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Abstract: Based on the upper bound theorem of limit analysis, the factor of safety for shallow tunnel in saturated soil is calculated in 
conjunction with the strength reduction technique. To analyze the influence of the pore pressure on the factor of safety for shallow 
tunnel, the power of pore pressure is regarded as a power of external force in the energy calculation. Using the rigid multiple-block 
failure mechanism, the objective function for the factor of safety is constructed and the optimal solutions are derived by employing 
the sequential quadratic programming. According to the results of optimization calculation, the factor of safety of shallow tunnel for 
different pore pressure coefficients and variational groundwater tables are obtained. The parameter analysis shows that the pore 
pressure coefficient and the location of the groundwater table have significant influence on the factor of safety for shallow tunnel. 
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1 Introduction 
 

The strength reduction method was first proposed 
by BISHOP [1] in 1955. The core of this method is the 
factor of safety which is defined as the ratio of the 
available shear strength of the soil to what is required to 
maintain equilibrium. According to the definition and the 
calculating procedure, the factor of safety is also known 
as reduction coefficient. There are several advantages for 
the application of the strength reduction method in 
geotechnical stability analysis. Firstly, the computational 
process of this method is simple and the mechanical 
meaning is clear. Furthermore, the factor of safety that 
satisfies engineering requirement can be calculated by 
combining this method with the traditional methods such 
as finite element, finite deference, limit equilibrium and 
limit analysis methods. To analyze the stability of slope 
induced by the fluctuation of water level or rainfall, 
HUANG and JIA [2] developed a finite element method 
with strength reduction technique to calculate the safety 
factors of slope including the effects of unsaturated 
transient seepage. Using the finite element–strength 
reduction technique, ZHENG et al [3] searched the 
critical slip surfaces of slope and the validity of this 
method was proved by comparing it with the results 
calculated by other scholars. Moreover, by combining 

finite difference code and strength reduction technique, 
DAWSON et al [4] computed the stability numbers of 
homogenous slope, and the similarity between their 
results and the upper bound solutions of CHEN [5] 
demonstrated that the log-spiral failure mechanism is 
effective. 

According to the calculating procedure of finite 
element method, it can be found that the key factor in 
applying this method in geotechnical stability analysis 
successfully is how to define the failure of the soil. 
However, there is not a generally accepted criterion of 
failure for soil in geotechnical engineering at present. 
Consequently, some scholars proposed several possible 
criteria of failure on the basis of their own research 
results. Bulging or progressive loss of ground along the 
vertical cut was regarded as failure of vertical slope by 
SNITBHAN and CHEN [6]. GRIFFITHS and LANE [7] 
thought when a slope arrives at the critical state, the 
iteration numbers would exceed the user-specified 
maximum value and the ‘failure’ would occur. Based on 
the stress field, KIM and LEE [8] used a critical slip 
surface which is associated with the minimum factor of 
safety to define the failure of slope. Since the calculating 
results depend on which criterion is selected, the 
difference of ultimate loads or minimum factor of safety 
for a project example would be significant when different 
criteria are employed. Therefore, the application of the 
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finite element–strength reduction technique in 
geotechnical engineering has been restricted. 

Limit analysis is a classical method which is widely 
used in slope stability problems [9−13], active and 
passive earth pressure problems [14−16], anchors in sand 
[17], ultimate bearing capacity of foundations [18−21], 
and shallow tunnel stability problems [22−24]. 
Combined with upper bound theorem of limit analysis, 
the relationship between the external rate of work and the 
internal energy rate of dissipation can be used to control 
the convergence of iteration in the strength reduction 
technique, and the selection of failure criterion which 
occurs in the finite element–strength reduction technique 
can be avoided. As no subjective selection with respect 
to failure criterion is required, the limit analysis–strength 
reduction technique contributes to obtain more precise 
results. In the practical projects, engineers wish to 
establish an estimate system to evaluate the stability of 
tunnel when the supporting pressure of tunnel is known. 
Based on limit analysis−strength reduction technique, the 
factor of safety for shallow tunnel is computed in this 
work. Moreover, the effects of pore water pressure 
coefficient and the location of underground water table 
on the factor of safety for shallow tunnel are analyzed. 
According to the values of factor of safety for different 
conditions, the stability of shallow tunnel is estimated 
quantificationally. 
 
2 Failure mechanism of shallow tunnel in 

frictional and cohesive material 
 

Since the energy calculation of upper bound 
theorem is based on failure mechanism, a failure 
mechanism which describes the failure characteristic of 
shallow tunnel is the key factor to obtain a precise upper 
bound solution. Based on the centrifugal model test 
result of Cambridge University, DAVIS et al [22] 
proposed four effective failure mechanisms for shallow 
tunnel. As the frictional property of soil was not included 
in their failure mechanisms, the four mechanisms can 
only be applied to cohesive materials. To calculate the 
upper bound solution of supporting pressure for shallow 
tunnel in frictional and cohesive materials, YANG and 
YANG [24] constructed a rigid multiple-block failure 
mechanism, as illustrated in Fig. 1. Since the rigid 
multiple-block failure mechanism represents the failure 
characteristic and compatibility relationship of velocity 
vector for shallow tunnel in frictional and cohesive 
materials, precise upper bound solutions can be provided 
by this mechanism. Due to these advantages, the rigid 
multiple-block failure mechanism is also employed to 
derive the upper bound solutions of factor of safety for 
shallow tunnel in this work. 

 

 
Fig. 1 Failure mechanism of shallow tunnel and velocity vector 

relationship proposed by YANG and YANG [24]: (a) Failure 

mechanism; (b) Velocity vector relationship 

 
3 Factor of safety for tunnel by limit 

analysis−strength reduction technique 
 

According to the definition of strength reduction 
technique and upper bound theorem, the factor of safety 
for shallow tunnel can be derived and the calculating 
procedure is as follows. Firstly, the initial cohesion c and 
friction angle φ of soil are divided by reduction factor Fs 
to calculate the reduced strength parameters cf and φf. 
Then, the reduced strength parameters are used to derive 
the dissipation power and external loads power in the 
kinematically admissible velocity field. Based on the 
upper bound theorem, the objective function of factor of 
safety which includes a quantity of angle variables is 
obtained. Furthermore, a sequential quadratic 
programming is employed to optimize the objective 
function. Finally, by applying the geometrical 
relationship and velocity vector relationship of the 
velocity field to controlling the convergence of iteration, 
the reduction factor in limit state is obtained. According 
to the calculating procedure mentioned above, the 
strength parameters which have been reduced to cf and  
φf are 
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where Fs is reduction factor, namely factor of safety. 

Since the external load power and the dissipation 
power have been given by YANG and YANG [24], the 
concrete formula of these powers are not presented in 
this work. Using the failure mechanism illustrated in  
Fig. 1 and the formulas derived by YANG and YANG 
[24], the critical supporting pressure qcr can be 
computed: 

 

 
γ s V

cr
0 4 42 sin

P P P
q

b v b v

 


     
                 (2) 

 
where Pγ is the power of the soil weight, PV is the power 
of dissipation, Ps is the power of the pressure acting on 
the ground, b is the half width of the tunnel, α4 is the 
angle variable in the velocity field, and v0 and v4 are the 
velocities of the rigid blocks. 

Substituting the reduced strength parameters cf and 
φf into Eq. (2) and assuming that the actual supporting 
pressure is equal to the critical supporting pressure qcr, 
the objective function of factor of safety  f(α1,…αn, 
β1,…βn) is obtained. However, the objective function is 
just an expression of numerous upper bound solutions. 
Therefore, the calculation of the optimal bound solution 
of factor of safety can be regarded as searching the 
minimum value of objective function f(α1,…αn, β1,…βn). 
As the objective function includes plenty of angle 
variables and trigonometric function, a sequential 
quadratic programming is employed to optimize the 
objective function. Moreover, as the compatibility 
relation of velocity in the velocity field requires to be 
satisfied in the optimization procedure, the search for 
upper bound solution turns to the search for the 
minimum value of objective function when 
corresponding constraint condition is satisfied. The 
expression of mathematical planning for the problem is  
min Fs=Fs (α1,…αn, β1,…βn, Fs)                  (3) 
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where Eq. (3) is the main programming of the 
optimization calculation, Eq. (4) is the constraint 
equation derived from the compatibility relation of 
rigid-block velocity vector, and α1,…αn, β1,…βn are the 
angle variables illustrated in Fig. 1. 

Furthermore, the upper bound theorem can be 
applied to the geotechnical material if the material is 
subjected to some ideal properties: 1) The material is 
perfectly plastic material with no regard to the strain 
hardening and strain softening feature; 2) The geometric 
deformation of failure mechanism induced by limit load 
is insignificant. 

 
4 Comparison with existing methods 
 

To evaluate the stability of shallow tunnel, BROMS 
and BENNERMARK [25] defined a stability ratio on the 
basis of experimental results and field observed data, 
which can be expressed as 

 

s T u[ ( 2)] /N C D c                       (5) 
 

where σs is the uniform pressure acting on the ground 
surface, σT is the supporting pressure acting on the tunnel 
face, γ is the unit weight, C is the tunnel depth, D is the 
tunnel diameter and cu is undrained shear strength. It can 
be seen from Eq. (5) that the stability ratio is determined 
by supporting pressure σT when other parameters are 
given. Therefore, substituting the supporting pressure 
which is calculated by the upper bound theorem into  
Eq. (5), some scholars [22, 26] derived the upper bound 
solution of stability ratio for shallow tunnel. The research 
results of DAWSON et al [4] showed that, when the 
actual height of slope is equal to the critical height 
calculated by the upper bound theorem, the factor of 
safety for slope is exactly 1.0. Extending this theory to 
tunnel stability analysis, we can conclude that when the 
actual supporting pressure is equal to the critical 
supporting pressure, the factor of safety of tunnel 
computed by strength reduction technique is also 1.0. It 
is obvious that, substituting the first formula of Eq. (1) 
into Eq. (5), the stability ratio of shallow tunnel can be 
calculated when factor of safety of tunnel has been 
obtained. 

To evaluate the validity of the method used in this 
work, employing the same example, the results derived 
from limit analysis−strength reduction technique are 
compared with the solutions calculated by DAVIS et al 
[22] and YANG and HUANG [26]. The results of 
comparison are illustrated in Table 1. In addition, the 
solutions of DAVIS et al [22] are calculated by upper 
bound theorem while the results of YANG and HUANG 
[26] are based on finite difference method. As can be 
seen in Table 1, the factors of safety calculated with the 
method in this work are closer to 1.0 and more precise 
than the solutions of YANG and HUANG [26]. Besides, 
the stability ratios computed in this work are almost 
equal to those calculated by DAVIS et al [22]. Therefore, 
the good agreement of the results between them proves 
that the method used in this work is valid. 
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Table 1 Comparison of stability ratio and factor of safety 

Stability ratio, N Factor of safety, Fs 
Number C/D γD/cu 

Ref. [22] Ref. [26] This work Ref. [26] This work 

1 1  2.529 4 — 2.533 506 918 — 1.001 623 67 

2 2  3.830 9 — 3.850 047 206 — 1.004 998 09 

3 3 0 4.823 5 — 4.844 004 139 — 1.004 250 88 

4 4  5.444 9 — 5.464 624 586 — 1.003 622 58 

5 5  5.963 2 — 6.021 366 663 — 1.009 754 27 

6 1  3.197 1 3.229 071 3.205 437 833 1.01 1.002 607 93 

7 2  4.330 4 4.460 312 4.356 374 371 1.03 1.005 998 14 

8 3 2 4.985 4 5.134 962 5.014 597 994 1.03 1.005 856 70 

9 4  5.507 4 5.672 622 5.559 370 270 1.03 1.009 436 44 

10 5  6.0120 6.252 48 6.036 826 432 1.04 1.004 129 48 

11 1  3.772 1 3.847 542 3.780 664 585 1.02 1.002 270 50 

12 2  4.551 5 4.688 045 4.586 869 983 1.03 1.007 771 06 

13 3 4 5.117 6 5.271 128 5.117 599 978 1.03 0.999 999 99 

14 4  5.595 6 5.819 424 5.595 600 003 1.04 1.000 000 01 

15 5  6.080 9 6.263 327 6.080 899 992 1.03 0.999 999 99 

  
 
5 Upper bound limit analysis of shallow 

tunnel with pore water pressure 
 
5.1 Failure mechanism of shallow tunnel with pore 

water pressure 
The definition of pore pressure coefficient was first 

proposed by SKEMPTON [27]. According to this 
definition, BISHOP [28] developed the calculating 
method of pore water pressure by regarding the pore 
water pressure as a fraction of the overburden stress: 

 
uu r z                                     (6) 
 

where ru is the pore pressure coefficient, and z is the 
vertical distance between any point underground and 
ground surface. By assuming that the work of water 
pressure is equal to the sum of pore pressure work on 
skeleton and the work of the water pressure on boundary, 
VIRATJANDR and MICHALOWSKI [29] considered 
the effects of pore pressure in the framework of the upper 
bound theorem of limit analysis for slope stability, which 
can be written as 

 

u   
d dij i iV S

P u V un v S                       (7) 
 

where ij  is the strain rate in the kinematically 
admissible velocity field, V is the volume of the 
mechanism, vi is the velocity along the velocity 
discontinuity surface, ni is the unit variable along the 
velocity discontinuity surface and s is the boundary of 
velocity field. According to the assumption of the upper 
bound theorem, the strain rate ij  in the failure 

mechanism is equal to zero, which means that the power 
of pore water pressure is completely produced by the part 
of pressure acting on the failure boundary. 

As the pore water pressure has no effect on the 
failure mechanism of shallow tunnel, by extending the 
mechanism illustrated in Fig. 1 to saturated soil, the 
mechanism which includes the effect of pore pressure is 
shown in Fig. 2. According to the theory of 
VIRATJANDR and MICHALOWSKI [29], the power of 
pore water pressure along the velocity discontinuity line 
can be written as 
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u u 0 01
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where 
1BCS −

4C ES  are the areas of region composed of 
the velocity discontinuity line and the vertical lines from 
the endpoints of the velocity discontinuity line to the 
 

 
Fig. 2 Failure mechanism of shallow tunnel in saturated soil 
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ground surface; v0−v4 are the velocities of the rigid 
blocks. Since the failure mechanism is the same, the 
power of the supporting pressure PT, the power of the 
soil weight Pγ and the power of dissipation Pν in 
saturated soil are in accordance with these powers 
represented in Eq. (2). Therefore, the critical supporting 
pressure qcr of shallow tunnel by taking into account of 
the effect of pore pressure is expressed as 

 

 
γ u V

cr
0 4 42 sin

P P P
q

b v b v

 


     
                 (9) 

 
With regard to the calculating procedure of the 

factor of safety for shallow tunnel in dry soil, the 
mathematical planning for the factor of safety which 
considers the effect of pore pressure is obtained: 

 
min Fs=Fs (α1,…αn, β1,…βn, Fs)                 (10) 
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  (11) 

 
5.2 Parameter study of factor of safety of shallow 

tunnel 
To investigate the effect of different parameters on 

the factors of safety for shallow tunnel, reference can be 
made in Fig. 3, where the values of Fs are plotted as the 
function of tunnel depth and pore pressure coefficient, 
respectively, when φ=15°, b=5 m, c=10 kPa, q=200 kPa, 
γ=20 kN/m3, and the groundwater table is on the ground 
surface. It can be seen from Fig. 3 that the factor of 
safety Fs decreases nonlinearly with the increase of the 
pore pressure coefficient when tunnel depth is fixed. In 
other words, the stability of shallow tunnel decreases 
with the increase of the pore pressure coefficient. 
Therefore, the value of pore pressure coefficient which 
reflects the magnitude of the pore pressure is an effective 
parameter to evaluate the influence of pore pressure on 
the stability of tunnel. 

To analyze the effect of different parameters on the 
shape of the failure surface of shallow tunnels, the failure 
surfaces of the shallow tunnel with parameters 
corresponding to φ=15°, b=5 m, c=10 kPa, q=200 kPa, 
γ=20 kN/m3 , ru=0−0.4 and h=10 m are illustrated in  
Fig. 4. It is noted that the potential failure surface 
expands with the increase of ru when other parameters 
are fixed. Combined with the changing regularity of the 
factors of safety, it can be concluded that the stability of 
tunnel decreases with the increase of ru. 

 

 
 

Fig. 3 Factor of safety for shallow tunnel with different tunnel 

depth (a) and pore pressure coefficient (b) in saturated soil 

 

 
 

Fig. 4 Failure surface of shallow tunnel for different pore 

pressure coefficients in saturated soil 

 

6 Factor of safety for shallow tunnel with 
variational groundwater table 

 
6.1 Failure mechanism of shallow tunnel for 

variational groundwater table 
The failure mechanism of shallow tunnel for 

variational groundwater table is illustrated in Fig. 5. It 
can be seen that there are four types of groundwater table 
and the vertical distance from each groundwater table to 
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the ground surface is Hn (n=1−4), respectively. To obtain 
the factor of safety for shallow tunnel with variational 
groundwater table, some assumptions are given as 
follows: 1) Only hydrostatic pressure is considered in the 
calculation, which means that the effect of seepage of 
groundwater is ignored; 2) The soil under groundwater 
table is saturated while the soil above groundwater table 
is completely dry. 

 

 
 

Fig. 5 Failure mechanism of shallow tunnel for different 

groundwater tables 

 
Since the variational groundwater table has no 

influence on the external load power and dissipation 
power, these powers for the variational     
groundwater table are the same as those illustrated in  
Eq. (2). Different from those whose groundwater table is 
located on the ground surface, the pore water pressure 
power for the variational groundwater table can be 
written as 
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where 
1BCS  − 

4C ES   are the areas of region composed 
of the velocity discontinuity line and the vertical lines 
from the endpoints of the velocity discontinuity line to 
the groundwater table. According to the each power 
mentioned above, the critical supporting pressure of 
shallow tunnel for variational groundwater table is 
obtained: 
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Based on the sequential quadratic programming, the 

mathematical planning of the factor of safety for 
variational groundwater table can be expressed as 
follows: 

 
min Fs=Fs (α1,…αn, β1,…βn, Fs)                 (14) 
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6.2 Parameter study for factor of safety of shallow 

tunnel 
In order to analyze the influence of the variational 

groundwater table on the factors of safety, the values of 
Fs for the parameters corresponding to φ=15°, b=5 m, 
c=10 kPa, q=200 kPa, γ=20 kN/m3, h=10 m, ru=0−0.5, 
and the groundwater table of 0, 2, 4, 6 and 8 m below the 
ground surface are illustrated in Fig. 6. To describe the 
change of groundwater table clearly, the groundwater 
table ratio H/h which is represented by the ratio of Hn to 
tunnel depth h, is introduced. It can be seen that, the 
factor of safety Fs increases with the increase of H/h but 
decreases with the increase of ru value when other 
parameters are fixed. In other words, the lower the 
groundwater table, the higher the factor of safety. From 

 

  
Fig. 6 Factor of safety for shallow tunnel with variational 
groundwater table and pore pressure coefficient 
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the perspective of engineering, this means that reducing 

the groundwater table is an effective way to improve the 

stability of shallow tunnel when the tunnel is located in a 

region where groundwater is abundant. 
To study the changing regularity of the shape for the 

failure surface with variational groundwater tables, the 
failure surfaces with parameters corresponding to φ=15°, 
b=5 m, c=10 kPa, q=200 kPa, γ=20 kN/m3, ru=0.5, h=  
10 m, and H/h=0, 0.4, 0.8 are illustrated in Fig. 7. It can 
be seen that, with the rise of the groundwater table, the 
potential failure surface expands, which causes the 
decrease of the factor of safety. As a result, the location 
of groundwater table has significant influence on the 
factor of safety for shallow tunnel. 
 

 
 
Fig. 7 Failure surface of shallow tunnel for variational 

groundwater table 

 

7 Conclusions 
 

1) Based on the rigid multiple-block failure 
mechanism, combining upper bound theorem of limit 
analysis with strength reduction technique, the factor of 
safety for shallow tunnel is calculated. To evaluate the 
validity of the method proposed, the stability ratios 
computed are compared with the existing results in other 
methods. The comparing results show that the solutions 
in this work are more precise than those calculated by 
finite difference method, which proves that the method 
proposed is valid. 

2) To analyze the influence of pore pressure on the 
stability of shallow tunnel, the effect of pore pressure 
which is regarded as a power of external force is 
included in the upper bound theorem. According to this 
method, the factor of safety and failure surface of 
shallow tunnel for different pore pressure coefficients 
and variational groundwater tables are obtained. 

3) The parameter analysis shows that the pore 
pressure coefficient and the location of the groundwater 
table have significant influence on the factor of safety for 
shallow tunnel. It is found that the factor of safety 
decreases with the increase of the pore pressure 
coefficient and the rise of the groundwater table. 
Reducing the groundwater table is an effective method to 

improve the stability of shallow tunnel when the tunnel is 
excavated in the region where groundwater is abundant. 
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