressure angle of the
gear pair

Q,, Q, Rotating speeds of the pinion and gear,
respectively
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