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Abstract: This work focuses on transient thermal behavior of radial fins of rectangular, triangular and hyperbolic profiles with 
temperature-dependent properties. A hybrid numerical algorithm which combines differential transformation (DTM) and finite 
difference (FDM) methods is utilized to theoretically study the present problem. DTM and FDM are applied to the time and space 
domains of the problem, respectively. The accuracy of this method solution is checked against the numerical solution. Then, the 
effects of some applicable parameters were studied comparatively. Since a broad range of governing parameters are investigated, the 
results could be useful in a number of industrial and engineering applications. 
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1 Introduction 
 

Heat transfer is an important phenomenon that 
occurs in many processes. The most effective instrument 
for increasing the rate of heat transfer is a fin which can 
cause an increase in the transferred heat amount by 
increasing the area of heat transfer. Extended surfaces 
are extensively used in various applications such as 
refrigeration, air conditioning, automobile, heat 
exchanger, electrical chips and chemical processing 
equipment. There exist various types of the fins, such as 
rectangular, triangle, hyperbolic profile and most often 
constant thermophysical properties are often assumed in 
modeling. However, in reality most of properties and 
natural phenomena are inherently variable, i.e. 
non-constant, and therefore nonlinear. For ordinary fin 
problems, the thermal conductivity is assumed to be 
constant, but when a large temperature difference exists 
within a fin, the thermal conductivity varies from the 
base to the tip of fin; the variation is dependent on the 
material of the fin. Furthermore, in real operating 
conditions, the local convective heat transfer is a 
nonlinear function of the local temperature difference 
driving the convection process. 

There exists little literature on the performance of 
radial and longitudinal fins attached to a stationary base 

surface. KRAUS et al [1] provided a detailed discussion 
of the mathematical models and their solutions for radial 
fins of rectangular, triangular and hyperbolic profile 
shapes operating under a variety of thermal boundary 
conditions. KUNDU [2] analytically studied the 
performance and optimization of longitudinal and pin 
fins of step reduction in local cross-section (SRC) profile 
subject to combined heat and mass transfer. 

There are some simple and accurate approximation 
techniques for solving differential equations of fins. The 
thermal analysis of the radial and straight fins 
considering temperature-dependent thermal conductivity 
is investigated by the variational iteration method (VIM) 
[3]. DOMAIRRY and FAZELI [4] solved the nonlinear 
straight fin differential equations by homotopy analysis 
method (HAM) to evaluate the temperature distribution 
within the fin. ARSLANTURK [5] obtained correlation 
equations for optimum design of annular fins with 
temperature-dependent thermal conductivity. KHANI  
et al [6] used HAM to evaluate the analytical 
approximate solutions and efficiency of the nonlinear fin 
problem with temperature-dependent thermal 
conductivity and heat transfer coefficient. KUNDU [2] 
described an analytical method for temperature and heat 
transfer characteristics of an annular step fin (ASF) with 
the simultaneous heat and mass transfer mechanisms. 
BOUAZIZ and AZIZ [7] introduced a new concept  
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called the double optimal linearization method (DOLM) 
to derive simple and accurate expressions for predicting 
the thermal performance of a convective-radiative fin 
with temperature-dependent thermal conductivity. 
KHANI and AZIZ [8] used HAM to develop analytical 
solutions for the thermal performance of a straight fin of 
trapezoidal profile when both thermal conductivity and 
heat transfer coefficient are temperature-dependent. 

The differential transformation method (DTM) is 
utilized to solve the non-linear governing equation. DTM 
is a semi-numerical-analytical method which is based on 
the Taylor series expansion first introduced by ZHOU  
[9] in 1986 for the solution of linear and nonlinear initial 
value problems. This method can be applied directly to 
linear and nonlinear differential equations without 
requiring linearization, discretization or perturbation and 
this is the main benefit of this method. The method was 
subsequently used to obtain analytical solutions of 
higher-order ordinary differential equations, partial 
differential equations, difference equations, and integro- 
differential equations. RAHIMI-GORJI et al [10] carried 
out an analytical investigation on the heat transfer for the 
microchannel heat sink (MCHS) cooled by different 
nanofluids and optimized its geometry using RSM 
analysis. POURMEHRAN et al [11] investigated a 
thermal and flow analysis of a fin shaped microchannel 
heat sink (MCHS) cooled by different nano-fluids based 
on saturated porous medium and least square method and 
then results were compared with numerical procedure. 
RAHIMI-GORJI et al [12] demonstrated unsteady 
motion of a rigid spherical particle in a quiescent shear- 
thinning power-law fluid using collocation method (CM) 
and the established numerical method (fourth-order 
Runge–Kutta) scheme. Several studies have been 
performed on heat transfer and nonlinear equations 
[13−19]. Today numerical and analytical methods are 
applied for computer simulation to many phenomena 
[20−23]. MOSAYEBIDORCHEH et al [24] evaluated 
the analytical solution of the nonlinear fin problem with 
temperature-dependent thermal conductivity by using 
DTM. Furthermore, in general, the heat transfer 
coefficient may vary along a fin.  FOULADI et al [25] 
utilized the VIM as an approximate analytical technique 
to analyze straight fins with variable heat transfer 
coefficient. A numerical study of thermal performance of 
a convective-radiative fin with simultaneous variation of 
thermal conductivity, heat transfer coefficient, and 
surface emissivity with temperature was conducted by 
AZIZ and TORABI [26]. Also they evaluated the 
thermal performance and efficiency of T-shaped fins 
considering temperature-dependent properties for both 
stem and flange parts [27]. TORABI et al [28] 
investigated the thermal performance of the longitudinal 
fins of rectangular, trapezoidal and concave parabolic 

profiles. AZIZ et al [29] studied the convective-radiative 
radial fins for homogeneous and functionally graded 
materials (FGM). The boundary conditions of their 
analysis are considered the convective base heating and 
convective-radiative tip cooling. HATAMI et al [30, 31] 
presented the thermal analysis of circular convective- 
radiative porous fins with different section shapes and 
materials. Also, heat transfer study through porous fins 
(Si3N4 and Al) considering temperature- dependent heat 
generation has been investigated in Ref. [32]. Recently, 
transient response of the longitudinal rectangular fins has 
been investigated using the symmetry analysis [33, 34]. 

MOSAYEBIDORCHEH et al [34] studied the 
transient thermal analysis of longitudinal fins with 
variable cross section considering internal heat 
generation. They considered the profile shapes of the fins 
rectangular, convex, triangular and concave. Also they 
assumed that both thermal conductivity and internal heat 
generation are as linear functions of temperature. In their 
work, the power-law temperature-dependent model is 
used to simulate different types of heat transfer such as 
laminar film boiling, natural convection, nucleate boiling 
and radiation. 

This investigation considers transient thermal 
behavior of radial fins of rectangular, triangular and 
hyperbolic profiles with temperature-dependent 
properties. Thermal conductivity and internal heat 
generation are regarded as linear functions of 
temperature, while convection heat transfer coefficient is 
considered a power-law function of temperature. A 
hybrid numerical algorithm which combines DTM and 
finite difference method (FDM) is utilized to study the 
present problem. DTM and FDM are applied to the time 
and space domains of the problem, respectively. 
 
2 Differential transform method 
 

The differential transform is defined as  
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where x(t) is an analytical function in the time domain; H 
is the time interval; X(k) is the transformed function. The 
inverse transformation is  
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Substituting Eq. (1) into Eq. (2), we can obtain the 

Taylor series expansion of x(t) at t0  
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The function x(t) is usually considered a series with 

limited terms and Eq. (2) can be rewritten as 



J. Cent. South Univ. (2017) 24: 675−682 

 

677

 











 


m

k

k

H

tt
kXtx

0

0)()(                        (4) 

 
where m represents the number of Taylor series’ 
components. Usually, through elevating this value, the 
accuracy of the solution can be increased. 

Some of the properties of DTM have been shown in 
Table 1 [35]. These properties are extracted from Eqs. (1) 
and (3). Some engineering problems have been solved 
using this technique [24, 34, 35]. 
 
Table 1 Properties of DTM [35]  

Original function DTM 

f(t)=g(t)±s(t) F(k)=G(k)±s(k) 
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3 Problem description 
 

The problem to be studied is the one-dimensional 
heat transfer in radial fins of rectangular, triangular and 
hyperbolic profiles with variable cross section Ac and 
arbitrary profile F(R) as shown in Fig. 1. Suppose that 
the temperature of the ambient air is Ta and fin is  

attached to a fixed prime surface with the temperature Tb. 
The thickness of base fin is denoted by δb. The fin is 
initially at temperature Tb. The temperature of the base 
fin is kept at Tb. Ignoring the change of cross section, the 
energy balance equation of the fin, based on the one- 
dimensional heat conduction, is given by 
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where ρ is density; c is specific heat capacity; R is space 
variable; t is time; T is temperature. 

The fin’s thermal conductivity K, the convective 
heat transfer coefficient H and the internal heat 
generation are assumed to be functions of temperature. A 
and B are the constant and temperature-dependent terms 
of the internal heat generation, respectively. The fin tip is 
assumed to be adiabatic. 

The internal heat generation is per unit volume, so it 
has a direct relation with the fin profile. 

The boundary conditions of constant base 
temperature and adiabatic tip are: 
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Fig. 1 Configuration of different radial fin profiles 
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where Rb and Rt are the radii of the fin base and fin tip, 
respectively. The initial temperature of the fin is equal to 
the temperature T0:  
  0,0T R T                                  (7) 

 
By introducing the following dimensionless 

parameters,  
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Eq. (5) reduces to 
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where M is the thermo-geometric fin factor; r is the 
dimensionless space variable; ka is the thermal 
conductivity of the fin at ambient temperature; k is the 
dimensionless thermal conductivity; hb is the heat 
transfer coefficient at the fin base; θ is the dimensionless 
temperature. 

The boundary conditions in the dimensionless form 
are: 
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And the dimensionless initial condition is 

 
  0,0r                                  (11) 

 
The heat transfer coefficient is given by the power 

law model [36, 37]: 
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where n and hb are the constants of the model. The 
parameter n can be varied between −6.6 and 5 [36]. Also, 
the thermal conductivity may be given as a linear 
temperature-dependent function [30]: 
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The dimensionless forms of the heat transfer 
coefficient and thermal conductivity are   nh    and 
k(θ)=1+βθ, respectively; and so the thermal conductivity 
gradient is  b a .T T   The dimensionless heat 
transfer equation of problem is given by  
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where f(r) is the dimensionless profile of the fin. 
 
4 Application of hybrid DTM-FDM 
 

Equation (14) has been solved using the hybrid 
DTM-FDM. Details of this method’s solution procedure 
have been provided in Ref. [9]. This method is applied in 
some engineering problems, such as transient thermal 
analysis of longitudinal fins with internal heat generation 
[34], transient advective–dispersive transport Eq. [38], 
free vibration of a plate [39], thermal analysis of annular 
fin with temperature-dependent thermal conductivity [40], 
large deflections of orthotropic rectangular plate [41] and 
nonlinear transient heat conduction problems [42, 43]. 

To solve the nonlinear partial equations (Eq. (14)) in 
the domain  0,t T and  b t,r r r  using hybrid DTM 
and FDM, we apply the finite difference approximation 
to r direction and take DTM to t. The following finite 
difference scheme is used based on a uniform mesh. The 
length of the direction of r is divided into Nr equal 
intervals. The r coordinates of the grid points can be 
obtained by  b ,jr r j r    j=0:Nr , where Δr is the 
mesh size. 

After taking second-order accurate central finite 
difference approximation with respect to r and applying 
DTM on Eq. (14) for the time domain, the following 
recurrence relations can be obtained: 
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       2 2 ,af j k bf j j k              (15) 

 
where the symbol ‘‘  ’’ denotes the convolution 
operation and G(j, k) is the differential transform of the 
function g(θ)=θ 

n+1. 
Applying DTM to the initial condition in Eq. (11), 

we have: 
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The boundary conditions in Eq. (10) can be 

transformed as 
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5 Results and discussions 
 

In this study, hybrid DTM-FDM is used to solve the 
problem of transient thermal behavior of radial fins of 
rectangular, triangular and hyperbolic profiles with 
temperature-dependent properties (Fig. 1). These active 
parameters, such as fin profiles, heat transfer coefficient 
and internal heat generation have effects on the 
temperature distribution. In this research, the shape of 
the fin is assumed as a rectangular profile (f(r)=1), 
hyperbolic profile (f(r)=rb/r) and triangular profile 
(f(r)=rt−r). 

The code is validated by comparing the obtained 
results of numerical solutions. The comparison shows a 
good agreement (Fig. 2) which proves the validity of this 
method to be applied to engineering problems. Figure 2 
shows the temperature distribution within fins for 
constant (rectangular) and variable (triangular and 
hyperbolic) cross sections at τ=0.3. The Maple package 
uses FDM to discretize the differential equation. This 
technique is a centered implicit scheme and is capable of 
finding solutions to higher-order PDE and PDE systems. 
It is considered that β is less than zero in Fig. 2. It is 
important to note that β depicts the change in the thermal 
conductivity as a function of temperature. The positive 
and negative β numbers have different effects on the 
thermal conductivity, depending on the material of fins 
and the thermal conductivity might decrease (β<0) or 
increase (β>0) with temperature. As seen in Fig. 2, the 
profile shape of fins has an important role in temperature 
distribution especially near the fin tip (0.5≤r−rb≤1). The 
fin surface temperature decreases from the rectangular 
profile to triangular profile, then to hyperbolic profile. In 
other words, the best profile in this category is the 
hyperbolic shape because it has the maximum heat 
transfer and the minimum fin temperature. It can be said 
that decreasing area of the fin in radial direction causes 
to decrease the fin temperature (or increase the heat 
transfer from the fin surface). 

 

 
Fig. 2 Comparison of results of hybrid DTM-FDM and 

numerical solutions at τ=0.3 when β=−0.6, M=2, a=1, b=0.5, 

rb=0.1, θ0=0.1 and n=2 

 
Figure 3 depicts the effect of the nature of heat 

transfer on transient temperature distribution for five 
different regimes of fluid flow on the fins. For showing 
different regimes, the exponent n (associated with the 
convective heat transfer coefficient) should be changed. 
The exponent n characterizes condensation or laminar 
film boiling (n=−1/4), laminar natural convection 
(n=1/4), turbulent natural convection (n=1/3), nucleate 
boiling (n=2) and radiation heat transfer (n=3). As seen 
in Figs. 3(a) to (c), the effects of the nature of heat 
transfer on transient temperature distribution for different 
regimes of fluid flow on different shapes of fins 
(rectangular, triangular and hyperbolic profile) are shown. 
Fin surface temperature associated with the nature of the 
heat transfer is shown in Fig. 3. The temperature 
distribution of the fin is an increasing function of 
exponent n for all profiles. The minimum and maximum 
fin surface temperatures are the laminar film boiling and 
radiation heat transfer, respectively. These results have 
similar trend for all three profiles. The stability or 
instability can be influenced by physical parameters of 
heat transfer such as thermal conductivity and heat 
transfer coefficient. The thermal instability can be 
observed in the temperature distribution of triangular 
profile (see Fig. 3(b)). 

In Fig. 4, the effect of internal heat generation on 
the temperature distribution in fin with thermal 
conductivity increasing with temperature at τ=0.4 is 
indicated for six cases. 

In this figure, the nucleate film boiling (n=2) is 
considered for the hyperbolic fin profile. The parameter 
a is the constant term of internal heat generation, while 
the parameter b is the linear temperature-dependent term 
of internal heat generation. The value of heat generation 
Figure 4 confirms that increasing the internal heat 
generation (a) leads to an increase in fin surface 
temperature to base temperature or more. In fact, the  
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Fig. 3 Effect of nature of heat transfer on transient temperature 

distribution at τ=0.6 when β=0.3, M=3, a=0.1, b=−0.5, rb=0.1 

and θ0=0: (a) Rectangular; (b) Triangular; (c) Hyperbolic 

 

 
Fig. 4 Transient temperature distribution at τ=0.4 when β=0.7, 

M=1, b=1, rb=0.1, θ0=0.2 and n=2 for hyperbolic profile 

might decrease (b<0) or increase (b>0) with temperature. 
gradient temperature in the base of the fins is always 
negative except for the existing high heat generation (see 
Fig. 4 for a≥2). 

The figure of the fin temperature in different time 
for rectangular profile to analyze the transient behavior 
of the fin temperature is shown in Fig. 5. This figure 
depicts the time dependency of fin temperature. As seen 
in this figure, the fin temperature increases with time 
passing. This occurs because of the internal heat 
generation and the fin temperature may be reached to 
base temperature or more. 
 

 
Fig. 5 Transient temperature distribution at different times 

when β=0.2, M=3, a=2, b=0.5, rb=0.1, θ0=0 and n=−1/4 for 

rectangular profile 

 
One of the important parameters influencing 

temperature distribution is convection heat transfer 
coefficient at base temperature (M). Figure 7 
demonstrates the effect of this parameter on temperature 
distribution. This figure confirms that for fin with low M 
at first by increase in M, the temperature distribution has 
increased and then with increase in M, the temperature 
distribution has decreased. This means that for fin with 
low M, the temperature near the base fin reaches to its 
maximum. For fin with high M, in whole region of fin by 
increase in M, the temperature distribution increases. 
 

 
Fig. 6 Transient temperature distribution at τ=1.8 when β=0.5, 

a=2, b=0.1, rb=0.1, θ0=0 and n=1/4 for hyperbolic profile 
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Figure 7 depicts the gradient temperature at the fin 
base for different profiles. As seen, the maximum 
gradient temperature is for rectangular profile. The 
temperature near the base fin reaches to steady state at 
τ=0.5, but then the temperature in the fin tip reaches to 
steady state.  This applies to all three profiles. 
 

 
Fig. 7 Gradient temperature at fin base when β=−0.4, M=1, a=2, 

b=0.1, rb=0.1, θ0=0.05 and n=2 for different profiles 

 
6 Conclusion 
 

Transient thermal behavior of radial fins of 
rectangular, triangular and hyperbolic profiles with 
temperature-dependent properties is investigated. 
Thermal conductivity and internal heat generation are 
assumed temperature-dependent. Hybrid DTM-FDM is 
utilized to study the present problem. The results show 
that this method provides good agreement with previous 
numerical solutions of this nonlinear equation. The 
profile shape of fins has an important role in temperature 
distribution especially near the fin tip. The best profile in 
this category is the hyperbolic shape because it has the 
maximum heat transfer and the minimum fin temperature. 
Also, results show that the fin surface temperature is 
greatly dependent on the nature of the heat transfer. The 
laminar film boiling and radiation heat transfer have the 
minimum and maximum fin surface temperatures, 
respectively. 
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