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Abstract: To gain a thorough understanding of the load state of parallel kinematic machines (PKMs), a methodology of
elastodynamic modeling and joint reaction prediction is proposed. For this purpose, a Sprint Z3 model is used as a case study to
illustrate the process of joint reaction analysis. The substructure synthesis method is applied to deriving an analytical elastodynamic
model for the 3-PRS PKM device, in which the compliances of limbs and joints are considered. Each limb assembly is modeled as a
spatial beam with non-uniform cross-section supported by lumped virtual springs at the centers of revolute and spherical joints. By
introducing the deformation compatibility conditions between the limbs and the platform, the governing equations of motion of the
system are obtained. After degenerating the governing equations into quasi-static equations, the effects of the gravity on system
deflections and joint reactions are investigated with the purpose of providing useful information for the kinematic calibration and
component strength calculations as well as structural optimizations of the 3-PRS PKM module. The simulation results indicate that
the elastic deformation of the moving platform in the direction of gravity caused by gravity is quite large and cannot be ignored.
Meanwhile, the distributions of joint reactions are axisymmetric and position-dependent. It is worthy to note that the proposed
elastodynamic modeling method combines the benefits of accuracy of finite element method and concision of analytical method so
that it can be used to predict the stiffness characteristics and joint reactions of a PKM throughout its entire workspace in a quick and
accurate manner. Moreover, the present model can also be easily applied to evaluating the overall rigidity performance as well as
statics of other PKMs with high efficiency after minor modifications.
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1 Introduction

Parallel kinematic machines (PKMs) have been
proposed as an alternative solution for high-speed
machining tool for years due to the merits of simple
structure, high rigidity, better accuracy, good
reconfigurability and easy controlling. This has been
fully exemplified by the commercial success of Sprint Z3
head applied in aeronautical industries [1] and the
Tricept robots used in locomotive industries [2—3].

As a multiple-axis spindle head with 1T2R capacity,
Sprint Z3 head has aroused great interests from industrial
and academic fields since its invention. The topological
architecture of Sprint Z3 head is a 3-PRS parallel
mechanism. Extensive investigations have been carried
out on the 3-PRS parallel mechanism, ranging from
inverse and forward kinematics [4—5], workspace
prediction [6—7], Jacobian formulation [8], parasitic
motion [9] to stiffness evaluation [10—11] and rigid-body

dynamics [12—13]. Despite numerous researches
mentioned above, investigations on dynamics and load
state of the 3-PRS parallel mechanism are quite scare as
far as the author’s knowledge is concerned. Nevertheless,
the dynamic performance evaluation and kinematic pair
load prediction are two main concerns in the design stage
of such a PKM module used for high-speed machining
where high accuracy is required.

As evidenced by the literature, the dynamic
modelling of PKMs has been gradually addressed. In the
first stage, equations of motion for the PKMs were
derived with assumptions that all components are rigid
bodies [14—16]. The Kane’s method was commonly used
in these models due to the closed-loop kinematic chains
property of PKMs. In the early 1990s, LEE and GENG
[17] derived the Lagrange equations for flexible 6-RPR
spatial manipulators using tensor representation, in
which the piston was modelled as a mass-spring-damper.
Much literature along this track can be found in
Refs. [18—20]. However, it is worthy to point out that in
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the aforementioned literature joint stiffnesses were not
taken into account yet they would bring significant
influences on the global stiffness and dynamics of the
system. SHIAU et al [21] proposed a nonlinear dynamic
model for a 3-PRS PKM, in which the limbs were treated
as rigid and the joints were simplified as isotropic
constant springs.

From the above discussions, it can be seen that the
component stiffnesses are crucial to system dynamics
and should be modelled dedicatedly when establishing a
dynamic model for such PKMs. Considering the 3-PRS
module as a compliant parallel mechanism where the
three PRS limbs are equivalent to three sets of springs
that have bending, extending and torsional deflections, a
comprehensive elastodynamic model for the 3-PRS PKM
module is presented. Based on the proposed
elastodynamic model, the quasi-static equations are
derived by degenerating the differential term in the
governing equations of motion. The analysis is then
extended to the prediction of joint reactions in order to
provide the designer with useful information in the stage
of structural design.

2 Kinematic description of 3-PRS PKM

A CAD model for a Sprint Z3 head is shown in
Fig. 1, which consists of a moving platform, a fixed base
and three identical PRS limb assemblies. Each PRS limb
assembly consists of a hollowed limb body with
non-uninform cross-sections, a carriage containing ball
screw assembly driven by a servo motor, and a fixed
base with a guideway. An electrical spindle is mounted
on the platform to implement high-speed milling.
Independently driven by three servomotors, one
translation along z axis and two rotations about x and y
axes can be achieved.

As can be seen from Fig. 1, the topological
architecture of Sprint Z3 head is a 3-PRS parallel

PRS limb assembly 3

Guideway

PRS limb assembly 2

Fixed base

PRS limb assembly 1

W y
z X
Fig. 1 Structure of 3-PRS PKM module

mechanism. To facilitate the formulations, the schematic
diagram and corresponding coordinates of the 3-PRS
PKM are depicted in Fig. 2.

Fig. 2 Schematic diagram of 3-PRS PKM module

Herein, B; and C; (i=1, 2, 3) are the centers of
spherical and revolute joints, respectively; A4; denotes the
rear end of the limb (also is the installation point of rear
bearing); AA,4,4A; and ABB,B; are assumed to be
equilateral. To facilitate the formulation, Cartesian
coordinate systems are set as the followings. A global
Cartesian coordinate system A-xyz is attached on the
centre point 4 of the fixed base, in which x axis is set
along the direction of 44, and z axis is perpendicular to
the plane A4,4,4; while y axis is decided with the
right-hand rule. Similarly, a body-fixed moving
Cartesian coordinate system B-uvw is set at the centre
point B of the moving platform, in which u is in the
direction of BB, and w is perpendicular to the plane
B\B,B; while v is decided according to the right-hand
rule. Meanwhile, a limb reference coordinate frame
Crruviw; (i=1,2,3) is established at the centre point C; of
the i-th revolute joint, in which u; and w; are coincident
with the axes of revolute joint and limb body,
respectively, while v; is determined with the right-hand
rule. For clarity, only one limb reference frame in limb 3
is depicted in Fig. 2.

The transformation matrix R, of the frame B-uvw
with respect to the frame A-xyz can be formulated as

R, = [R01 Ry, R03]
cosycosg—sinycosfsing —cosysing —sinycosfcosg  sinysingd
=| sinycos@+cosycosfsing —sinysing+cosycosdcosg —cosysing
sin@sing sinfcos¢ cosf
D
where i, € and ¢ are Euler angles in terms of precession,
nutation and rotation, respectively.

The position vector of point B; measured in the
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global coordinate system 4-xyz can be given as
B, =Ryb, + p=a; +d;n+Is, 2)

where b; and p are the vectors of point B; and point B
measured in B-uvw and A-xyz respectively; a; is the
vector of point 4; measured in A-xyz and d; is the stroke
of the i-th slider measuring from point 4; to C;; [ is the
length of limb body; # is the unit vector of guideway and
s; is the unit vector of C;B; measured in the frame of
A-xyz. There exist

cos f; cos f; Dy 0
b =r,|sinp; l,a;=rn|smp \,p=|p,|.n=|0| (3)
0 0 . 1

where 7, and r, are the radii of the moving platform and
the fixed base, respectively; S, =2n(i—1)/3 are the
position angles of the revolute joints; p,, p, and p. are
coordinates of point B measured in frame 4-xyz.

Taking , 6 and p, as independent coordinates, and
considering the constrains of revolute joints, one can
obtain

Py =0.51,(1-cos &)cos(2y)

p, =—0.51,(1-cos O)sin(2y) 4
p=-y
Noting that

c.B| =1 ©)

Solving Eq. (5), one can derive the inverse
kinematics of the PKM model.

3 Elastodynamic modeling

Considering the structural features of the 3-PRS
PKM module, one can decompose the PKM system into
one fixed base subsystem, one moving platform
subsystem and three identical limb subsystems. For the
convenience of analytical derivation, the following
hypotheses and approximations are made.

1) The base and the moving platform are treated as
rigid bodies due to their relatively high rigidities;

2) The limb body is modeled as a continuum elastic
hollowed spatial beam with non-uniform cross-sections
according to its structural feature;

3) The revolute and spherical joints are simplified
into virtual lumped springs with equivalent stiffness at
their geometric centres;

4) The transient structural assumption is adopted
and the coupling effect between rigid and elastic motions
is negligible as the mechanism works at low or moderate
speed;

5) Clearances, frictions and dampings in joints are
neglected though they can be added to the governing

equations in an easy way.

3.1 Dynamic modelling of PRS limb assembly
Figure 3 shows the assemblage of a PRS limb in the
3-PRS PKM module.

R joint bearing Lead-screw Rear bearing

\__/

P \
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e
ot | N A sevomo
S joint Limb body Carriage §u tGu‘ dewas €rvo motor

Fig. 3 Assembly of PRS limb

According to the assembling relationships and
structural features of the PRS limb, one can classify all
the components in an individual PRS limb into three
categories when formulating the compliance expression:
the limb body, the revolute joint (including the lead-
screw-nut assembly and carriage-guideway assembly)
and the spherical joint.

Consequently, the compliance of an entire PRS limb
assembly can be regarded as a serial combination of the
aforementioned three compliant components. With the
knowledge of kineto-elastodynamics, one can model the
hollowed PRS limb body as a non-uniform spatial beam
constrained by two sets of lumped springs with
equivalent stiffness as shown in Fig. 4.

The symbols in Fig. 4 are defined as follows. k;,
kg and k; are the stiffness coefficients of three virtual
lumped translational linear springs of the spherical joint;
ki, kyis ke and ki, ke, ki are stiffness coefficients of
the translational and torsional lumped springs of the
revolute joint in the i-th limb assembly, respectively.

Fig. 4 Force diagram of limb body

The geometric feature of the limb body is
demonstrated in Fig. 5. As shown in Fig. 5, the
cross-sections of the limb body are not uniform. To be
specific, the cross-section of segment B;D; of the limb
body is in a rectangular form with gradually changing
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dimensions. The topological form of the cross-section is
depicted as I. Accordingly, the cross-sections of segment
D;E;and E;C; are labeled as II and III, respectively. For
clarity, the dimensional parameters of the cross-sections
are not shown in the above figure.

As aforementioned, the limb body of the PRS limb
in the PKM module can be modeled as a hollowed
spatial beam  with  non-uniform  cross-sections
constrained by two sets of lumped springs. The following
will derive the differential equations of motion for the
limb body by finite element method.

As shown in Fig. 5, the hollowed limb body is
discretized into several segments with a spatial beam
element. The spatial beam element is defined by two
nodes, each having three linear and three angular
coordinates (along and about three axes). Figure 6 shows
the e-th element of the i-th limb in element reference
frame N/ —x;y;z{. Here, e and e+1 denote two adjacent
nodes of the element, u; (i=1—12) represents the nodal
coordinates and the frame of N —x{y{z] is parallel to
the limb frame of Ci-u;v;w;.

Fig. 5 Sketch of limb body cross-section

Fig. 6 Definition of spatial beam element

Consequently, a set of equations of motion of the
i-th limb in the limb frame C;-u,v;w; can be formulated

with adequate boundary conditions. For convenience, the
subscript except the limb body number i (i=1, 2, 3) is
omitted.

mii; + ku; = f; (6)

1

where m; and k; are mass and stiffness matrices of each
limb body, and #; and f; are the general coordinates
vector and external load vector of the i-th limb body and
can be expressed as

T &T T gTHT
u; = (&g 53,. &g &) (7)

i

fi=(fs 0 o S5 )T (8)

where &5 ,&p .60 and &- are linear and angular

coordinates of nodes B; and C; in the frame of Ci-u,vw;,
respectively; fp, fo and 7, are reaction forces and

moments at B; and C; measured in C-u,v;w;, respectively.
The nodal coordinates can be related to u; by

&p = NcBilui’ 53,. = Ng'zui
©)
&c, = Ngl”i’ fc,. = NcCiZ”i
where N5'. NB2 NS NE? are transformation
matrices of nodes B; and C; with respect to u; in the
frame of Ci-u,v;w;, respectively.
Thus, the coordinate transformation can be made to
express Eq. (6) in the reference coordinate system as

MU, +KU, =F, (10)

where M, =T,mT}, K, =TkT', U =Ty
F, =T, f;. Herein, T; is the transformation matrix of the
i-th limb body fixed frame with respect to the global
reference and there exists

T[:diag(R[:"'aR[) (11)

where R; is the transformation matrix of Ci-uv,w; with
respect to A-xyz and can be determined through the
inverse kinematics.

3.2 Dynamic modeling for moving platform

The free body diagram of the moving platform is
shown in Fig. 7.

From Fig. 7, the equations of motion of the moving
platform can be formulated as

3 . 3
mpép == Fy +Fp, Ipép ==Y 1, xFp +7, (12)

i=l1 i=l1

where myp and I are the mass and inertial matrices of the
moving platform measured in 4-xyz; & and & are the
linear and angular general coordinates of the moving
platform; Fj is the reaction force vector at the
interface between the moving platform and the i-th limb
body; r; is the vector pointing from point 4 to B;; Fp and
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Fig. 7 Force diagram of moving platform

7p are external forces and moments acting on the moving
platform, respectively. And there have

Iy :ROIPOROTnFBl :RifB, (13)

where Ip, is the inertia of the moving platform measured
in the body-fixed coordinate system B-uvw.

3.3 Deformation compatibility conditions

As mentioned above, the moving platform connects
with three identical PRS limbs through three spherical
joints, each of which can be treated as a virtual lumped
spring with equivalent stiffness. The displacement
relationship between the platform and the limb can be
demonstrated as Fig. 8, in which B;, and B; are the
interface points associated with the moving platform and
PRS limb, respectively; VB; and &, are displacements
of By and B; measured in the limb coordinate system
Cruyvw;; kg 1s the equivalent stiffness coefficient of the
i-th spherical joint.

ksi

By AWM Bu

Moving platform Limb
Fig. 8 Displacement relationship between platform and limb
body

Observing that the elastic motion of moving
platform U, = (&p ,& )" is caused by the deflection of
three flexible limbs and the platform is rigid, one can
derive the elastic displacement VB; of B (fixed on
moving platform) as

VB, =R'D'"U, (14)

where D" =[Iy; B,], B, is the reciprocal matrix of
vector B,.

Noting that the spherical joint connects the moving
platform with the link at B;, one can express the reaction
forces of the spherical joint as
S, =~ky(NGT'U; ~ R} D"Up) (15)

Similarly, the reactions at C; is

fo ==k ,NS'T'U, 7 =k ,NS*T'U, (16)

1

where  k;; = diag(k,,.k,,,
k.,) are the equivalent stiffnesses of revolute joint in
related directions (along and about three axes in limb

reference frame C; —u,v;w,).

krz) and kr2 = diag(kru 7k

TV

3.4 Governing equations of motion

Substituting Eqgs. (15)—(16) to Egs. (10)—(12), the
governing equations of motion for the PKM system can
be written as

MU + KU = F (17)
where K is the global stiffness matrix; U and F are

the general coordinates and external load vectors. And
there exist

v=[ul v} u] U}]T,F{FIT FFf Ff]T (18)

U, = (sg 5§)T5F4 =(FPT Tg ! (19)
K, K,
- K K
- 22 24 (20)
K, K,

K, = : +K, 1)

=
I

(22)

Kyi=| |~ (23)

3
> rxRkyR'D"
i=1

1778171

mp
M, = I (24)
p
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K, , :( RkiR, D j (25) U=K'F (28)
, 0 -

Once the external load of the PKM module F is

Rk .NBTT given and the global stiffness matrix K is determined

K, = e (26) by Eq. (20), the global coordinates, i.e., the elastic

) r XRiksiNngz"T y Eq. (20), g s s

4 Joint reactions prediction

In this section, the reaction forces of spherical and
revolute joints in the 3-PRS PKM module at a given
external load such as the gravity are investigated through
a quasi-static analysis. The main parameters of the PKM
are listed in Table 1. Herein, s denotes the stroke of the
moving platform. kg, ks, ks Kius Kivs ks kews ke and ke,
are stiffness coefficients of three perpendicular axes of
the spherical joint in its local frame; others have been
defined before. According to the parameters of the
example system, the following numerical simulation and
analysis can be conducted.

Table 1 Parameters of PKM

Parameter Value
7p/mm 250
ry/mm 350
//mm 550
s/mm 200

kg (N-pm ™) 23
ko/(N-um™") 23
kg/(N-um ™) 623
ki/(N-pm™) 112
ki/(N-um ™) 214
kip/(N-pum ") 100
ko/(N-um™) 676
keo/(N-um ™) 446
ke/(N-pum™h 348
ko/(N-pm ") 280
Fep/(N-um™) 330
ke/(N-um ™) 330
kn/(MN'm-rad ™) 20
ko /(MN-m-rad ™) 20

4.1 Quasi-static deformation formulation

Note that the PKM module works at low or
moderate speeds, the differential item in Eq. (17) is
comparatively small thus can be omitted without causing
non-negligible errors when calculating the kinematic pair
reactions. Therefore, the elastodynamic equation in
Eq. (17) can be simplified as

KU=F (27)

Equation (27) can be rewritten as

deformations of each component can be decided.
Inserting U into Egs. (15) and (16), one can easily obtain
the reaction forces of spherical and revolute joints of the
PKM module.

4.2 Gravity-caused elastic deformations

Equation (28) gives the analytical formulation for
elastic deformations in the 3-PRS PKM module. This
subsection will discuss the elastic displacements of the
moving platform aroused from component deformations
due to the gravity.

Generally speaking, the cutting force is quite small
during high speed machining. Compared with the cutting
force, the gravity of the moving platform and limb
structures; however, it is comparably large and may bring
considerable effect on the elastic displacement of the
moving platform, which in turn will degenerate the
machining quality of the workpiece.

According to the 3D CAD model shown in Fig. 1,
the gravity of the moving platform and limb structures at
the top position is calculated as 178.65 kg. By solving
Eq. (28), the displacements of the moving platform can
be determined and listed in the following Table.

Table 2 Elastic displacement of moving platform caused by
gravity (p,=875 mm, 6=0°, y=0°)

Parameter Value
£p/pm 363.67
£py/um 0
£pz/m —3.1786

&,/10*rad 0

&,/10*rad ~3.0686

&./10 *rad 0

From the above table, it can be observed that the
gravity of the PKM arouses a translational displacement
in the vertical direction (along x axis). The value of this
deflection reaches 363.67 um, which is not negligible
during high speed machining. This translational
deflection brings a rotational deflection about v axis,
which is coincident with the parasitic motions of the
3-PRS mechanism as expressed in Eq. (4). Meanwhile,
the gravity also causes a translational deflection along
axial direction (along z axis).

4.3 Gravity-caused joint reactions
With the elastic displacements obtaining from
Eq. (28), the joint reaction forces can be easily
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determined by inserting U into Eqgs. (15) and (16). The
following tables list the reaction forces of the spherical
and revolute joints caused by the gravity at the
aforementioned configuration of top position.

From Table 3, it can be found that the joint reaction
forces caused by the gravity are not equally distributed in
three identical limbs. Taking the spherical joint for
example, the S joints in three limbs all claim the biggest
amplitudes in the direction of z axis (i.e. axial direction
of the limb body). Among them, the S joint in limb
assembly 1 has the highest value. Compared with the
forces in z direction, the reactions of S joint in the other
directions are smaller. Interestingly, forces distributed in
the S joint in limb assembly 2 and limb assembly 3 are
equal to each other in the same directions.

Table 3 Reaction forces in S joints caused by gravity (p,=
875 mm, 6=0°, y=0°)

Limb No fun/N fon/N fui/N
1 0 ~0.0010 4240.5
2 ~1007.6 0 ~2274.5
3 1007.6 0 22745

Table 4 Reaction forces in R joints caused by gravity (p,=875
mm, 6=0°, y=0°)
LimbNo. fe/N  fo /N fei/N

7ey/(N'm)  z¢/(N'm)

1 0 0.0010 —4240.5 0 0
2 1007.6 0 2274.5 —423.2027 0
3 —1007.6 0 22745 423.2027 0

The reactions of revolute joints in the PKM can be
found in Table 4. As to the revolute joint in limb
assembly 1, the gravity only causes reactions in two
directions, i.e. forces along y axis and z axis. However,
the reactions are much more complicated in the revolute
joints in limb assemblies 2 and 3. The gravity causes
reaction forces in two directions and reaction moments
about one direction. Moreover, the reactions in the same
direction share the same amplitude for the revolute joints
in limbs 2 and 3. This can be explained by the axial
symmetry of the 3-PRS parallel -configuration.
Comparing Tables 3 and 4, it can be found that reactions
of the spherical joint and revolute joint in the same limb
claim the same value in corresponding axes.

The following will discuss the effects of
configurational parameters on joint reactions due to the
gravity. For content limitation, only the load distributions
of spherical and revolute joints in limb assembly 1 are
illustrated.

Figure 9 gives the distributions of reaction forces
along three axes in the spherical joint of limb assembly 1.

Apparently, the distributions of reaction forces in
three directions are strongly dependent on the

N
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248075
2% :':," %
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‘g XN
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Fig. 9 Distributions of reactions in S joint over working plane
at p.=875 mm: (a) Reaction along x axis; (b) Reaction along y
axis; (c) Reaction along z axis

configurational parameters. The amplitudes of each
reaction force vary with the nutation angle & and the
precession angle . For instance, the reaction force along
X axis fp), varies from the minimal value of —1 .08x10° to
the maximal value of 1.08x10°. The reaction force along
z axis fy. changes from 4.20x10° to 6.02x10°. Once
again, an axisymmetric distribution over the given work
plane can be observed, i.e. 40° symmetrical about the x
axis, which is coincident with the axial symmetry of the
structure of three RPS limbs in the 3-PRS parallel
mechanism. The same tendency of load distributions can
be found in revolute joints as shown in Fig. 10.
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Fig. 10 Distributions of reactions in R joint over working plane at p,=875 mm: (a) Reaction along x axis, fci,; (b) Reaction along y
axis, fc1y; (¢) Reaction along z axis, fc1.; (d) Reaction about x axis, z¢;); (€) Reaction about y axis, 7¢,; (f) Reaction about z axis, 7¢).

From Fig. 10, it can be seen that the reaction forces
in three directions vary noticeably with the configuration
parameters. Meanwhile, the reaction moments about x
and z axes are zero, which means that the gravity of the
platform does not cause rotational deflections at the
center of revolute joint. This is coincident with the fact in
that the revolute joint can freely rotate about its axis (x
axis) and the projection of the gravity center on limb 1
locates at the centre line of the revolute joint.

‘«/,O/\y/\/y \

>
9l

020 20

5 Conclusions

1) An analytical elastodynamic model is established
with the technique of substructure synthesis. The limb
assemblage flexibility is accounted into through FE
formulation by treating it as a spatial beam with
non-uniform cross-sections supported by two sets of
lumped virtual springs of joints.
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2) Based on the proposed elastodynamic model, a
quasi-static analysis is conducted to predict the joint
reactions and component deflections by degenerating the
differential terms of the governing equations. Compared
with the traditional FE method, the present method for
joint reaction prediction is much more concise and
effective.

3) The elastic displacements of the moving platform
and reactions in the revolute and spherical joints caused
by the gravity are calculated at given work
configurations. The results show that the influence of the
gravity on the system deflections cannot be neglected.

4) A piece-by-piece computation algorithm is
proposed to predict the joint reactions throughout the
workspace. The distributions of reactions in revolute and
spherical joints in an individual limb assemblage are
predicted to demonstrate a strong dependency of joint
reactions on system configurations.
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