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Abstract: The problem of fault estimation is investigated for a class of uncertain switched systems with time-varying delay. A robust
observer-based fault estimator is designed such that the augment error system is exponentially stable and the H,, performance index
meets the predefined requirements. Based on the multiple Lyapunov-Krasovskii functions and the average dwell-time method, the
delay dependent sufficient conditions on the existence of desired fault estimator are established. However, since these conditions are
not linear matrix inequalities (LMIS), they can not be solved by MATLAB. By using a novel method, these conditions are presented
in terms of LMIS. Finally, a numerical example is carried out. The designed fault estimator could tract the fault signal timely. Besides,
the error between estimation and fault is very small. Therefore, the validity of the obtained results is illustrated.
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1 Introduction

Switched system belongs to hybrid systems. It is
composed of several subsystems and a switching law [1].
The switching law supervises the switches among the
subsystems. In practice, switched systems are widely
applied in many fields, such as communication system
[2], formation flying [3], networks control [4], and power
systems [5]. Recently, the switched system has attracted
great attention of researchers. Most of the obtained
results focus on several basic problems, such as stability
[6], and stabilization [7-9].

For control system, security and reliability are very
important. The fault of control system usually leads to
the degradation of performances and security incidents.
Therefore, for improving the system reliability, fault
detection and isolation (FDI) is a very significant
problem in engineering. Many effective approaches have
been proposed for FDI. Recently, H, filtering
formulation method has been widely used to study FDI.
In Ref. [10], FDI was studied based on robust sliding
mode observers. The problem of robust fault detection
was considered for switched systems in Ref. [11]. In
Ref. [12], fault detection of uncertain discrete switched
system was converted into a H, filtering problem by
constructing a robust fault filter. The fault detection of
switched system was investigated via building an
observer [13—15]. In Ref. [14], by using a new Lyapunov

function, the sufficient condition was established for the
existence of fault detection filters.

On the other hand, fault estimation is also very
meaningful, especially for fault tolerant control (FTC).
Therefore, many researchers devote to investigating this
problem. During the past decades, several effective
methods have been developed, such as sliding mode
observer approach [16], adaptive technique [17—18] and
learning method based on neural network [19—20]. The
observer approach possesses an advantage that the state
estimation and fault estimation could be obtained
simultaneously. WANG and ZHANG [21] used a class of
adaptive observers to estimate both system state and fault.
In Ref. [22], based on adaptive observer technique, the
parameter fault detection and estimation were studied for
nonlinear systems with time delay.

However, for switched system, just several works
on fault estimation were published. The fault of switched
linear systems was estimated via building a hybrid
controller which is composed of a fault estimator and an
impulsive controller [23]. In Ref. [24], the problem of
fault estimation and accommodation was investigated for
switched linear system. Furthermore, an observer-based
fault tolerant controller was obtained on the basis of fault
estimation. Based on a novel switched descriptor
observer, the sensor fault estimation was investigated in
Ref. [25]. XIANG et al [26] detected the fault of a class
of uncertain switched nonlinear systems via state
updating approach. In Ref. [27], the problem of fault
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detection was investigated for switched nonlinear
systems under asynchronous switching. An estimator was
designed for discrete-time switched positive linear
systems in Ref. [28], and the developed method is useful
for fault estimation. Based on fault estimation, the
problem of fault tolerant control was studied for
switched discrete-time systems [29]. In above mentioned
literatures, some effective approaches were proposed for
fault estimation. However, the model uncertainty usually
exists in dynamical systems. It has not been taken into
account in most of published papers.

In  practice, disturbance, model
uncertainty and fault signal are coupled together in
control system. It should be noted that unknown
disturbance and model uncertainty may interfere with
fault estimation. Therefore, the desired fault estimator
should not only be sensitive to fault but also be robust to
disturbance and model uncertainty. In this work, by
taking time-varying delay and model uncertainty into
account, the problem of robust fault estimation is
investigated for a class of uncertain switched linear
systems. A robust fault estimator is designed based on
building state observer. The error between the fault and
the fault estimation satisfies the predefined performance
index. Based on the multiple Lyapunov-Krasovskii
functions, the sufficient conditions on the existence of
desired fault estimator are established in terms of linear
matrix inequalities (LMIS). Finally, a numerical example
is given to illustrate the validity of obtained results.

Notations: R” stands for n-dimensional real vector
space; R"" denotes the space of nxn matrices with real
entries; let || x|=x"x= {xl2 +~--+x5}, where x; is the
ith element of vector, x € R";let m= {l, TR m} and
n :{1, e n}, where m and n are arbitrary positive
integers; /, stands for 2-norm; I represents the identity
matrix.

unknown

2 Problem and preliminaries

Consider the following uncertain switched linear
system with time-varying delay:

x(t) = (Ay() + Ady ) x(t)+
(Ayo() + DA )X — ()t
BU(,)d(t) + GU(,) 1@

V(1) = CpyX(1) + Cyp )X (1 —7(2))+
D, ,d(t)+J ) f ()

x(t)=¢(t), te[-7,0]

where x(¢) e R" is the system state vector; z(f) stands

)

for time-varying delay; y(f) is the system output; d(¢)
stands for the external disturbance; f{¢) is the fault which
belongs to /,[0,+x); o(¢f)em denotes the switching

law which is a piecewise continuous function; @)

denotes the continuous vector-valued initial function; the
model uncertainties A4, and A4, are norm bounded,

described by the following equality: [AAG(,) AAdU(,)} =
H,Fs, [Ela(t) Ezg(,)]; F,) 1s unknown matrix

satisfying FGT(,)FJ(,) <I; H,,, Eu and E,,, are
known matrices; Ay, Ador)y Bory Gows Cows Caotyy Pty
and J,, are known system matrices with appropriate
dimensions; besides, 0 < 7(f) <7 and 7(¢) <d <1, where
7 and d are known positive constants.

First, some definitions and lemmas are introduced.

Definition 1: If there are two positive constants a
and f such that
||x(t)|| <aexp{-p(t—t,)} sup ||x(t0 )||, Vit =t (2)

toe[—7,0]

then system (1) is globally uniformly exponentially
stable (GUES) under the switching law o(%) [6].

Definition 2: For 7>>0, let Ny, (¢, T) denote the
switching number of o(¢) over (z, 7). If

T—t

Ta

Na(t)(t’T)SNO+ (3)
then 7, is called the average dwell-time (ADT). 7,>0 and
Ny is a non-negative integer [7].

Assumption 1: System (1) is a strict continuous
system, which implies that system state trajectory is
continuous everywhere. In other words, state variable
does not jump at any switching instant [30].

Lemma 1 [8]: For matrices D, E and symmetric
matrix ¥,

Y+DFE+E'F'D" <0 (4)

holds for F'F<I if and only if there exists a positive
constant ¢ such that

Y+eDD  +¢'ETE<0 (5)

Next, the problem of robust fault estimation of
system (1) would be expounded in detail. In this work,
the considered fault belongs to a frequency range located
at low frequencies, and its minimal state space
description is given as

{xw(t) =A4,x,()+B, f, (1)

(6)
f()=C,x,()+D, f,(1)

where x,(?) is the fault state vector; fy(?) is the fictitious
signal; f(¢) denotes the weighed fault; A4,,, B,,, C,, and D,,
are known matrices obtained from the prior knowledge
of fault.

Define the following matrices:

*0=[x"0 *0].
w'O=[d"0 £ 0]
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- — |:Ao'(t) Go'(t)Cwi|

0 A,

_ A, O

Mot _{ o o

_ Ado,(,) 0

Ado‘(t) _|: 0 0 >

_ AAdo‘(t) 0

AAda(t) |: 0 0 ’

E _ Bo‘(t) Go‘(t)Dw

R B, |
w

55(:) = [CO'(I) Jo‘(t)Cw:I >
Edo‘(t) = |:Cd0'(t) OJ >
l_)a(t) = |:D0'(t) J o‘(t)Dw] >
=[0 ¢,].

w:[() DW]’

_[Hs0
o(t) 0 >

F,

o(t)

c
D

o]

Fo‘(t) =
Elcr(t) = [Elcr(t) OJ»

Em(r) = |:E20'(t) OJ @)

The augment system (8) could be obtained from
system (1) and (6), written as

X(1) = (Aypy + Ay ) )X (0)+
(Ago) + Ay )X(E = 7(0)) + By w(t)
Y(t) = Coy X(1) + €y X(t = 7(1)) + Dy w(0) (8)
f(@t)=C, X(t)+ D, w(t)
o=[¢"0 0] re[-r 0]

where
I:AAG(I) AAda(t):| Ho‘(t)F ) |:Elcr(t) E20(t)j|’
F' F <I.

o(t)
According to the structure of system (8), the desired
observer is described by

o) =

X(1) = Ay X(0) + Ay X(t — (D) +
K (y() - (1)

f©)=C, %0

F(O) = C ) X(1) + Cypy X(t — 7(1))

€)

where K, is the gain matrix to be determined; x(¢)
and y(¢) are the state and output of the observer,
respectively; f (¢) denotes the fault estimator.

Let &(t)=X()—x(t), e()=f(t)— f(t). From
Eqgs. (8) and (9), error system (10) is obtained:

(1) = (Ay(y = K 5y C o) )& T
(chr(t) - Ka(z)Eda(t) )e(t —z(2)+
(B, = K 51y Dy W(0)+ (10)
AAd, X (1) + Adg g X(t —7(1))

e(t)=C, &(t)+ D, w(t)

Define the following matrices given by
Fo=[x0 o]l
v =[w'® o],

I 0
A=l o 4 C
o(t) o‘(t) o(t)

1 B Aio) 0
WO 0 Ay —KowCaoi |
do (1) o(t)~do(r)

. B, 0

B, =|- _

1B -K, D, O
a(t) o)y o(t)

AAU(,) 0

AAU(,) 0

A;l . AAdo‘(t) 0
do(t) — A 0l

do(t)

AAo‘(t) =

D,=[D, 0],

~ o(t)
H ot) = | & 1 >
o(t)

= Fo‘(t)’

FG'(t)
Elo‘(t) :[Ela(t) OJ:
Espy=[Eapiy 0] (11)

Then, the following augment error system is
constructed via Egs. (8) and (10):

X(1) = (A + Ay )X (1) +

(g + My Xt = 7(0)) + B v (1) (12)
e(t)=C, x(t)+ D, v(t)

where
|:AA0'(t) A‘éldcr(t) :' Ho‘(t)Fo’(t) |:E1 o(t) EZo’(t) :| >
F' F . <I.

o)
The main task of this work is that constructing
observer (9) guarantees: 1) when v(#)=0, system (12) is

o) =

stable; 2) under initial condition ¢&7)=0, the H,
performance index should satisfy

e(t
sup " ()"2 <y for ||v(t)||2 €[0,+) (13)

w0 [p ()
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If observer (9) coulsl be bui}t successfully, theg the Vp,l(t) =T ;lp + A;lp )T T, +T,( ;lp + A;IP) +
observer-based fault estimator f(¢) could be obtained AT 2 T -
from observer (9). T, 1x(0)+x ()T, B, v(t)y*+
; . (DT, (Ay, + Ay, X(t — (1)
Robust fault estimator design . ~ ~ .
8 (0= r(O)( Ay, +Ady) T, (1)
In this section, the sufficient conditions on the v (t)l}ZTpch O -4V, () (18)

existence of fault estimator would be proposed, and the
desired fault estimator would be built.

Lemma 2: For given scalars y>0, 2>0 and p>1, if
there exist positive symmetric matrices 7,, P, and R,
and positive scalar ¢ such that

v, v, T,B, C, T,H, E|
w0 0 0 E),
2 AT
* * -y'1 D, 0 0 <0 (14)
* * * I 0 0
* * * * gy 0
* * % * % —eI
T,<pT,, P.<pP, R <pR,i,jem (15)
and the ADT satisfies
Inp
T, > T (16)

then there exists observer (9) such that system (12) meets
the requirements (1) and (2).

~ ~ exp(—A7)
¥, =A,"T,+T,A,+ AT, +P, +HE-—"R,

exp(—A47) R

Y,=T,44, + . )
1

¥, =(d —~1)exp(~A7)P, —MRP

Proof: Construct multiple Lyapunov-Krasovskii
function for system (12) as follows:
Voioy ) =V 1 (O + Vo2 (0) + V)5 () 17

where

Vo (@) = %' (DT, x(0)
Va2 (0) = I, XpLA(s = O} ET (5)Py ) X(s)ds

NOE j_°r f:+ EXPIA(s DX ()R, () %(5)dsd O

Let # represent the instant of the Ath switching and
t, denote the instant just before #. Assume the pth
subsystem is activated over te[f,,#,;). Take the

derivative of V,(¢) with respect to ¢ along the trajectory
of system (12) over ¢ €[t;,#,;), and then

V,2(0) = (E(1)—-Dexp{-At()}X" (t - ()P, ¥(t—7(t)+
T (OP,X(1) -V, (D)
<(d -1 exp{-Ar()}x" (t—7()P,%(t — (1))
X (OP,X(1) =V, (1) (19)

P, 5(0) S—2V, (0 + 7% (OR, (1) - RO 0L
T

[%(1) - %(t = 7(t)]" R, [%(1) - X(t—7(1))]  (20)
By the Jensen inequality, inequality (21) is obtained
from inequality (20):

V50 -2V, 5 (0)+ 25 (OR, (1) - S0
T

[¥(1) =Xt —7(@)] R, [¥() - X(—z()] (21)

From Eq. (18), and inequalities (19) and (21), it
follows that

)E(t) T Sll SlZ TpEp
V,()<=AV,(0)+| X(t—-7@)| | * Sp O
v(?) * * 0
x(t)
x(t—17(1)) (22)
v(t)
where
N (;11, +A;1P)TTP +Tp(/~1p +A;1p)+/1Tp +P,+
iR, - exp{A(s—1)} R

r 14

S, = Tp(/]dp + Mdp

)+ exp{ﬂis -1} R,,

8y =(d-Dexpid(s—1)}P, _w&)

First, when v(£)=0, the stability of system (12) is
considered.
Noting that v(£)=0, inequality (22) could be written as

. 0 |[Su 8. %0
V<=4, (t){fc(t—r(t))} [* Szj{i(t_r(t))}

(23)
According to Schur complement, inequality (24) is
obtained from inequality (14):
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[a,1) 0 0 0]<0 (24)

where

exp{A(s—1)} R

Y, :TpAdp + . D
1

Wy, = (d-1)exp{A(s )} P, —w&

According to Lemma 1 and inequality (24), then
v, v, T,B, C,
*ow, 0 0
* * _},2 I DY

* * * -1

Ex |FT[AITT 0 0 0]<0 (25)

Obviously, inequality (25) is equivalent to
S, S, T,B, C,
* 8, 0 0
* * —7/21 lN)vE

* * * . .

<0 (26)

By Schur complement and inequality (26), then

AT
1O g 7)
Sy

Consequently,

V,(0)+ AV, () <0

V(D) <expl-At 1)V, (1)
< Pexp{=Alt~ )W, (1)
= pexp{-A(t =)V, (1) (28)
By iterative calculation, it follows that
V,(6) < p* expl=At 1))V, (to) (29)
Let x5 = :1;1( AT,),

p
max A(R,,)and x, =min A(T,), where A(7,) denotes all
pem

pem

K, =max A(P,), k3=
pem

eigenvalues of matrix T},
Vo) () = X' (1) Ty Xt )+
L:Q () Pt + )" (19)Py, ¥(1y)ds +
[ J.tt:wexp{/i(—to + )} (g )R, ) %(1y)dsd @
<& (1) (1) +[_ expiA(~ty +5)}-
5 (1) %(t)ds + [ [ exp {4y +5)}-
%' (ty) i3 %(t,)dsd @ (30)

Since
[exp(—=47), 1],

Vot (10) < &' (1)1 %(t0) + [ X" (1) mp(tg s +

selty—1,ty] and  exp{A(—t,+s)} e

-E)r -[t:O—r x' (1) K3 X(2y)dsd &
= s [#)| o || + ') 31

Inequality (32) is derived from inequalities (29), (31)
and the definition of V) (?):

2
K+ 1Ky +T Ky

%) < p* expl=A(t—ty)}]|%(t)|

2
gMexp{(f_f)_4)<t-t0)}||i(ro)||

(32)

Ky

(K'1+TK2+T2K'3)’ and ﬁ:/l_lnp.

Ky 7,

Define a =

Obviously, o>0. Since 7, >Inp/A, >0. According to
Definition 1, system (12) is GUES with an ADT (16).

Next, under initial condition ¢(#,)=0, consider the
following performance index:

J = sz[eT (De()—y*v" ()l (33)
For all non-zero v(t) € ,,[0, + ),
J = 1e" e - Opour

= J:O {eT (De(t) =" () +V, (t)}dt _
tgrgo Vy(O)+V, (%)
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x(1) x(1)
=["| & @¢-z) | H| X" (-1()) |dt—
0
V() v(t)
tim V, (0 +V, () (34)
where
_Sll SlZ Tpo é;{,
m=|* s, 0 |+ 0[C, 0 D,]
% % _721 by{
Furthermore,
v, v, T,B,
I = £ 0 [+
* * _7,21
TPHP
0 |F,[E, E, 0]+
0
~ T
TPHP
0 |F,[E, E, O] +
0
éT
0 |[¢, o D,] (35)
[)T

According to Schur complement and Lemma 1,
inequality (36) could be obtained:

Lemma 3: For given scalars y>0 and 2>0, if there
exist positive symmetric matrices 7,, P, and R,, and
matrices £,, W, and Z,, and positive scalars a and b
such that

@&, &, £, C, TH, Eb
* @y, 0 0 0 Epb
* % I DY 0 0 |<o (37)
* 0k I 0 0
% * * * _aI 0
* * * * * 4566
then inequality (14) holds.
@, =01 +Q, 41T, + P, + (.- 22EAD) R
T
@y, =~(1-d)exp(~A7)P, —MRP
T
Dy =(a—2b)I
Proof: Since a>0,
(a=b)?a'>0 %)
a—2b>-ba'b
It follows from inequalities (37) and (38) that
@, o, =, € T,H, Ep |
@, 0 0 0 Ey b
2 nT
* % -y D, 0 0 <0 (39
* ok T 0 0
* * * * —al 0
* * * * % —ba " 'bI

Pre-multiply diag {I,I,1,1, I,b’ll} and post-

v, ¥, T,B, C, T,H, E|
oy, 0 0 0 E),
2 nT
n=* * -r1 D, 0 0 <0 (36)
* oo * I 0 0
* * * * —&r 0
* % % % % —51

Since V,(t,)=0 and lim V (£)>0, then J<O,
P t—+00 P

el
40/

which implies

< y. This completes the proof of

Lemma 2.

Remark 1: Matrices l§p, ,:lp and %dp contain
unknown gain matrix K , therefore A,, Adp and B,
are unknown matrices. Then, two unknown matrix
variables K, and T, exist simultaneously in product terms
of TP;IP, /]ETP, Tp/]dp and Tpl;’p. In addition, &'
also exists in inequality (14). Thus, it would generate
product term T p;lp. Consequently, inequality (14) is
not a LMIS. Next, Lemma 3 is proposed to solve this
problem.

multiply diag {I,1,1, I, 1b7'1 } to inequality (39):

&, &, =, C, TH, Elb
&, 0 0 0 Ep
* xS I D, 0 0 .o (40
* * * o T 0 0
k * * % —al 0
* * * * * —a\1
—1 ~ ~
Let a=¢", Q,=T,A4, W,=T,A, and
Z,=T,B,, then inequality (14) is established. This

completes the proof.

Remark 2: In Lemma 3, TP;IP, Tp;ldp and Tpfip
are replaced by 2,, W, and Z,, respectively. Positive
variables @ and b are introduced to eliminate the product
terms generated by ¢ . By this way, inequality (14) is
transformed into LMIS (37).

Theorem 1: For given scalars y>0, >0 and p>1, if
there exist positive symmetric matrices 7,, P, and R,
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and matrices £,, W, and Z,, and positive scalars a and
b such that

7 T
T,H, Eb

- T
D, P, =p C,

* @, 0 0 0 Elb

* I Dy 0 0 <0 (41)

* * * -1 0 0

* * * * —al 0

* * * * * ¢66
TI,<pT;,, P<pP, R <pR;, i,jem (42)
and the ADT satisfies

Inp

T, > T (43)

then there is observer (9) such that system (12) is GUES,
and

Ms 7 holds for |v(t)], €[0,+) (44)
vao[p ()

Proof: According to Lemma 3 and inequality (41),
inequality (14) holds. Furthermore, by Lemma 2,
inequalities (42) and (43), there exists observer (9) such

. ez )"2
that system (12) is GUES and sup —— =<y fi
vioso [P
||v(t)||2 €[0,+0). This completes the proof.

Remark 3: First, £, could be obtained via solving
LMIs (41). Then, 4, =T, p_IQp. Finally, from Egs. (7)
and (11), K, is obtained. By this way, the fault observer
is built and the fault estimator f(¢) is also obtained.

4 Numerical example

In this section, a numerical example is presented to
illustrate the validity of the obtained result. Consider the
switched linear system (1) with following subsystems
and fault system.

1) Subsystem 1:

-0.5 1.0
A =
0.1 -03

[0z 03
a7 05 —0.1

B =G, - {‘“} (45)
0.2

¢ =[02 03]

C,=[01 02]

D, =0.1

J, =05

2) Subsystem 2:
4 -0.1 0.1
27101 04

L_[o1 02
271 03 -04

B, =G, = {02} (46)
0.4

C,=[02 0.]

C,, =[0.1 0.1]

D, =02

J,=04

3) Fault system:

0 1
A, =
{—0.2 —0.8}

0
B, =m (47)

c,=[02 0]
D, =02

Let y=0.2, 2=0.2 and p=1.1. From Theorem 1 and
Remark 3, it is easy to get

7, >0.4766
2.0062

3.2242
-9.0552
-1.9527 (48)
~7.2691

6.5349

—4.2853

2.5209

1=

) =

Over time interval [0, 10], the results of the
simulation are shown in Figs. 1-3.
In Fig 1, one could find 7,>0.4766, which implies

3

[\

System model

—_—
T

0 2 4 6 8 10
Time/s
Fig. 1 Simulation of switching law
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(=]
T

|
—_
T

Disturbance

|
N}
T

_3 ‘l 1 1 1
0 2 4 6 8 10

Time/s
Fig. 2 Simulation of disturbance

2.0
"""" Fault A AL
— Fault estimation
S16F
s
=
212F
E
S
= 0.8
8
204t
A A A s 1 1 1
0 2 4 6 8 10

Time/s
Fig. 3 Simulation of fault and fault estimation

ADT satisfies inequality (43). The random disturbance is
shown in Fig. 2. From Fig. 3, one can find that the fault
estimation approximates the fault. The error between
them is very small. Besides, the fault estimator could
tract the trajectory of fault timely. Thus, the designed
fault estimator could estimate the fault exactly and meet
the requirements.

In most of other works, the model uncertainty has
not been taken into account. However, the designed fault
estimator in this work is robust to uncertainty.
Compared with other works, such as Refs. [26] and [27],
the fault estimation in this work approximates the fault
more exactly.

5 Conclusions

1) By constructing an observer-based estimator, this
problem is formulated as a H, problem. Based on the
multiple Lyapunov-Krasovskii functions and average
dwell-time method, the sufficient conditions on the
existence of robust fault estimator are obtained.
Furthermore, the sufficient conditions are presented in
form of LMIs via a novel method.

2) It should be pointed out that the multiply

co-positive Lyapunov-Krasovskii functions used in this
work are traditional. In the future work, we will try to
utilize the new kind of function to deal with the fault
estimation problem for switched positive system, and
make a comparative analysis with the traditional
functions.
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