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Abstract: The aim of this work is to propose a 3D FE model of a theoretical assembling straight bevel gear pair to analyze the 
contact fatigue on the tooth surface and the bending fatigue in the tooth root. Based on the cumulative fatigue criterion and the 
stress–life equation, the key meshing states of the gear pair were investigated for the contact fatigue and the bending fatigue. Then, 
the reliability of the proposed model was proved by comparing the calculation result with the simulation result. Further study was 
performed to analyze the variation of the contact fatigue stress and the bending fatigue stress under different loads. Furthermore, the 
roles of the driving pinion and the driven gear pair were evaluated in the fatigue life of the straight bevel gear pair and the main 
fatigue failure mode was determined for the significant gear. The results show that the fatigue failure of the driving pinion is the main 
fatigue failure for the straight bevel gear pair and the bending fatigue failure is the main fatigue failure for the driving pinion. 
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1 Introduction 
 

Straight bevel gears are widely applied in 
automobiles and machine tools to transmit power and 
motion between intersecting shafts due to the advantages 
such as smooth transmission and high load-carrying 
capacity. But in modern industry, the designer is 
commonly restricted by the requirement that gears 
should carry high loads at high speed with both size and 
weight kept at a minimum. Therefore, it is crucial to 
investigate the contact fatigue and the bending fatigue to 
ensure the reliable design of gears. Usually, two kinds of 
teeth fatigue failure can occur under repeated loading, 
namely, the pitting on the tooth surface and tooth fracture 
in the tooth root. For the reason, it is of great importance 
to investigate the contact fatigue stress and the bending 
fatigue stress to predict the fatigue failure of gears.  

At present, some scholars have investigated the 
contact fatigue and the bending fatigue of gears by using 
the analytical and experimental methods [1–14]. All of 
these studies provided an important guide for exploring 
the rolling contact fatigue failure and the bending fatigue 
failure of gears. Especially, it should be noted that on one 
hand, the large majority of these research directly carried 

out chemical analysis, micro-hardness measurement and 
metallographic examination in the fatigue failure zones 
and investigated the effect of surface pitting, surface 
coating, grain size of material, toughness of material, 
initiation and propagation of crack, high accuracy of gear 
geometry, shaft misalignment and assembly deflection on 
the fatigue failure of gears using the experimental 
method. On the other hand, the existing research was 
mainly concentrated on an equivalent model of two 
cylinders to simulate the surface fatigue process in the 
contact area of gears, the analysis of the bending fatigue 
of gear tooth and the crack initiation and propagation of 
gears and the roles of residual stress, metal material 
properties and inclusion magnitude in the fatigue failure 
of gears using the analytical method. However, more 
attentions are paid to the investigation of the metal 
microstructure and the fatigue crack initiation and 
propagation so that the effect of fatigue stress on the 
service life of gears is ignored. Furthermore, an 
equivalent model of two cylinders does not correspond 
with the real model of gears. The stress distribution of 
the gear tooth based on the three-point bending loading 
method is also not consistent with the real stress 
distribution of gear teeth. Therefore, it is necessary to 
develop a real 3D FE model of gears to analyze the 
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contact fatigue and the bending fatigue. 
In this work, a real 3D FE model of a straight bevel 

gear pair was developed under the ANSYS software 
environment. According to the cumulative fatigue 
criterion, the significant meshing states of the straight 
bevel gear pair were investigated for the analysis of 
contact fatigue and bending fatigue and the reliability of 
the proposed 3D FE model was proved by comparing the 
calculation result with the simulation result. On the basis 
of the reliable 3D FE model, the contact fatigue stress 
and the bending fatigue stress of gear teeth were 
analyzed under different loads. The contact fatigue life 
and the bending fatigue life were also studied using the 
stress–life equation. The obtained results provide useful 
guidelines for better understanding the fatigue of gear 
teeth. Furthermore, it is also helpful for acknowledging 
the effect of fatigue stress on the fatigue life of gear 
tooth. 
 
2 Computerized design of geometrical model 

 
An accurate geometrical model is the fundamental 

starting point for carrying out a finite element analysis of 
a pair of straight bevel gears, which is of great 
significance in the precise result of FE analysis. In order 
to obtain high accuracy of geometrical model, the 
spherical involute equation was applied to draw the 
spherical involute profile and represented as follows 
[15]: 
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where R is the initial radius of gear, namely the outer 
cone distance; δa is the angle of face cone; δf is the angle 
of root cone; δb is the angle of base cone. 

The basic geometrical data of the sample straight 
bevel gear pair, considered as the study object, are given 
in Table 1. The method for the gear geometry generation 
was based on the following procedure. Firstly, the 
mathematical model of gears was established according 
to the manufacturing process and the gear meshing 
theory [16–18]. Then, the calculated surface data points 
were exported into the software PRO/E to construct the 
gear surface and substantiate them into tooth spaces, as 
shown in Fig. 1. Subsequently, the gear hub was cut to 
prevent the occurrence of broken surface in the ANSYS 
software by the tooth spaces based on the machining 
process [19–20], as shown in Fig. 2. Through rotation 
copying the tooth spaces, the full gear geometry model 
was accomplished. Figure 3(a) shows an example of two 

full 3D straight bevel gears’ geometry and their assembly. 
The generated pitch lines on the surfaces of the driving 
pinion and the driven gear are shown in Figs. 3(b) and 
3(c), respectively. Using the motion simulation function 
and the interference detection function of PRO/E 
software, the meshing rule of the sample straight bevel 
gear pair was obtained in the next section. 

 
Table 1 Basic geometric data of example straight bevel gear 

pair 

Parameter Note Driving pinion Driven gear 

Module/mm mn 6.15 6.15 

Shaft angle/() Σ 90 90 

Number of teeth z 10 18 

Pitch 
diameter/mm D 61.5 110.7 

Outer cone 
distance/mm R 63.318 63.318 

Pitch angle/() δ 20.054 6 60.945 4 

Addendum/mm ha 8.11 4.25 

Dedendum/mm hf 5.35 9.21 

Face width/mm b 24 24 
 
 

 
 
Fig. 1 Substantiation of tooth spaces 

 

 
 
Fig. 2 Gear hub after generating tooth spaces 
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Fig. 3 Illustration of generated full 3D straight bevel gears’ 

geometry and their assembly (a), pitch line on tooth surface of 

driving pinion (b), and pitch line on tooth surface of driven 

gear (c) 

 
3   Determination of meshing interval for 

investigation 
 
Under load, the basic meshing characteristic of 

straight bevel gears is the periodical change of the 
meshing tooth pairs. For the gear drive designed in this 
work, this kind of change is represented in Fig. 4. 
 

 
Fig. 4 Schematic illustration of engagement 

As shown in Fig. 4, three pairs of teeth, named tooth 
pair –1, 0, +1, respectively, were illustrated to describe 
the meshing process. At the beginning, tooth pair –1 bore 
all the loads in the single pair tooth contact zone I. When 
transferring point P1 is reached, tooth pair 0 entered 
mesh so that the load was shared by both tooth pair –1 
and tooth pair 0 in the double pair tooth contact zone II. 
When transferring point P2 is reached, tooth pair –1 
exited out of mesh. Meanwhile, the total load was 
suddenly transmitted to tooth pair 0 and the single pair 
tooth contact zone I of tooth pair 0 begins. Similarly, the 
load and motion will be transmitted from tooth pair 0 to 
tooth pair +1. Here, the transferring point P3 and P4 
represent the engaging-in of tooth pair +1 and 
engaging-out of tooth pair 0, respectively. Therefore, the 
double pair tooth contact zone II and the single pair tooth 
contact zone I exist alternately and periodically during 
the meshing process. 

As a result, the interval of a meshing cycle which 
includes a double pair tooth contact zone II and a single 
pair tooth contact zone I (A and B in Fig. 4) was 
determined for investigation in this work. The 
transferring points P1 and P3 were chosen as the critical 
points at the beginning and the end of a meshing cycle in 
the analysis, respectively. Thus, a whole meshing cycle 
contains a single pair tooth contact zone I and a double 
pair tooth contact zone II . 
 
4   Establishment of FE model for fatigue 

analysis 
 
The model for fatigue analysis presented in this 

work was based on the assumption that the material is 
homogeneous and isotropic, i.e., without imperfections 
or damages of material and there is no surface finishing, 
scratch and machining marks on the tooth surface which 
could lead to the increase of additional stress for gear 
teeth. 

The FE model of a straight bevel gear pair without 
installation error was performed with 8-node 
isoparametric hexahedron element. The material is 
quenched and tempered steel 40Cr with the properties of 
elastic modulus E=2.056 7×105 MPa, Poisson ratio =0.3. 
The friction coefficient between gears is 0.15. The toque 
T, applied to the driving pinion, can be determined on the 
basis of the requirement of fatigue analysis. 

The loaded tooth contact condition is a special class 
of discontinuous constraint, allowing forces to be 
transmitted from one entity to another only if the two 
surfaces are in contact. The contact pair function in 
commercial software ANSYS is able to detect when two 
surfaces are in contact and apply the contact constraints 
correspondingly. Through the FE analysis, the maximum 
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contact stress on the tooth surface and the maximum 
bending stress in the root of the gear tooth were 
achieved.   

There are five steps of developing approach for the 
FE models as follows [21–24]: 

1) The 3D geometrical models displayed in Fig. 3(a) 
with the format of IGES were imported into the ANSYS 
software, then each tooth was divided into four 
subvolumes by auxiliary intermediate surfaces to make 
the mesh-dividing easy in the next step. The model of a 
meshing tooth pair is represented in Fig. 5 and the full 
assembling model of straight bevel gear pair is shown in 
Fig. 6. 
 

 
 
Fig. 5 Subvolumes of a meshing tooth pair 

 

 
 
Fig. 6 Full assembling model of straight bevel gear pair 

 

2) Input mesh-dividing parameters for the gears. 
Some appropriate parameters are used to control FE 
method mesh-dividing pattern of the straight bevel gears, 
that is to say, to determine where should be fine divided 
and where should be roughly divided. Consequently, 
tooth contact areas and tooth root were fine divided in 
this work. FE method mesh-dividing pattern of the gears 
can be changed simply through changing values of these 

FE method mesh-dividing parameters. In a word, some 
reasonable values of these FE method mesh-dividing 
parameters are beneficial to improve the accuracy of 
simulated results and reduce the calculation time. The 
mesh-dividing model of a meshing tooth pair was 
accomplished as shown in Fig. 7, and a full mesh- 
dividing model of the straight bevel gear pair was 
performed in ANSYS (Fig. 8). 
 

 
 
Fig. 7 Mesh-dividing model of a meshing tooth pair 

 

 
 
Fig. 8 Full mesh-dividing model of straight bevel gear pair 

 

3) Set contact pairs for the gears. The assumption of 
load distribution is not required in the contact area since 
the contact algorithm [25] of the general computer 
program was employed to get the contact area and 
stresses by applying the torque to the driving gear while 
the driven gear was considered at rest. Therefore, contact 
pairs (a contact pair consists of a target surface and a 
contact surface) were defined in the contact position 
when tooth pairs are in the meshing state. Generally, the 
surface which has larger curvature will be chosen as the 
contact surface, thus the tooth surface of pinion was 
picked as contact surface and the tooth surface of gear 
was defined as target surface. For example, two contact 
pairs are shown in Fig. 9 when two pairs of teeth are in  
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Fig. 9 Definition of contact pairs with two tooth pairs in 

contact 

 
contact at the same time. By deleting or adding contact 
pair, the simulation of single-tooth pair meshing or 
multi-tooth pairs meshing can be achieved. 

4) Define constraint conditions. The ideas were 
considered in the following: 

(1) Nodes on the bottom rim of the driven gear are 
considered as fixed. 

(2) For the nodes on the bottom rim of the driving 
pinion, the radial and axial degrees of freedom are fixed 
and only the rational degree of freedom is set as free. 

The setting of constraint conditions, accomplished 
automatically in the cylindrical coordinate systems, is 
shown in Fig. 10. 
 

 

Fig. 10 Setting of constraint condition for driving gear and 

driven gear 

 
5) Apply toque to the driving pinion. The force F at 

every node on the bottom rim of the driving pinion in the 
rotational direction is equivalent to working torque T 
apply to the driving pinion. The force F is defined as 
 

d

T
F

n r



                                  (2) 

where n (=9 800) is the number of nodes on the bottom 
rim of the driving gear and rd (=8.095) mm is the radius 
of the bottom rim. 

Loading of force F was achieved automatically, as 
shown in Fig. 11. Though there was only part of the FE 
models shown in Fig. 11, the whole gear models were 
used in the real FE analysis. 
 

 
 
Fig. 11 Loading of force F at every node on bottom rim of 

driving gear in rotational direction 

 
5   Fatigue analysis method of general post 

processing 
 
The general post processing program of ANSYS 

software for fatigue stress analysis is based on the 
cumulative fatigue criterion (Palmgren-Mine hypothesis) 
[26] where it is pointed out that if cyclic stresses are a 
series of constant stress amplitudes Si and the fatigue 
lives with respect to these stress amplitudes are Nf, i, the 
percentage of used fatigue life is the ratio of the used 
fatigue lives ni to the fatigue lives Nf, i. The fatigue 
failure occurs when the damage of constant stress 
amplitude is cumulated to reach a critical value of fatigue 
failure. Thus, the cumulative fatigue criterion is 
expressed as follows: 
 

f, 1

1
x

i

ii

n

N
                                   (3) 

 
where x is the total number of the stress amplitudes, i is 
the serial number of stress amplitude from 1 to x, ni is the 
used fatigue life and Nf is the fatigue life. 

The fatigue life analysis is dependent on the 
stress–life equation, namely the Basquin relation [27] 
which represents the variation of gear’s fatigue life with 
the change of fatigue stress in the limited life region. But 
this stress–life method usually evaluates the number of 
stress cycles requiring a crack initiation at the point 
where the maximum stress occurs. The Basquin relation 
is represented as follows: 
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lg lg lgm N C                              (4) 
 
where m is the exponent in the equation,  is the fatigue 
stress in the limited life region for the sample gears, N is 
the fatigue life versus the fatigue stress and C is the 
constant in the equation. 

The steps of fatigue analysis are described in the 
following: 

(1)Determining the position of the maximum 
contact stress on the tooth surface and the maximum 
bending stress in the gear tooth root. Usually, the fatigue 
damage occurs at the maximum local stress’s point for 
gear tooth, which is attributed to the contact fatigue 
crack and the bending fatigue crack because of the effect 
of cyclic stress. And these cracks propagation finally 
causes the fatigue failure of gears. For this reason, it is 
significant for fatigue analysis to determinate the 
position of the maximum contact stress on the tooth 
surface and the maximum bending stress in the tooth 
root. 

(2) Refining and saving the key nodal stress in the 
important position which has been determined in the 
previous step. Because of the pulsating cycle of the 
contact stress and the bending stress, they are responsible 
for the fatigue pitting on the tooth surface and the fatigue 
fracture in the tooth root, respectively. Consequently, the 
concentrated stresses on tooth surface and in tooth root 
provide significant evidence for the fatigue analysis of 
gear drive. 

(3)  Inputting the stress–life curve for the fatigue 
analysis in general post processing program. The 
stress–life curve can be obtained from the empirical data 
for the straight bevel gear pair which is made of 
quenched and tempered steel 40Cr with elastic modulus 
E=2.056 7×105 MPa and Poisson ratio =0.3. In the 
light of the adoptive material for the FE analysis in this 
work, the fatigue experimental data were acquired from 
the handbook of gear design [28] and shown in Table 2. 

(4)  On the basis of the Basquin relation and the 
fatigue experimental data mentioned above, the contact 
fatigue life curve and the bending fatigue life curve can 
be obtained as shown in Figs. 12 and 13, respectively. 

(5)  After inputting the life curves of contact fatigue 
and bending fatigue to the general post processing 
program, the fatigue analysis can be performed to 
compute the contact fatigue stress on the tooth surface 
and the bending fatigue stress in the tooth root.  

Moreover, the relative contact fatigue life and the 

bending fatigue life can be acquired based on the results 
of fatigue analysis. 
 
6Analysis of contact fatigue and bending 

fatigue 
 
In this work, the FE analysis of the sample straight 

bevel gear pair is static, that is to say, the whole meshing 
cycle, determined in the third section, has been divided 
and analyzed in many instants. Furthermore, the FE 
model, established in the fourth section, is derived in 
each instant according to the transmission ratio of the 
straight bevel gear pair. 

On the basis of the FE analysis, the maximum 
contact stress and the maximum bending stress were 
obtained in each instant. Figure 14 shows the distribution 
of contact stress and bending stress for the driving pinion 
and Fig. 15 represents the distribution of contact stress 
and bending stress for the driven gear. After determining 
the nodes of maximum contact stress and maximum 
bending stress, the variation of fatigue stress and fatigue 
life can be obtained with the change of working torque T 
based on the cumulative fatigue criterion and the 
Basquin relation. In order to analyze the variation rules 
of the contact fatigue stress and the bending fatigue 
stress in the whole meshing cycle, the working torque T, 
applied to the driving pinion, is proposed as 300 N·m. 
 
6.1 Analysis of contact fatigue stress  

In engineering machinery, the gear drive is widely 
used in transmission of power and motion, but the 
smaller contact area between the working gear teeth is 
usually responsible for the higher contact stress on the 
tooth surface under load. When gears undergo the 
pulsating cyclic stress numerously, gear teeth can suffer 
the contact fatigue as a result that the pitting occurs on 
the tooth surface. For this reason, it is necessary to 
analyze the contact fatigue stress and the contact fatigue 
life of the gear drive for the prevention of gear tooth 
fatigue failure.  

The FE analysis of contact fatigue considers the 
theoretical assembling straight bevel gear pair as the 
fatigue research object. In the light of the simulated 
result, the variation of contact stress and contact fatigue 
stress is obtained in the meshing cycle, as shown in   
Fig. 16.  

 
Table 2 Fatigue experimental data for quenched and tempered steel 40Cr gear material 

Condition Reliability /% Exponent in 
Eq. (4), m 

Constant in 
 Eq. (4), C 

Stress cycling 
feature, r 

Fatigue limit, 
/MPa 

Long-term life 
cycle times, N 

Contact fatigue data 99 6.28 4.53×1026 0 600 5×107 

Bending fatigue data 99 4.24 1.97×1016 0 206.7 3×106 
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Fig. 12 Contact fatigue life curve of quenched and tempered 

steel 40Cr gear material 

 

 
 
Fig. 13 Bending fatigue life curve of quenched and tempered 

steel 40Cr gear material 

 

 
 
Fig. 14 Distribution of contact stress and bending stress (MPa) 

for driving pinion 

 

 
 
Fig. 15 Distribution of contact stress and bending stress (MPa) 

for driven gear 

 

 

Fig. 16 Variation of maximum contact stress and maximum 

contact fatigue stress in a meshing cycle for driving pinion and 

driven gear 

 
Figure16 presents the variation of maximum contact 

stress and maximum contact fatigue stress in a meshing 
cycle for driving pinion and driven gear. From Fig.16, it 
can be seen that the variation of maximum contact 
fatigue stress is irregular for the driving pinion, but it is 
conspicuous that the variation of maximum contact 
fatigue stress is similar to that of maximum contact stress 
of the driving pinion. Furthermore, the maximum contact 
fatigue stress is largest at the rotation angle of 20.25º for 
the driving pinion in the meshing cycle. At this moment, 
the meshing state of the tooth pair is shown in Fig. 17 
and the distribution of maximum contact fatigue stress 
on the tooth surface is shown in Fig. 18. By comparing 
Fig. 18 with Fig. 3(b), it can be seen that the maximum 
contact fatigue stress is in the vicinity of the pitch line, 
which is in accordance with OSMAN’s work [1] where 
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he pointed out that gear teeth failed by fatigue with a 
fatigue crack initiation from destructive pitting and 
spalling region at one end of tooth in the vicinity of the 
pitch line. Therefore, the contact fatigue stress analysis 
of gear tooth is necessary at the rotation angle of 20.25º 
for analyzing gear tooth contact fatigue failure. 
 

 
 
Fig. 17 Meshing state of working tooth pair at rotation angle of 

20.25º 

 

 
 
Fig. 18 Distribution of contact stress on tooth surface for 

driving pinion  
 
For the driven gear, it can be seen from Fig. 16 that 

the maximum contact stress is small in the double pair 
tooth contact zone, but it increases sharply when the 
meshing tooth pair enters the single pair tooth contact 
zone and decreases gradually with the change of meshing 
state of tooth pair. At the rotation angle of 20.25º, the 
maximum contact stress increases gradually until the end 
of the meshing cycle. Furthermore, the variation of 
maximum contact fatigue stress is similar to that of the 
maximum contact stress, which is in consistent with that 
of the driving pinion. Based on this evidence, it is 

concluded that the maximum contact stress in the 
meshing cycle is one of factors leading to gear tooth 
fatigue failure. At the rotation angle of 5.76º, the 
maximum contact fatigue stress is the largest for the 
driven gear in the meshing cycle. At this moment, the 
meshing state of the tooth pair is shown in Fig. 19 and 
the distribution of the maximum contact stress on the 
tooth surface is shown in Fig. 20. From Fig. 20, it is also 
obtained that the maximum contact fatigue stress is in the 
vicinity of the pitch line for the driven gear. Therefore, 
particular attention for the study of fatigue failure should 
also be paid to the meshing state of working tooth pair at 
rotation angle of 5.76 º for the driven gear.  
 

  
Fig. 19 Meshing state of working tooth pair at rotation angle of 

5.76º 
 

 

 
Fig. 20 Distribution of contact stress on tooth surface for driven 
gear 

 
In the light of the analysis result mentioned above, 

the meshing states of working tooth pair at rotation 
angles of 5.76º and 20.25º are crucial for the contact 
fatigue failure analysis of gear teeth through the FE 
method.  
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6.2 Analysis of bending fatigue stress  
Under load, the maximum bending stress occurs in 

the tooth root and the stress concentration usually 
appears in the tooth root fillet. When the alternating 
stress works on the tooth root numerously, the gear tooth 
can suffer the bending fatigue as a result that the tooth 
fracture occurs on the tensile side of the tooth root. One 
side of the tooth root is in tension and the other side is in 
compression when the single tooth side works. And the 
bending stress is zero when the tooth exit out of mesh. 
Therefore, the bending cyclic stress is identified as 
pulsating cyclic stress.  

The maximum bending stress on the tensile side of 
the tooth root is considered as the study object for the 
fatigue analysis. Although the crack initiation due to the 
stress concentrations can appear on both sides of the 
tooth root, the tensile side of the tooth root is the most 
critical for bending fatigue failure. In the light of the 
simulated result, the variation of tensile bending stress 
and bending fatigue stress is obtained in the meshing 
cycle, as shown in Fig. 21.  
 

 
 
Fig. 21 Variation of maximum tensile bending stress and 

maximum bending fatigue stress in a meshing cycle for driving 

pinion and driven gear 

 
Figure 21 presents the variation of the maximum 

tensile bending stress and maximum bending fatigue 
stress in a meshing cycle for driving pinion and driven 
gear. From Fig. 21, it can be seen that the maximum 
bending fatigue stress increases gradually with the 
change of rotation angle 1 for the driving pinion and the 
variation of maximum bending fatigue stress is similar to 
that of maximum tensile bending stress. Furthermore, the 
maximum bending fatigue stress is the largest at the 
rotation angle of 34.74º, namely at the end of the single 
pair tooth contact zone for the driving pinion in the 

meshing cycle. At this moment, the meshing state of the 
tooth pair is shown in Fig. 22 and the contact area on the 
tooth surface for the driving pinion is shown in Fig. 23. 
From Fig. 23, it is conspicuous that the contact area on 
the tooth surface is the farthest away from the tooth root 
at the end of the single pair tooth contact zone, which is 
in consistent with AKATA’s viewpoint [9] that the 
greatest bending stress occurs when the load is at a 
special point instead at the tip of the tooth, and the point 
is called the highest point of single tooth contact. 
Therefore, the maximum tensile bending stress at the 
rotation angle of 34.74º plays an important role in the 
bending fatigue failure of gear tooth.  
 

  
Fig. 22 Meshing state of working tooth pair at rotation angle of 

34.74º 
 

  
Fig. 23 Contact area on tooth surface for driving pinion at 

rotation angle of 34.74º 
 

It can be seen from Fig. 21 that for the driven gear, 
the maximum tensile bending stress is smaller in the 
double pair tooth contact zone. When the meshing tooth 
pair enters the single pair tooth contact zone, it increases 
sharply up to its maximum value. With increasing the 
rotation angle 1, it decreases gradually until the end of 
the single pair tooth contact zone. Furthermore, the 
variation of the maximum bending fatigue stress is 
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similar to that of the maximum tensile bending stress, 
which is consistent with that of the driving pinion. Based 
on the analysis above, it is concluded that the pulsating 
cyclic bending stress plays a significant effect on the 
bending fatigue failure of the gear tooth. At the rotation 
angle of 5.76º, the maximum bending fatigue stress is the 
largest in the meshing cycle for the driven gear. At this 
moment, the meshing state of the tooth pair is shown in 
Fig. 19 and the distribution of tensile bending stress in 
the tooth root is shown in Fig. 20. The contact area on 
the surface for the driven gear, shown in Fig. 20, also 
verified that the maximum bending stress occurs at the 
highest point of single tooth contact. Therefore, the 
emphasis on the study of fatigue failure should also be 
brought to the meshing state of working tooth pair at 
rotation angle of 5.76º for the driven gear. 

According to the analysis result mentioned above, 
the meshing states of working tooth pair at rotation 
angles of 5.76º, 20.25º and 34.74º are crucial for the 
contact fatigue analysis and the bending fatigue analysis 
of gear teeth through the FE method.  

 
7 Verification of simulated result for fatigue 

analysis 
 
After finishing the FE simulation for the gear tooth 

fatigue analysis, its accuracy and validity have to be 
evaluated using the fatigue check equation. The check 
equation of bending fatigue stress σF is obtained referring 
the handbook of mechanical design [29] and expressed as: 
 

t
m1

2 000T
F

D
                                 (5) 

 

t
F FS ε K LS

nm

KF
Y Y Y Y

bm
                          (6) 

 
where Dm1 is the mean pitch diameter, K is the load 
factor, b is the gear tooth width, mnm is the midpoint 
modulus, YFS is the gear form factor, Yε is the coefficient 
of contact ratio, YK is the bevel gear coefficient and YLS is 
the load distribution factor. 

The load factor K is determined to be 1 because the 
FE analysis is static for the proposed model of the 
theoretical assembling straight bevel gear pair. According 
to the calculation and the handbook of mechanical design, 
the parameter values are acquired as: mnm=4.984 5 mm, 
Dm1=49.846 mm, YFS=4, Yε=1, YK=1 and YLS=1. Thus, the 
bending fatigue stress for the driving pinion is calculated 
with the different working torque T, as shown in Fig. 24. 

Figure 24 illustrates the comparison between 
simulated bending fatigue stress and calculated bending 

fatigue stress for the driving pinion under the different 
working torques T. It can be seen from Fig. 24 that the 
simulated bending fatigue stress is in good agreement 
with the calculated bending fatigue stress and the  

maximum relative error ( c s

c

 



) is 8.45%. Therefore, 

the simulation results were proved to be reliable by the 
check equation of bending fatigue stress and further 
investigation for the fatigue failure of gear tooth can be 
done using the developed 3D FE model. 
 

  
Fig. 24 Comparison between simulated bending fatigue stress 

and calculated bending fatigue stress 

 
8 Analysis of contact fatigue and bending 

fatigue under different loads 
 
The proposed models in the key meshing states 

obtained in the sixth section are performed using the FE 
method. The variation of contact fatigue stress and 
bending fatigue stress can be obtained with different 
torque T. 
 
8.1 Analysis of contact fatigue under different loads 

The models at the rotation angles of 5.76º and 
20.25º are simulated based on the FE method, and the 
simulation results are shown in Fig. 25. 

Figure 25 illustrates the variation of the maximum 
contact stress and the maximum contact fatigue stress 
with the change of working torque T. From Fig. 25, it is 
obvious that the four curves have the same feature, 
namely they almost increase linearly with the increase of 
working torque T. The maximum contact fatigue stress is 
larger than the maximum contact stress in the meshing 
cycle. Moreover, the maximum contact stress and the 
maximum contact fatigue stress for the driving pinion are 
larger than those of the driven gear. And considering the 
transmission ratio of the straight bevel gear pair, the 
revolution number of the driving pinion is u times for 
that of the driven gear. According to the statement above, 
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it is concluded that the contact fatigue life of the driving 
pinion plays a more significant role on the contact 
fatigue life of the straight bevel gear pair than that of the 
driven gear. 

 

 
 
Fig. 25 Variation of maximum contact stress and maximum 

contact fatigue stress as change of working torque T 

 
8.2 Analysis of bending fatigue under different loads 

At the rotation angles of 5.76º and 34.74º, the 
proposed model is performed using the FE method and 
the analysis results are shown in Fig. 26.  
 

  
Fig. 26 Variation of maximum tensile bending stress and 

maximum bending fatigue stress with change of working 

torque T 

 
Figure 26 shows the variation of the maximum 

tensile bending stress and the maximum bending fatigue 
stress with the change of working torque T. It can be 

found that the maximum tensile bending stress and the 
bending fatigue stress increase linearly with the increase 
of working torque T, and the maximum bending fatigue 
stress is always larger than that of the maximum tensile 
bending stress in the meshing cycle. Moreover, the 
maximum tensile bending stress and the maximum 
bending fatigue stress for the driving pinion are larger 
than those for the driven gear. Therefore, the bending 
fatigue life of the driving pinion also plays a more 
significant role in the bending fatigue life of the straight 
bevel gear pair than that of the driven gear.  

From the analysis above, it is found that the fatigue 
stress of the driving pinion is always larger than that of 
the driven gear, so the fatigue failure of the driving 
pinion is the main fatigue failure for the straight bevel 
gear pair in engineering machinery. Therefore, it is 
valuable for engineers to improve appropriately the 
fatigue strength of the driving pinion to prolong fatigue 
life of the straight bevel gear pair. 
 
9   Comparison between fatigue stress and 

fatigue limit 
 
9.1   Comparison between fatigue stress and fatigue 

limit for driving pinion 
The contact fatigue stress and the bending fatigue 

stress of the driving pinion are compared with the contact 
fatigue limit and the bending fatigue limit, respectively, 
which is shown in Fig. 27.  
 

 
 
Fig. 27 Comparison between fatigue stress and fatigue limit for 

driving pinion 

 
Figure 27 illustrates the comparison between fatigue 

stress and fatigue limit for the driving pinion. It can be 
found from Fig. 27 that the contact fatigue stress firstly 
reaches the contact fatigue limit when the working 
torque T is about 165 N·m, thus the service life of the 
driving pinion enters the contact fatigue limited life 
region. Then, the bending fatigue stress reaches the 
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bending fatigue limit when the working torque T is about 
175 N·m, thus the service life of the driving pinion enters 
the bending fatigue limited life region. When the 
working torque T increases continuously, the service life 
of the driving pinion is in the contact fatigue limited life 
region and the bending fatigue limited life region.  
 
9.2   Comparison between fatigue stress and fatigue 

limit for driven gear  
It is also important to recognize the fatigue failure 

of the driven gear in the mechanical engineering, thus the 
contact fatigue stress and the bending fatigue stress of 
the driven gear are compared with the contact fatigue 
limit and the bending fatigue limit, respectively, which is 
shown in Fig. 28.  
 

 
 
Fig. 28 Comparison between fatigue stress and fatigue limit for 

driven gear 

  

Figure 28 illustrates the comparison between fatigue 
stress and fatigue limit for the driven gear. It can be 
found from Fig. 28 that the bending fatigue stress firstly 
reaches the bending fatigue limit with the increase of 
working torque T, thus the fatigue life of the driven gear 
enters the bending fatigue limited life region. When the 
working torque T increases continuously, the contact 
fatigue stress reaches the contact fatigue limit, thus the 
fatigue life of the driven gear enters the contact fatigue 
limited life region. Subsequently, the fatigue life of the 
driven gear is in the bending fatigue limited life region 
and the contact fatigue limited life region. 
 
10 Analysis of fatigue life   

 
10.1 Analysis of fatigue life of driving pinion 

According to the cumulative fatigue criterion and the 
Basquin relation, the complete contact fatigue life and the 
complete bending fatigue life of the driving pinion are 
obtained in the limited life region, as shown in Fig. 29.  

 

  
Fig. 29 Complete life of contact fatigue and bending fatigue in 

limited life region for driving pinion 

 
Figure 29 illustrates the complete contact fatigue 

life and the complete bending fatigue life of the driving 
pinion in the limited life region. It is clear from Fig. 29 
that the complete contact fatigue life and the complete 
bending fatigue life decrease with the increase of 
working torque T and the complete contact fatigue life is 
always larger than the complete bending fatigue life 
when the working torque T is larger than 175 N·m. 
Therefore, the service life of a theoretical assembling 
straight bevel gear pair is mainly dependent on the 
bending fatigue life of the driving pinion in the limited 
life region.  

 
10.2 Analysis of fatigue life of driven gear 

According to the transmission ratio u, the used 
contact fatigue life and the used bending fatigue life are 
calculated when contact fatigue failure or bending 
fatigue failure of the driving pinion occurs. Thus, for the 
driven gear, the complete fatigue life and the used fatigue 
life also are expressed in Fig. 30. 
 

 
Fig. 30 Complete fatigue life and used fatigue life for driven 

gear 
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Figure 30 illustrates the complete fatigue life in the 
limited fatigue life and the used fatigue life obtained 
based on the transmission ratio u for the driven gear. It is 
conspicuous that the complete bending fatigue life is 
always smaller than the complete contact fatigue life 
under the different load. For this reason, the bending 
fatigue failure can be the main fatigue failure if the 
fatigue failure of driven gear occurs. Furthermore, the 
used contact fatigue life and the used bending fatigue life 
are smaller than the complete contact fatigue life and the 
complete bending fatigue life, respectively. Therefore, 
the probability of fatigue failure of the driven gear is 
very small based on the same gear material of the driving 
pinion.  
 
11 Conclusions 

 
1)    The maximum contact fatigue stress is in the 

vicinity of the pitch line and the maximum bending stress 
occurs at the highest point of single tooth contact for 
gears. Furthermore, the meshing states of working tooth 
pair at rotation angle of 5.76º, 20.25º and 34.74º are 
crucial for the contact fatigue analysis and the bending 
fatigue analysis . 

2)    The maximum contact fatigue stress and the 
maximum bending fatigue stress of gear teeth increase 
linearly with increasing working torque T and the fatigue 
stress of the driving pinion is always larger than that of 
the driven gear.  

3)     The fatigue failure of the driving pinion is the 
main fatigue failure for the straight bevel gear pair in 
engineering machinery and the bending fatigue failure is 
the main fatigue failure for the driving pinion. Besides, 
the probability of fatigue failure of the driven gear is 
very small based on the same gear material of the driving 
pinion and the bending fatigue failure can be the main 
fatigue failure if the fatigue failure of driven gear occurs.  

4)     The service life of the driving pinion firstly enters 
the contact fatigue limited life region and subsequently 
enters the bending fatigue limited life region with the 
increase of working torque T. On the contrary, the 
service life of the driven gear firstly enters the bending 
fatigue limited life region and subsequently enters the 
contact fatigue limited life region. 

5)   The complete contact fatigue life and the 
complete bending fatigue life for the driving pinion 
decrease with the increase of working torque T and the 
service life of a theoretical assembling straight bevel 
gear pair is mainly dependent on the bending fatigue life 
of the driving pinion. Furthermore, for the driven gear, 
the used contact fatigue life and the used bending fatigue 
life are smaller than the complete contact fatigue life and 
the complete bending fatigue life, respectively. 

 
Nomenclature 
 
R Outer cone distance 
δa Angle of face cone 
δf Angle of root cone 
δb Angle of base cone 
T Working torque applied to driving pinion 
Si Constant stress amplitude (i is from 1 to m) 
m Total number of stress amplitudes 
ni Used fatigue lives with respect to these stress 

amplitudes (i is from 1 to x) 
Nf Fatigue lives with respect to these stress 

amplitudes 
1 Rotation angular of driving pinion 
σH, lim Contact fatigue limit 
σF, lim Bending fatigue limit 
u Transmission ratio of gear drive 
σs Simulated bending fatigue stress 

σc Calculated bending fatigue stress 
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