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Abstract: A theoretical model for mixed lubrication with more accurate contact length has been developed based on the average 
volume flow model and asperity flattening model, and the lubricant volume flow rate and outlet speed ratio are determined by 
integrating differential equations based on rolling parameters. The lubrication characteristics at the roll−strip interface with different 
surface roughness, rolling speed, reduction and lubricant viscosity are analyzed respectively. Additionally, the average volume flow 
rates of lubricant under different rolling conditions are calculated and used to explain the change rule of lubrication characteristics. 
The developed scheme is able to determine the total pressure, lubricant pressure, film thickness and real contact area at any point 
within the work zone. The prediction and analysis of mixed lubrication characteristics at the interface is meaningful to better control 
the surface quality and optimize the rolling process. 
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1 Introduction 
 

Lubrication technology has been widely used in 
rolling process to improve the surface quality of metal 
products and to reduce roll wear. In the work zone (WZ), 
part of the load is carried by asperity peaks and part by 
the lubricant in surface valleys in most cases. The 
flattening of asperity is mainly determined by the normal 
pressure and friction interacted with roll in the WZ [1−2]. 
Moreover, the surface quality of strip is also influenced 
by the roll due to the function of “running-in” and 
“ploughing” [3−5], which is related to the lubrication 
characteristics at the roll-strip interface. Theoretical 
analysis of the lubrication and friction behaviors for 
rolling process has been an important method to 
understand the interfacial conditions in the WZ [6−7]. 
Based on the researches by WILSON’s research group 
[8−11], the influence of rolling speed on the interfacial 
contact conditions has been the main research content. 
However, the analysis of lubrication characteristics in the 
rolling deformation zone with different initial surface 
roughness has never been investigated. For the 
researches of lubrication characteristics with different 
rolling parameters such as rolling speed, oil viscosity and 
rolling reduction [6, 12−13], there are some 
improvements that can be made: 1) The flow of lubricant 
is changed for mixed-film lubrication, it would be 

inaccurate under the assumption of constant flow rate; 2) 
The outlet speed ratio should be determined based on the 
rolling parameters. 

In this work, a theoretical model for the mixed 
lubrication in the WZ is developed based on the average 
volume flow model and asperity flattening model with 
more accurate contact length, which is related to the roll 
radius, initial thickness of strip and rolling reduction. 
And then the effects of initial surface roughness, rolling 
speed, oil viscosity and rolling reduction on the mixed 
lubrication characteristics are discussed and analyzed. 
 
2 Theoretical model 
 

Along with the rolling direction, the length of inlet 
and outlet zone is relatively shorter compared with that 
of the WZ, which is also the main area where load and 
heat transfer occur. The geometry of the rolling process 
to be analyzed is shown in Fig. 1. For the lubrication 
with O/W emulsions, the process of droplets capture and 
increase of oil concentration mainly conducts nearby the 
inlet, resulting in the highly concentrated emulsion in the 
WZ. Researches [14−15] have indicated that the oil 
concentration would reach a level close to 1 in most part 
of the WZ. Based on the above, neat oil and WZ are 
chosen as the lubricant and the study area respectively in 
this article. Some assumptions are defined as follows to 
simplify the solving process. 
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Fig. 1 System of rolling process 

 
1) Rolls are rigid; 
2) Strip is rigid perfectly plastic; 
3) Thermal effects on viscosity of lubricant are 

neglected; 
4) Width variation of strip is neglected. 

 
2.1 Geometrical model of Asperity 

Engineering surfaces usually have directional 
patterns resulting from different manufacturing processes 
or because of “running-in” [3]. Saw-tooth longitudinal 
roughness with lay parallel to the rolling direction is 
regarded as surface topography in the process of rolling. 
The surface topography of the strip can also be 
confirmed by the micrographs of the rolled surface 
[16−17]. The interactions at the interface can be reduced 
to a simple contact problem between smooth roll and 
rough strip as shown in Fig. 2. RMS (root-mean-square) 
surface roughness of the strip can be calculated by 
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Fig. 2 Surface topography of interface between strip and roll 

 
The following relationships can also be obtained 

from the geometrical relationship: 
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A=a/l                                       (4) 
 
where l is the half spacing of asperity; b is the half height 
of asperity; ht is the average film thickness; a is the half 
contact length; A is the fractional contact area. 

The average film thickness ht can be related to RMS 
surface roughness and fractional contact area based on       
Eq. (2)−(4): 
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2.2 Average flow model 

For mixed film lubrication, PATIR and CHENG 
proposed “Average Flow Model” [3, 18] to resolve the 
problem of lubrication between rough sliding surfaces. 
The model takes into account the directivity of surface 
asperity and can explain the flow characteristics of 
lubricant media more accurately. WU and ZHENG [19] 
introduced contact factor to reflect the contact rate of the 
interface of roll and strip. Therefore, the Average Flow 
Model of PATIR and CHENG [3] and the extended 
Reynolds equation proposed by YAN and KURODA [20] 
can be combined to obtain the new ”Average Flow 
Model” for mixed lubrication: 
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where pf is the fluid pressure; us is the surface speed of 
strip and ur is the rolling speed.  

The flow factor  corrector given by CHANG et al 
[10] for the work zone is adopted: 
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And the viscosity of lubricant oil η is given as 
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where η0 is the initial viscosity of lubricating oil; γ is the 
pressure coefficient of viscosity. 

In order to compute expediently, the Eq. (6) can be 
changed to non- dimensional form: 
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where Pf=pf/σy is the non-dimensional lubricant pressure; 
Ht=ht/Rq is the non-dimensional average film thickness; 
C is the constant of integration which has relation to the 
non-dimensional lubricant volume flow rate by Q*= 
Q/urRq. The non-dimensional speed F, non-dimensional 
pressure coefficient G, non-dimensional strip thickness Y 
and the outlet speed ratio Z are given respectively as 
follows: 
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where x1 is the contact length; σy is the yield stress of 
strip; R is the rolling reduction which is defined as 
R=(y1−y2) /y1, 

2su is the outlet speed of strip. 
 
2.3 Rolling stress for mixed lubrication 

In the WZ of rolling process, the distribution of 
rolling stress can be described by Kalman differential 
equation: 
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where p is the total pressure, and τ is the friction stress 
which is the sum of viscous friction of the lubricant and 
asperity contact friction: 
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where τa is the asperity interface friction and τf is the 
viscous friction: 
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where c is the adhesion coefficient; k is the shear strength 
of strip. Using Eqs. (15)−(17) in Eq. (14), the non- 
dimensional form of rolling stress distribution with more 

accurate contact length (x1= )25.0 22
11r RyRya   can be 

expressed as 
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where P=p/σy is the non-dimensional total pressure; 
r*=ar/y1 is the non-dimensional roll radius and R*=Rq/y1 
is the non-dimensional roughness. 
 
2.4 Fractional contact area 

WILSON and SHEU [8] used an upper-bound 
technique to obtain semi-rational formula about the 
non-dimensional effective hardness H and the 
non-dimensional strain rate E: 
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where pa is the indentation pressure;   is the bulk strain 
rate; va is the downward speed of the contact surface 
relative to mean surface and vb is the average upward 
speed of valleys relative to mean surface. For the 
purpose of extended calculations, H can be related to A 

and E by [8] 
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In the WZ, the total pressure consists of the asperity 

contact pressure and the lubricant pressure: 
 

)1(fa ApApp                           (24) 
 

It can be changed to non-dimensional form: 
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Based on the asperity flattening theory for 
longitudinal roughness, CHANG et al [10] developed the 
frictional contact area model: 
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where θa is the asperity slope; l*=l/y1 is the non- 
dimensional asperity half pitch. The non-dimensional 
strain rate E can be expressed by 
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Simultaneous equation composed of Eqs. (9), (18) 

and (26) is shown as 
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3 Numerical procedure 
 

To calculate Pf, P and A along with the rolling 
direction from X=1 to X=0, numerical procedure with a 
computer programmed Runge−Kutta scheme is used to 
solve Eq. (28). The boundary conditions are defined as 
follows. The rolled piece can be regard as rigid at the 
entrance of rolling process. So, Eq. (21) can be changed 
to 
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On the other hand, Pf is usually small and 

approaches to zero in the condition of low rolling speed, 
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and Eq. (25) can be written as 
 

)]1ln(571.2[ AAAAP                    (30) 
 

The rolled piece starts to yield at the entrance, 
which means P=1. Therefore, the boundary conditions at 
the entrance can be solved: 

 
42.0  ,1  ,0f  APP                       (31) 

 
Similarly, at the exit of the WZ, Pf will approach to 

zero and P is approximate to that at the entrance: 
 

Pf=0, p=1                                  (32) 
 

The frictional contact area will change because of 
the flattening of asperity. The resolving flow chart is 
shown in Fig. 3. 
 

 
Fig. 3 Flow chart of solving procedures 

 
4 Model verification 
 

To verify the model, the rolling parameters (Table 1) 
which are similar with those used in Ref. [10] are 
selected in the following model verification. The result is 
shown in Fig. 4. It can be seen that the distribution of 
total pressure, fractional contact area and hydrodynamic 
pressure calculated by present model agrees well with 
the results in Ref. [10]. 
 
5 Results and discussion 
 

Based on the model, influence of the surface 

Table 1 Rolling parameters used in this work 

Symbol Value  Symbol Value 

ar/mm 200  y1/mm 1 

c 0.2  y2/mm 0.8 

l/μm 35  σy/MPa 97.75 

Rq/μm 1  η0/(Pa·s) 0.02 

Tb 0  γ/Pa−1 1.5×10−8 

Tf 0  θa 0.2 

 

 
Fig. 4 Distribution of total pressure, fractional contact area and 

hydrodynamic pressure calculated by present model and    

Ref. [10] 

 
roughness, rolling speed, reduction and lubricant 
viscosity on the lubrication characteristics such as total 
pressure, lubricant pressure, film thickness and the real 
contact area are discussed. An investigation of surface 
morphology of asperity is made firstly because a 
constant size of asperity was used in the previous models. 
The RMS surface roughness is related to the half pitch 
and slope of asperity as shown in Fig. 2. The relationship 
between asperity slope and arithmetic average roughness 

can be obtained by 743.0
aa 5255R [21], where Ra= 

.d)(
1  

0 
xxy

l

l

 The detailed information about the 

topography of asperity can be calculated based on    
Ref. [22], and the calculated results are given in Table 2. 
 
Table 2 Detailed information about surface roughness 

Rq/um θa l/μm l* 

1 0.16 20.9 0.021 

2 0.27 24.5 0.025 

3 0.37 26.6 0.027 

 
Figure 5 presents the lubrication characteristics in 

the WZ with different RMS surface roughness. It can be 
seen that a significant decline of the hydrodynamic 
pressure occurs when Rq changes from 1 um to 2 um  
(Fig. 5(a)), indicating that the asperity shares the main 
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pressure when the RMS surface roughness exceeds 2 um. 
The strip surface with larger valleys is useful to save 
more lubricant, which can also be observed from the 
change of volume flow rate of lubricant as shown in  
Fig. 9. The real contact area decreases with the 
increasing roughness (Fig. 5(b)), resulting from the 
change of asperity slope. Due to the larger surface valley, 
the average film thickness gets higher as shown in    
Fig. 5(c). 

The lubrication characteristics in the WZ under 
different rolling speed are shown in Fig. 6. The relevant 
parameter of asperity size is selected from Table 2 in the 
following calculations. It can be seen that there is no 
obvious change for the total pressure with different 
rolling speed (Fig. 6(a)). The higher the rolling speed, 
the more lubricant is brought into the interface, leading 
to the smaller real contact area and the higher film 
thickness (Figs. 6(b) and (c)). Another interesting finding 
is that the hydrodynamic pressure increases with the 
increase of rolling speed mainly within the area from 
inlet to neutral point. The reason for this might be that 
the process of asperity flattening mainly occurs in the 
area nearby the inlet. 

Figure 7(a) shows the variation of total pressure and 
hydrodynamic pressure in the WZ with different rolling 
reduction. Both the pressures increase with the increase 
of rolling reduction. The real contact area is also 
influenced by the rolling reduction as well as the film 
thickness, as shown in Figs. 7(b) and (c). 

The viscosity of rolling oil is also an important 
factor in the choice of lubricant. The higher viscosity 
contributes to higher hydrodynamic pressure as shown in 
Fig. 8(a). The lubricant with low viscosity is relatively 
easy to flow through the surface valleys, resulting in the 
higher real contact area and the thinner film thickness 
(Figs. 8(b) and (c)). 

Figure 9 presents the average volume flow rate of 
lubricant in different rolling conditions, i.e., surface 
roughness, rolling speed, reduction and oil viscosity. It 
can be observed that the volume flow rate of lubricant 
increases with the increase of surface roughness, rolling 
speed and lubricant viscosity, and decreases with the 
increase of rolling reduction. The variation of volume 
flow rate agrees well with the change of interfacial 
lubrication characteristics discussed above. 

 

 
Fig. 5 Lubrication characteristics in WZ with different roughness: (a) Total pressure and fluid pressure; (b) Real contact area;      

(c) Film thickness 

 

 
Fig. 6 Lubrication characteristics in WZ with different rolling speed: (a) Total pressure and fluid pressure; (b) Real contact area;    

(c) Film thickness 
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Fig. 7 Lubrication characteristics in WZ with different reduction: (a) Total pressure and fluid pressure; (b) Real contact area; (c) Film 

thickness 

 

  
Fig. 8 Lubrication characteristics in WZ with different lubricant viscosity: (a) Total pressure and fluid pressure; (b) Real contact area; 

(c) Film thickness 
 

 
Fig. 9 Average volume flow rate of lubricant under different rolling conditions: (a) Surface roughness; (b) Roll speed; (c) Reduction; 

(d) Lubricant viscosity 
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6 Conclusions 
 

1) Asperity would share the main pressure when the 
RMS surface roughness exceeds 2 μm. The real contact 
area decreases with the increasing surface roughness, and 
more lubricant is brought into the contact interface at the 
same time. 

2) The hydrodynamic pressure and total pressure are 
conspicuously influenced by the rolling reduction, while 
the total pressures are almost unchanged with different 
surface roughness, rolling speed and lubricant viscosity. 

3) Increasing lubricant viscosity is benefit to 
increase the film thickness and decrease the real contact 
area. 

4) The influencing rules of lubrication 
characteristics at different rolling conditions can also be 
explained by the variation of lubricant volume flow rate, 
which can be determined from the constant of integration 
C. 
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