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Calculation of foundation pit deformation caused by deep excavation
considering influence of loading and unloading
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Abstract: A new analytical solution for ground surface settlement induced by deep excavation is proposed based on the elastic half
space Melan’s solution, and the analytical model is related to the physical and mechanical properties of soil with the loading and
unloading action during excavation process. The change law of earth pressure of the normal consolidation soil after the foundation pit
excavation was analyzed, and elastic displacement calculation methods of analytic solution were further established given the
influence of excavation and unloading. According to the change of stress state in the excavation process of foundation pit, the planar
mechanical analysis model of the foundation excavation problem was established. By combining this model with the physical
equations and geometric equations of plane strain problem with consideration of the loading and unloading modulus of soil,
constitutive equation of the plane strain problem was also established. The loading and unloading modulus formula was obtained by
using the parameter calculation method in Duncan-Chang curve model. The constitutive equation obtained from the model was used
to calculate the soil stress state of each point to determine its loading and unloading modulus. Finally, the foundation pit displacement
change after excavation was calculated, and thus the soil pressure distribution after retaining structure deformation. The theoretical
results calculated by making corresponding programs were applied to engineering practice. By comparing the conventional
calculation results with monitoring results, the practicability and feasibility of the calculation model were verified, which should

provide a theoretical basis for similar projects.
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1 Introduction

The excavation of a foundation pit is the process of
loading and unloading of soil inside and outside the
foundation pit. The essential issue in this process is the
unloading of soil which results in redistribution of
formation stress and thus a wide range of changes in
physical and mechanical properties of foundation pit soil.
Among the most obvious is the change of soil modulus.
LADD et al [1] used the concept of over-consolidated
soils to deduce the undrained shear strength calculation
formula for normal pressure of clay after the excavation
unloading. LIU et al [2] obtained the formula of the
unloading modulus through experimental research and
theoretical derivation, and pointed out the significant
difference between the unloading modulus of soft soil
and the elasticity modulus or compression modulus
obtained from conventional triaxial test, which was
mainly shown from the modulus increase after unloading

and the great influence of stress path on it. In this regard,
a large number of scholars have made intensive studies
[3-5]. In addition, HSIEH et al [6] carried out three
types of tests to obtain the undrained shear strength of
clay in excavations. ZHOU et al [7] conducted indoor
experimental research on mechanical properties of soft
soil under lateral unloading conditions, and the results
showed there were some differences between the
mechanical properties resulting from lateral unloading
and those from axial loading under the same
consolidation condition; MESRI et al [8] analyzed the
relationship between undrained shear strength and
consolidation pressure in the compression and extension
shear modes, which indicates that the extension shear
modes friction angle is larger for the compression shear
modes.

As is known to all, the excavation process of
foundation pit is always related to the supporting
structure. Deformation of the supporting structure and
that of the soil inside and outside the foundation pit are
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in dynamic change. Two factors are correlated [9—11]
and critical in calculating the force on and deformation
of the supporting structure and soil. Due to the
interactions between supporting structure deformation
and soil deformation, the soil pressure on the supporting
structure is between static earth pressure and limit earth
pressure, depending on the displacement of the
supporting structure. In the traditional method of earth
pressure calculation, however, only simple corrections
are made to the limit earth pressure on the supporting
structure. This also brings certain errors to the
calculation. Concerning this issue, a model experiment
was conducted, showing that the distribution of passive
earth pressure on rigid retaining wall varies with the
displacement mode. FANG et al [12] and CHEN [13]
employed the coulomb’s limit equilibrium theory for the
active earth pressure calculation of retaining wall
considering translational wall movement. It is considered
that the earth pressure against the back of the wall is due
to the thrust exerted by a wedge of soil between the wall
and a plane passing through the heel of the wall; WEI
et al [14] put forward an analysis model of earth pressure
related to displacement based on the Mindlin’s solution
and analyzed the influence factors by using the
difference between different limit earth pressures and
static earth pressures.

In the current calculation of deformation during
foundation pit excavation, empirical estimation method
and numerical simulation method are most commonly
adopted, compared to the less commonly used theoretical
calculation [15]. During the excavation, both excavation
unloading and supporting structure deformation should
be taken into consideration. The former leads to change
of soil modulus, while the latter plays a part in keeping
the soil in a passive loading state. In this context, the
foundation pit was divided into several zones for
excavation in this work. A mechanical analysis model
was established through theoretical analysis and an
elasticity calculation model of soil deformation due to
loading and unloading during excavation was provided.
Meanwhile, by applying the theoretical results obtained
in this engineering practice through
corresponding programs, and comparing them with
measured results, the feasibility and practicability of the
theory was verified.

work to

2 Constitutive model given influence of
loading and unloading of foundation pit

During foundation pit excavation, soil below the
excavation surface is subject to obvious vertical
unloading, leading inevitably to rebound deformation of
soil at the bottom of the pit. With the increase of
excavation depth, the difference in heights between the

soil inside and outside the pit grows larger. The resulting
loading effect, along with overload effects of the surface,
will drive movement of soil outside the pit and the
supporting structure inwards to the pit, resulting in
settlement of surface soil outside the pit and upheaval of
soil in it. In the meantime, due to deformation of the
supporting structure, soil within a certain area around the
pit is under extrusion load. Therefore, during the
excavation of foundation pit, deformation modulus of
soil varies nonlinearly with the change of time and space
[16]. In previous studies, scholars focused on lateral
unloading over the range of the supporting structure’s
height outside the pit and vertical rebound below the
excavation face, while neglecting the influence of
loading action during excavation on soil deformation,
which to some extent led to calculation errors.

Figure 1 shows the stress path of strain on the
excavation surface. On one hand, with the going on of
the excavation process, deformation of the supporting
structure inward to the pit occurs, followed by movement
of soil outside and change of stress state. The stress path
is AC, as shown in Fig. 1. On the other hand, due to the
removal of upper soil, rebound deformation of soil below
the excavation surface is found, and unloading or loading
response under the action of the supporting structure is
generated. The stress path is AMF, as shown in Fig. 1.

Fig. 1 Stress path

2.1 Loading and unloading moduli

Figure 2 shows the loading and unloading curves of
(01—03)—¢, in the plane strain problem. In the loading
process, the principal stress difference (o,—0;) increases,
ie., A(o1—03)>0. At this time, the tangent modulus
decreases, as manifested by the loading modulus E,"; in
the unloading process, principal stress difference (o,—03)
decreases, i.e., A(o;—03)<0. At this time, the tangent
modulus increases, as manifested by the unloading
modulus E{; as a result, the state (either loading or
unloading) of a point in the plane can be determined by
the sign (either positive or negative) of A(o—03).
Through analysis, the loading and unloading moduli can
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Fig. 2 Stress—strain curves of loading and unloading

be expressed as follows:

E=H(A(0,-03))-E +H(-A(0,—03))- E; (1)
where H(*) is the Heaviside function.
In this work, the calculation method of the

parameters in Duncan-Chang model curve is used to
obtain the modulus formula [17], which is

L
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where R; is the parameter of Duncan-Chang curve model
and can be obtained through conventional triaxial test; o;
and o3 are the major principal stress and minor principal
stress respectively during the excavation, and can be
obtained from the stress calculation below; ¢ and ¢ are
strength indexes. P, is the atmospheric pressure, and k, n
and k,, are experimental constants (k,=(1.2—3.0)k).

Moreover, in the excavation process, the density
and volume of soil change accordingly, leading to further
change in Poisson ratio of soil under the condition of
natural foundation. On this account, the simple formula
[17] is used as the Poisson ratio for calculation in this
work:

NN\ 7O\

0y 0

3)

where v; is the initial tangent Poisson ratio, vy is the
tangent Poisson ratio at failure, and S is the stress level.

Vi =Vi+(th—Vi)'S

2.2 Constitutive model

By viewing the excavation of foundation pit as a
plane strain problem, the constitutive model can be
expressed as

v(1+v)
E

_1—1/2
E

I (i,j=1,2) (4)

& oy

where elastic constants £ and v are obtained from Eq. (1)
and Eq. (3).

3 Analysis of foundation pit deformation
given influence of loading and unloading

3.1 Simulation of stress state during foundation pit

excavation

As shown in Fig. 3, the stress process of foundation
pit excavation is comprised of three stages, which are the
initial equilibrium stage before excavation (Fig. 3(a)), the
instantaneous disequilibrium stage after excavation
(Fig. 3(b)) and the stable stage after deformation
(Fig. 3(c)). Before excavation, the supporting structure,
under two equal and opposite static earth pressures
generated by the self-weight of soil, is in the initial
equilibrium stage, as shown in Fig. 3(a). At the moment
when the excavation is completed and the soil is not yet
deformed, the supporting structure, due to unloading of
soil inside the pit, is under static earth pressure g, from
soil outside the pit and static earth pressure 0'(1] from
soil at the bottom of the pit, and is thus in the
disequilibrium stage, as shown in Fig. 3(b). After that,
simultaneous occurrence of horizontal tilting is detected
in soil inside the foundation pit and in supporting
structure, and settlement deformation of surface around
the foundation pit is also found. At this time, the earth
pressure on the supporting structure changes from static

P

Cross stay Support force F

@

deformation
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©

Fig. 3 Simulation of stress state: (a) Before excavation; (b) Before deformation and after excavation; (c¢) After excavation and
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earth pressure to one that is related to horizontal
displacement, which brings the foundation pit to the
equilibrium stage in the end, as shown in Fig. 3(c).

3.2 Calculation model of soil outside foundation pit
after excavation

For the soil outside the foundation pit and the
supporting structure as a whole, as shown in Fig. 4, at the
moment immediately after the excavation, the stress state
of the whole structure consists of two elements, i.e.,
static earth pressure o, from soil outside the pit and static
earth pressure 0'(1) from soil at the bottom of the pit.

Before excavation, the soil is in a semi-infinite
space state; after excavation, it changes to a non-semi-
infinite space state. For ease of later calculations, a
virtual linear load P (B =20, or P,=20}) is added to
the supporting structure, as shown in Fig. 5, so that the
state of soil in Fig. 4 is changed to semi-infinite space.
Then the deformation mechanical model of soil outside
the foundation pit is established.

Through model analysis in Fig. 5, ground settlement
of soil outside the foundation pit and lateral deformation
of the supporting structure can be determined by the
following equations, respectively:

o= ul—ul ®)

Uy =1y —u, —u (6)

After excavation and
before deformation

Fig. 4 Stress state of soil around foundation

where u! and u! are the vertical displacement and
horizontal displacement under the action of virtual load
P, respectively; u? and u; are the vertical displacement
and horizontal displacement under the action of virtual
load P, respectively; u; and uj are the wvertical
displacement and horizontal displacement respectively

under the action of cross stay 2F, which can be obtained
with Melan’s solution.

3.3 Calculation model of earth inside foundation pit
after excavation

After excavation and before deformation, static
earth pressure 0'(1) against the supporting structure is
generated by self-weight of the soil at the bottom of the
foundation pit. Under the combined effect of acting force
and reacting force, an equal and opposite force 0(1) is
generated by the supporting structure against the bottom
of the pit, as shown in Fig. 6.

As can be seen from the figure above, the soil and
stress at the bottom are distributed symmetrically.
Therefore, half of the soil is used for analysis, where the
model is a non-semi-infinite space. In order to convert it
to a semi-infinite space, anti-symmetric mapping is
adopted to obtain the deformation calculation model of
soil at the bottom, as shown in Fig. 7.

By analyzing Figs. 6 and 7, the upheaval of soil at

Z

P,

After excavation and before
deformation

Fig. 5 Deformation calculation model of soil around foundation
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Fig. 6 Stress state of soil in excavation face

N

Fig. 7 Deformation calculation model of soil at bottom

the bottom can be expressed as
’ 1 2 ’
up =ug +u; iy, @)

where ' is the vertical displacement of soil on the left
2 is the
vertical displacement of soil on the left under the action
of load P, from the right; and ué is the settlement under
the effect of gravity.

under the action of load P, from the left; u

3.4 Calculation of stress and deformation of earth

Assuming the materials have the same modulus,
based on the Melan’s solution [18], a horizontal linear
load is applied in the elastic semi-infinite space to
calculate the stress of each point as follows:

2 2 Ay A2 2
qx {x x°—4hz-2h +8hz(h+z) N

o, = —
27[',(1 - V) r14 r24 r26
1-2v Lz+iz_4z(h4+z) 8)
2 non 5)
_gx | 8hzd? _h2—22+6hz+(z—h)2 ~
z 27‘[(1 - V) r26 r24 7'14
1-2v | 1 1 4z(h+z
) B
2 non n

T =
= 27’[(1 - V) r14 r26

gx {(z —hx*_8hz(h+2)x

(2hz+x2)(h+z)+1—2v.

r24 2
_ 2
|:z 2h+3z;d_4z(h:—z) H 10
i 5] )

where o, and o. are the horizontal stress and vertical
stress respectively, 7., the shear stress in the plane, v the
Poisson ratio of soil and ¢ the horizontal linear load.
Other parameters are shown in Fig. 8. Based on gy, 0, 7.,
and related geometry knowledge, principal stresses of
soil o7 and o0, are calculated; based on plane strain
calculation, minor principal stress o; is obtained as
follows, o3=0,=v(0,t0.).

Ground
x

h rzzwlx2+(z+h)2

q "= x2 4 (z— h)?

r=x

Fig. 8 Melan’s solution (linear load)

Within the elastic semi-infinite space, the uniformly
distributed strip load with a load width of Ah=h,—h; has a
stress solution that is the integral of Melan’s solution
within the range of #,—h;:

L= ) larct nh—z_—x(h—z)_
2n(1-v)| 2 x 2r12
h+z 2xhz(h+z) x(h+z) 1-2v
—arctan + 7 + = :
x r 2r; 2
h=h,
(arctanh_z+2—)gz—arctanh+zﬂ (1)
X r2 X
h=h,
q 1 h—z xh xz
0, =———| —arctan tS T
27'1',(1 —V) 2 X 2r1 27’1
1 h+z 2xzh* 2xzhz  x(5h+z)
—arctan T >t
2 X 7 7 2r;
h=h,
1-2v h—z 2xz h+z
-| arctan +——+3arctan
2 X r22 X
h=h,
12)
q Xt 2hP+x? 2zhx*  1-2v
T, = —+ s+ —
2n(1-v) | 25 2r; r 2
h=h,
1 1 2
Ling L2 22022 (13)
2 2 r22
h=h,
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For the isotropic plane strain problem, the physical
and geometric equations respectively are

l—vz[ v J
&, = o,——0,
E, I-v (14)
:6ux
Yoo
l—vz( j
&, = O, —7— 0Oy
E, 1-v (15)
Ou,
g, =
0z

where E; is the elastic modulus of material and v the
Poisson ratio, both of which are elastic constants

considering the loading and unloading moduli of material,

and are determined by Egs. (1) and (3).

With Egs. (14) and (15), the displacements in
horizontal and vertical directions respectively are
determined as follows:

u, =jgxdxzjl_EV2 (O'X—Lazjdx (16)

u, =j£zd2:11;zvz (O‘Z —Laxjdz 17)

1-v

By putting the equations together, the indefinite
integral is obtained:

u, = q(1+v){x(l_zv){(4—7v)arctan(h;:zj+

t o 8nE, 1-v

4arctan(h_zﬂ+ (5_6v)(h_z)lnﬁ2 +

X 1-v
Azh(h+
h( §)+ ! [(10v? +13v=21)h+
(1—v)r2 2(1—1/)
h=h
(6v2—5v—3)lenr12} ’ (18)
h=h
1+ 4(1-2v)h
uz=q( V) —4Vharctan( X j+x ( V) Z+
8nE, h-z (=1+v)r5
lnrlzl—L[4vharctan(h_zj+4v2h~
1-v X
arctan( +Zj—vx1nr12—4h(2—5v)-
X
arctan(h+zj 4v 3vh-— 2z+4vz)
X
arctan(h+zj+4vh 2— v
X
h=h,
arctan( j+ 1 6v+4v )xlnrf}} (19)
h=h,

3.5 Calculation of earth pressure related to

displacement

The change of supporting structure displacement
leads to change of earth pressure, as can be seen from the
variation of earth pressure with the displacement of
supporting structure shown in Fig. 9. As seen, the
abscissa A/H represents the ratio between the
displacement (or rotation) of the supporting structure and
the wall height, +A/H represents movement of the
supporting structure towards soil and —A/H represents
movement of the supporting structure away from soil.
When the displacement of supporting structure reaches
its limit, the static earth pressure is E,, the active earth
pressure E, and the passive earth pressure E,. In cases
other than the limit displacement, the earth pressure is
between those three, depending on the displacement of
the supporting structure. Therefore, the influence of
supporting structure displacement due to excavation
should be considered in calculating the earth pressure.

E A

Ea/

-NH | | | +NH
I |

!
1%0—=5%o 1%=5%
Fig. 9 Variation of soil pressure with displacement of retaining

wall

XU [19] presented a calculation method of earth
pressure related to displacement as follows.
Active earth pressure:

N )
o, =0+ s1n£5~5—J (Care —09) (20)

arc

Passive earth pressure:
T d
o, =0 +sin| ———|-(0,. —0p) 201
P {2 5pm] P

where o is the static earth pressure; o is the displacement
of soil (positive value is selected); dy is the active limit
displacement of soil; Jp. is the passive limit
displacement of soil; o, is the active earth pressure in
limit equilibrium state and oy, the passive earth pressure
in limit equilibrium state.

From Egs. (20) and (21), if the soil displacement &
equals its active limit displacement d,., the calculated
earth pressure is the active limit earth pressure o,; if the
soil displacement ¢ equals its passive limit displacement
Opre» the calculated earth pressure is the passive limit
earth pressure opye.
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4 Case study

4.1 Overview

To verify the practicability and feasibility of the
theory in this work, the theoretical results are applied to a
foundation pit project in Tianjin, China [20] and
compared with the measured data obtained from the
excavation. The foundation pit is 21 m in depth and 80 m
in width, with reinforced concrete cast-in-situ piles as the
supporting structure. In addition, cement mixing piles
(32 m long and 11 m in buried depth) and TRD method
are used around the pit for sealing, along with four
horizontal braces for additional support. In calculating
the stress or displacement in the semi-infinite body,
relevant parameters and geological conditions of the
project are used. For ease of calculation, the layered soil
is regarded as homogencous soil, that is, average values
of soil parameters are adopted. The homogenized soil
parameters are shown in Table 1. The soil is assumed to
be a continuous medium without regarding soil failure.

Table 1 Physical and mechanical properties of soil

Unit weight/ Elastic o Failure
(kN'm™) modulus/MPa C/kPa 0/C) ratio, Ry
19.58 6.76 23.34 16.86 0.65

4.2 Analysis of calculation results

Figure 10 shows the distribution of loading and
unloading zones after deformation as a result of
excavation. Zone I and Zone II are unloading zones, i.c.,
A(01—0,)<0. As can be seen from Fig. 2, the tangent
modulus E; in these zones increases, and the unloading
zone covers the entire Zone Il within the range of buried
depth of the pile foundation, which agrees with the
conclusion reached by PAN et al [21] and SUN [22]. The
influence range of unloading below the bottom of the
foundation pit is 1.33 times of the excavation depth. Any

17 m 20 m

0\

19 m

35m

/AN

II

Fig. 10 Distribution of loading and unloading zones of soil

zone other than Zones I and II in the figure is the loading
zone.

Figures 11 and 12 show the settlement of soil
around the foundation pit and bottom upheaval,
respectively. As can be seen from Fig. 11, the calculated
results with the model in this work present a trend
roughly consistent in horizontal direction with that of the
measured data, and the values of settlement are basically
the same. The maximum settlement of soil around the
foundation pit calculated from the model is 31.2155 mm
and occurs 4.5 m away from the edge of the pit, while
the maximum measured settlement is 27.5 mm and
occurs 10 m away. These deviations might be attributed
to the use of homogeneous soil and the method where
only elasticity is considered. In Fig. 12, bottom upheaval
increases as it moves closer to the middle of the pit until
it reaches a maximum of 40.096 mm, which is in
agreement with the measured maximum of 45.1 mm. By
substituting the calculated value of displacement into the
calculation formula of earth pressure related to
displacement, as shown in Fig. 13, the earth pressure is
obtained after excavation, which falls between the static
earth pressure and the active earth pressure.

0

» — Calculated value
e — Measured value of CX2

il
o

|
[\
(e}

Settlement/mm

=30

0 10 20 30
Distance to foundation pit border/m

Fig. 11 Settlement of soil around foundation

45

Upheaval value/mm
N W
()] (9}

—
(%
T

5 1 1 1 1 1
0 10 20 30 40

Distance to foundation pit border/m
Fig. 12 Bottom upheaval
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= — Static earth pressure
e — Active earth pressure
» — Actual earth pressure

10 -

Depth/m

30+

0 100 200 300 400 500
Lateral earth pressure/kPa

Fig. 13 Lateral earth pressure of soil around foundation
5 Conclusions

1) A calculation model for foundation pit
deformation during excavation is suggested. And the
stress solution of elastic semi-infinite space under
horizontal non-uniformly distributed linear load is
obtained to determine the stress state of each point in the
foundation pit. The modulus of relevant points is
obtained, with which the deformation of the foundation
pit is modified. Then, the earth pressure after
deformation is calculated, which contributes to more
reliable calculation results.

2) The theoretical analysis model of this work is
applied to an actual foundation pit project for numerical
analysis of the excavation process, and the calculated
results are close to the measured results, proving the
feasibility and practicability of the proposed model.
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