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Energy analysis of face stability of deep rock tunnels using
nonlinear Hoek-Brown failure criterion
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Abstract: The nonlinear Hoek-Brown failure criterion was introduced to limit analysis by applying the tangent method. Based on the
failure mechanism of double-logarithmic spiral curves on the face of deep rock tunnels, the analytical solutions of collapse pressure
were derived through utilizing the virtual power principle in the case of pore water, and the optimal solutions of collapse pressure
were obtained by using the optimization programs of mathematical model with regard of a maximum problem. In comparison with
existing research with the same parameters, the consistency of change rule shows the validity of the proposed method. Moreover,
parametric study indicates that nonlinear Hoek-Brown failure criterion and pore water pressure have great influence on collapse
pressure and failure shape of tunnel faces in deep rock masses, particularly when the surrounding rock is too weak or under the
condition of great disturbance and abundant ground water, and in this case, supporting measures should be intensified so as to

prevent the occurrence of collapse.
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1 Introduction

It is frequently to see the collapse of tunnel faces
under excavations. Since the original equilibrium of
surrounding rock in front of tunnel faces is disturbed
with the soil excavations, it induces great deformation
until the occurrence of collapse, which not only poses a
great threat to the life of construction workers but also
leads to unmeasurable loss of the whole project.
Therefore, engineers have focused on the research of
face stability of tunnels, which has important scientific
value and practical significance [1-2].

The issue of face stability in tunnels is certainly a
rather tough problem since it is related to many factors,
such as the level of surrounding rock, ground water, the
size of cross-sections, the way of excavation. The
determination of collapse pressure, i.e. calculating the
minimal supporting pressure for maintaining the stability
of tunnel faces, has become the focus of current
investigation [3—5]. According to the limit analysis
method, the failure mode of tunnel faces should be
established to work out the minimal supporting pressure,
while sorely a few scholars have investigated this
problem. LECA and DORMIEUX [6] proposed a conical
failure mechanism for tunnel faces, and the minimal

supporting pressure obtained from limit analysis

approach is close to the results of centrifuge tests, which
verified the wvalidity of proposed collapse mode.
Afterwards, SOUBRA [7] and MOLLON et al [8]
constructed a  multi-block translational failure
mechanism and greatly improved the failure mechanism
by which the more optimal results were derived with
limit analysis approach since they are more close to the
solutions obtained from centrifuge tests. Based on the
multi-block translational failure mechanism, limit
analysis method and numerical simulation approach were
conducted to estimate the stability of tunnels, from which
the influence rule of certain parameters on the coefficient
of rock weight per volume was gained [9-10].
MOLLON et al [11-12] utilized a spatial discretization
technique, i.e. a point-to-point method, to generate the
rotational failure mechanism, by which the optimal
solutions were also obtained. SUBRIN and WONG [13]
constructed a double-logarithmic curved collapse mode
according to the failure shape of tunnel faces gained
from centrifuge tests, and the calculation results show
this suggested failure mode is superior to the multi-block
translational failure mechanism.

Consequently, on the basis of the double-
logarithmic rotational failure mode, the face stability of
deep rock tunnels was investigated under the effect of
pore water pressure by utilizing nonlinear Hoek-Brown
failure criterion and limit analysis method, which would
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provide theoretical guidance and reference value for
supporting design of tunnel faces in deep rock stratum.

2 Definition and theorem

2.1 Nonlinear Hoek-Brown failure criterion

Hoek-Brown failure criterion is an empirical
formula of rock failure, which stems from the study of
integral brittle rock and the investigation of joint rock
mass model. For the sake of application in the practical
projects, it has been greatly modified five times, and the
current one, i.e. nonlinear Hoek-Brown failure criterion,
has been widely utilized in the geotechnical engineering,
which can be expressed as [14—18]

a
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O

where o, and o, indicate the maximal and minimal
principal effective stresses of rock in failure, respectively;
o, 1s the uniaxial compressive strength of rock; my, s
and a are dimensionless parameters which are related to
the characteristics of rock and can be expressed as

I5—100
o =% p[m} @
Ig5 —100
=exp| ——— 3
’ p( 9-3D j 3)
a= l+l(e_IGs/15 _6*20/3) (4)
26

where Igs is the geological strength index of the rock
mass; m; is the rock constant; D shows the disturbance
factor of the rock mass.

Concerning Hoek-Brown nonlinear failure criterion,
YANG and YIN [19-20] proposed a tangential technique,
shown in Fig. 1. In the stress coordinate system,
nonlinear failure criterion is expressed with a curved line,
i.e. drawing a tangential line to the curve at the location
of tangency point M which presents an angle of ¢, to the
direction of o, -axis, and the intercept of the straight
line, ¢, with the r-axis, thus the expression of the
tangential line is

T=c +0,tang, %)

Pt

o o
Fig. 1 Tangential line of nonlinear failure criterion

Based on tangential technology, YANG and YIN
[21], and MAO et al [22] further studied the nonlinear
Hoek-Brown failure criterion and gained the correlation
of ¢, and ¢, i.e.
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Applying limit analysis upper bound theorem to
compute the research problem, Eq. (6) was adopted to
deduce the analytic solutions of supporting pressure of
tunnel faces.

2.2 Upper bound theorem under effect of pore water

pressure

Pore water pressure has vital impact on the shear
strength of rock/soil masses and the stability of
geotechnical engineering. In stability problems of
geotechnical pore water pressure is
generally drawn by the following two methods [23—24].
It can be obtained simply based on the positions of both
ground water drift and saturation line, and it can also be
regarded as part of soil gravity, which was put forward
by BISHOP in 1955, and the expression can be written as

engineering,

u=r,yz (7

where u is pore water pressure; r, is the coefficient of
pore water pressure; y means soil weight per volume; z
shows the vertical distance between a random point of
soil masses and the ground surface.

Pore water pressure was analyzed as the internal
force or the external force in upper bound theorem by
some scholars. The results show that the work rate
produced both in the region of soil strain and on the
boundary by pore water pressure taken as the external
force is equivalent to the power of seepage force and
buoyancy when it was seen as the internal force, and the
equation can be expressed as [25—26]

—IV ué;dV — IsunividS =V J‘V%vidV + 7w IV%vidV

(®)
where the first integral is the power of producing soil
body strain by pore water; the second is the work rate of
acting on the boundary by pore water; the third is the
power of seepage force; and the last is the work rate of
buoyancy. Besides, u is the pore water pressure; &; Is
the body strain; V' is the volume; »; is the outward unit
normal vector of failure surface; v; is the velocity of
failure surface; S is the failure surface; y,, is the unit
weight of water; 4 is the water head; and Z is the
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elevation head.

However, it is clearer and easier to accept that pore
water pressure is considered the external force. Therefore,
pore water pressure was usually taken as the external
force to introduce into upper bound theorem for the
stability problem of geotechnical engineering, so was
this work. As to upper bound theorem of limit analysis,
CHEN [27] proposed that the load calculated through
equating the external work rate to the internal energy
dissipation of rock/soil masses is no less than the actual
load in kinematically admissible velocity field. In
conclusion, upper bound theorem under the effect of pore
water pressure can be written as [28—31]

JA o,&;d4 2 js Tv,dS + jA Fv,dA+ jAuié,-jdA +jluividl

©)
where the left integration shows the internal energy
dissipation created by stress o, in the virtual strain
field &; in the plasticity region 4; the right integrations
are external work rates which in turn mean the power of
external load T; along the direction of velocity v; on the
boundary S, the work rate of volume force F; along the
direction of v; in region A4, the power of producing soil
body strain &; in region 4 and acting on the detaching
line / along the direction of velocity v; by pore water
pressure u;.

According to upper bound theorem, certain
assumptions should be introduced as follows. 1) Rock/
soil masses should be perfectly plastic material, and it
should follow associated flow rule, thus under the
nonlinear failure criterion, discontinuous velocity v;
presents an angle of ¢, with the velocity discontinuity
line. 2) The sliding block should be regarded as the rigid
block which means the volume is a constant in failure. In
this case, the virtual strain field is equal to £; =0 in
the region A4, and the internal energy dissipates along the
velocity detaching line /, thus the power of u; in the
virtual strain field &; equates zero.

3 Failure mode

When the tunnel face collapses, the rock/soil masses
in front of tunnel face experience heterogeneous velocity
field. Based on the double-logarithmic curved failure
mechanism proposed by SUBRIN and WONG [13],
shown in Fig. 2, the face stability of deep rock tunnels
was studied with limit analysis approach. In Fig. 2, 4B is
the tunnel face with the diameter of d, AE and BE are the
two logarithmic spiral lines separately which rotate with
a constant angular velocity o with regard to the center O.
Thereinto, the length of OA is r, and the length of OB is
r,. Meanwhile, among for OB, OA4 and OE, each has an
angle of 6, 6, and 6; with the direction of the vertical
line. op indicates the supporting pressure applied on

the tunnel face. / characters the height between the
underground waterline and the tunnel roof; u is the pore
water pressure.
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Fig. 2 Collapse mechanism of double-logarithmic spiral curves
on face of deep tunnel [13]

The double-logarithmic curved collapse mechanism
of tunnel faces in deep rock tunnels is simplified to a
plane strain issue. According to the assumptions of upper
bound theorem in limit analysis, the rock/soil masses
follow the flow rule, thus the velocity at the random
point in the logarithmic spiral curves has an angle of ¢,
with the tangential line at this point, as shown in Fig. 2,
and the equations for describing two logarithmic spiral
lines AE, BE are as follows:

1(0) = r, expl(0-6,) tan ] (10)
1(6) = 1, expl(6 — O) tan ] (11)

Due to the geometrical relationship in Fig. 2, », and
1, are the functions related to 6, and 6,, while 0; is a
function with regard of 4,, 6, and ¢, i.e.

sin g,

;o= 12
* sin(6, - 6)) (12)
% :.sm—sz (13)
sin(d, - 6,)
1 In(sin &, /sin &
0, =~ [(6+0,) —2S O 5 G), (14)
2 tan @,

4 Computational process

4.1 Work rate of rock/soil mass

To easily calculate the work rate created by
rock/soil weight, it is necessary to extend line OA to the
line BE with an intersection B’, thus the whole work rate
of ABE can be expressed as P, —P,,+P,;—P,4. Thereinto,
Py, P, Py, and P, represent the power of gravity in the



3082

J. Cent. South Univ. (2015) 22: 3079-3086

regions OB'E, OAE, OBB' and OAB, respectively, and the
specific expressions are shown as

162 . 1 5
P, = 62gw-r2(0)~sm0-57/-r2(0)d0
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where

1106,,605) = %J- ;3 exp[3(6, — 0)-tan g, ]-sin 6d I
= {—exp[3(

cos ;) +exp[3(6,

sin @, +cos 6, )} /[3(1+9tan? )] (16)

—0;)-tang,]-(3tan g, -sin6; +
—0,)-tang]-Gtang, -

22 :J.;;ga}-q(@)-sinﬂ'%%”lz(mda
=y l” - 12(6,,65) a7

1,(60,,65) = %j 23 exp[3(6—-6,)-tang,]-sin6dI

= {exp[3(6; — 6,)-tan ¢, ]-(3tan ¢, -sin &5 —
cos@;)+cosb, —3tang, -sinb, } /[3(1+
9tan® ;)] (18)

P, _j —a) r,(6)-sin 6- —7/ 72 (6)do
:7‘a)'rb - f3(6,,6,) (19)

£(6,,6,) :%j; exp[3(6; - 0)-tan ¢, ]-sin 040

={-exp[3(6, —6,) tang,]-(3tan g, -sin b, +
cos6,)+cosf +3tang, -sind } /[3(1+
9tan” @,)] (20)
)
Iazl sin 6, b.2 sin (91~rb2-sin9d49
4 2 sin@ 3 sin’6
=y 01 - f4(6,,6,) 21
: 1 ¢ 6,sin’ g cos@ cosb,
6,0,)=— 0_ ne . (—A_ 272
f4(1 2) 376 511’123 ! (sinHI sint92

(22)
To sum up, the total power produced by mass in the
region ABE is
B =P ~Py+Ps-Fy

=y -(fi+fi-f)-r-orn-f (23)
4.2 Power of pore water pressure

The rock/soil masses in failure are regarded as the
rigid block which indicates that the volume is a constant,
Le. &; =0, thus the power of pore water pressure is
sorely generated at the boundary. The work rates of pore
water pressure at the boundaries AE and BE, i.e. P, and
Py, can be written as

P

ul

0.
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2
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Consequently, the whole power of pore water
pressure results in

B, =P, +P,=r,-y-1rl-w-sing, [r,fs+(h-

r,cos6,)- fol+7, ~7/~Fb ‘o-sing, -[r, - f7+

(h+d—r,cos6))- f3] (30)

4.3 Work rate of supporting pressure

Concerning the collapse pressure applied on the
faces of deep rock tunnels, i.e. the required supporting
pressure for guaranteeing the stability of tunnel faces, it
can be regarded as uniform load with simplification,
or, thus the corresponding power can be worked out
based on upper bound theorem.

B = b_.sind -w-cos-o -sin&dé
T J‘91 sin @ ! T sin (9 !
1 2 sin” 6,
=—or-w-r -(1- 31
R R ey (31)

4.4 Internal energy dissipation

As to rigid block 4BE with &; =0, the internal
energy would just dissipate along the velocity
discontinuity lines E4 and EB, thus the total internal
energy dissipation Py can be calculated, and Py, and Py,
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respectively represent the energy dissipation on £4 and
EB,i.e.

(%
By =R+ By :jgjﬁ(e)'w'cos(ﬂt'ct -1 (0)d0+
0:
[, 7(0)-0-cosp,-c, 1,(6)d0
1

=c o cos’ - {ra2 -(exp[2(65 —6,)-tangp ] -1) +
i -(1—exp[2(6, — ;) - tan @, 1)} /(2sin ,) (32)

4.5 Upper bound solutions of supporting pressure
According to the virtual power principle of limit
analysis, the collapse pressure of tunnel faces can be
derived by equating the external work rate to the internal
energy dissipation, thus the analytic solution of
supporting pressure (collapse pressure) can be expressed
through simultaneous calculation of Egs. (23), (30)—(32).

2(P,+ P, — P,
oy =Lt BB (33)

Moreover, the parameters in Eq. (33) should satisfy
the following constraints as

0<6 <6, <n/2
6, <6, <m (34)
f‘a<l”b

To guarantee the stability of tunnel faces, the
maximal magnitude of collapse pressure should be
calculated. It can be easily found from Eq. (33) that the
collapse pressure (supporting pressure), op, is a
function related to 6,, 6, and ¢y, i.e. o = f(6,,6,,9,).
Therefore, the problem of calculating the maximal value
of collapse pressure is converted to a mathematical
optimization model, i.e. searching the maximal value of
the objective function, o = f(6,,6,,¢,), under the
constraints in Eq. (34), which is the most optimal upper
bound solution of collapse pressure and is also the
minimal supporting pressure for maintaining the stability
of tunnel faces. The upper bound solutions can be
calculated with MATLAB software programming and
sequence quadratic iterative algorithm, and the detail
optimization process is not introduced here.

5 Analysis of results

5.1 Comparison

Based on limit analysis method, SENENT et al [32]
obtained the upper bound solution of collapse pressure
with nonlinear Hoek-Brown failure criterion when they
investigated the face stability of shallow rock tunnels. To
verify the correctness of the method in this work, the
introduced collapse pressure ratio of tunnel faces in deep
stratum gained from this work, o /(yd), is compared

with that derived from shallow tunnels by SENENT et al
[32], as shown in Fig. 3. In the process of comparison,
the parameters should be the same with those in Ref. [32],
i.e., soil weight y=25 kN/m’, tunnel diameter d=10 m,
rock constant m=5, disturbance factor D=0. It can be
seen from Fig. 3 that, with the increase of uniaxial
compressive strength ratio, o /(yd), the change law
of o /(yd) calculated from this work is consistent
with that refereed to Ref. [32] when geological strength
parameters are Igs=10 and Igs=15, which shows the
validity of proposed approach in this work.

0.5
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e — Shallow tunnel
= — Deep tunnel
03}
S
<
© 02}
0.1+
0 20 40 60 80
o-ci/(yd)
0.30
(b)
025
e — Shallow tunnel
0201 = — Deep tunnel
<
< 0.15F
&
0.10
0.05F
0 20 40 60 80

O-ci/(yd)
Fig. 3 Influence of ratio of uniaxial compressive strength on
ratio of collapse pressure: (a) Igs=10; (b) Igs=15

5.2 Effect of nonlinear Hoek-Brown failure criterion

on face stability

Due to great disturbance or weak surrounding rock,
the tunnel faces would collapse under excavations in
deep rock layers, thus the influence of nonlinear
Hoek-Brown failure criterion on collapse pressure and
failure surface of tunnel faces is greatly investigated
apart from the research of pore water pressure, as shown
in Figs. 4-9. Parameters are: soil weight per volume y=
25 kN/m’, tunnel diameter d=10 m, the coefficient of
pore water pressure r,=0.3, and the height between
underground waterline and tunnel roof #=30 m.
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The influence of /g5 and m; on collapse pressure of
tunnel faces is shown in Fig. 4 when the corresponding
parameters are o, =600kPa and D=0.5. It can be
found from Fig. 4 that with the increase of /g5 and m;, the
collapse pressure would decrease. When I5s=20 and
m=15, the influence of o and D on collapse pressure
of tunnel faces is illustrated in Fig. 5 from which one can
notice that with the increasing value of o, the
collapse pressure tends to decrease, while it has a
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Fig. 5 Influence of o; and D on collapse pressure

Fig. 6 Influence of /g5 on collapse shape

Fig. 7 Influence of m; on collapse shape
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Fig. 8 Influence of o on collapse shape

Fig. 9 Influence of D on collapse shape

tendency to increase with the increase of D. In
conclusion, nonlinear Hoek-Brown failure criterion has a
large impact on the collapse pressure of face in deep rock
tunnels.

The effect of Igs on failure shape is shown in Fig. 6
with m=25, o, =600kPa and D=0.5. In Fig. 6, the
collapse area of tunnel faces in deep-buried rock tunnels
tends to decrease since the greater the Igs, the better the
quality of surrounding rock masses and the less the
failure region of tunnel faces. When [gs=25,
o, =000 kPa and D=0.5, the influence of m; on
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collapse shape is illustrated in Fig. 7 from which it can
be noticed that the bigger value of m; would induce
smaller failure region because the greater magnitude of
m; means better surrounding rock which could reduce the
collapse area. The effect of o on failure shape is
shown in Fig. 8 with I5s=20, m;=15 and D=0. The
change rule and interpretation of collapse region with
regard of o is similar to that with Igs and m;.
Meanwhile, the impact of D on collapse area is shown in
Fig. 9 with I5s=20, m;=15 and o; =1000 kPa . It can be
seen from Fig. 9 that with the increase of D, the
corresponding failure surface tends to increase since the
larger value of D means greater disturbance of
surrounding rock, which leads to the bigger collapse
region. Consequently, nonlinear Hoek-Brown failure
criterion has a greater influence on the collapse scope of
tunnel faces in deep-buried rock tunnels.

5.3 Impact of pore water pressure on face stability

When tunnels are under excavations in deep rock
masses, an important factor, the effect of water,
contributes to the collapse of tunnel faces. In this case,
on the basis of nonlinear Hoek-Brown failure criterion,
more attention is paid to the impact of pore water
pressure on collapse pressure and failure shape of tunnel
faces in deep rock tunnels, as shown in Figs. 10—12. The
corresponding parameters are: soil weight y=25 kN/m”,
tunnel diameter d=10 m, geological strength index
I5s=20, uniaxial compressive strength o, =600 kPa
and disturbance factor D=0.5.

The influence of pore water pressure coefficient, r,
and waterline height, 4, on the collapse pressure of
tunnel faces is shown in Fig. 10 from which it can be
found that with the increasing value of r, or A, the
corresponding  collapse pressure would increase
significantly, which illustrates that pore water pressure
has an important effect on the collapse pressure of tunnel
faces in deep-buried stratum.

When the height between underground waterline
and the tunnel roof #=10 m, the influence of pore water

800

e — /=10m

650

500

or/kPa

350

Ty

Fig. 10 Influences of r, and % on collapse pressure

pressure coefficient, 7, on failure shape of tunnel faces is
shown in Fig. 11. It is manifest from Fig. 11 that the
greater magnitude of r, would induce larger collapse
region, which means that abundant pore water produces
greater pore water pressure which leads to larger failure
scope. Similarly, the impact of 4 on collapse shape of
tunnel faces is illustrated in Fig. 12 with »,=0.5 from
which one can find that the larger value of 4 and the
greater failure area occurring in front of tunnel faces.
Consequently, the collapse shape and region of tunnel
faces are greatly influenced by pore water in deep rock
tunnels.

Fig.12 Influence of 4 on collapse shape
6 Conclusions

1) Based on nonlinear Hoek-Brown failure criterion,
the analytic solutions of collapse pressure of tunnel faces
in deep rock stratum are deduced with upper bound
theorem when considering the effect of pore water, and
the most optimal upper bound solution is derived through
optimization programme.

2) The collapse pressure ratio of face of deep
tunnels calculated is compared with that gained in
shallow tunnels with the same parameters, and the
consistency of changing law verified the validity of the
proposed approach.
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3) Nonlinear Hoek-Brown failure criterion for
describing the rock characteristics has a great influence
on the collapse pressure and failure shape of face in deep
rock tunnels. Specifically, with the increase of /s, m; and
o, the collapse pressure and the collapse scope would
tend to decrease, while the collapse pressure and failure
region are positive to the value of D. In the practical
projects, the effect of pore water pressure on face
stability should be not ignorable since the greater
magnitude of », or A would induce larger collapse
pressure and failure scope significantly. Therefore, as to
deep rock tunnels, when there exists poor surrounding
rock, great disturbance or rich pore water, the supporting
measures should be strengthened and timely monitoring
measurement should also be conducted so as to prevent
the occurrence of face collapse.
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