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Abstract: In order to investigate the influence of intermediate principal stress on the stress−strain and strength behaviour of a 
coarse-grained soil, a series of true triaxial tests were performed. The tests were conducted in a recently developed true triaxial 
apparatus with constant minor principal stress σ3 and constant value of intermediate principal stress ratio b=(σ2−σ3)/(σ1−σ3) (σ1 is the 
vertical stress, and σ2 is the horizontal stress). It is found that the intermediate principal strain, ε2, increases from negative to positive 
value with the increase of parameter b from zero to unity under a constant minor principal stress. The minor principal strain, ε3, is 
always negative. This implies that the specimen exhibits an evident anisotropy. The relationship between b and friction angle 
obtained from the tests is different from that predicted by LADE-DUNCAN and MATSUOKA-NAKAI criteria. Based on the test 
results, an empirical equation of g(b) that is the shape function of the failure surface on π-plane was presented. The proposed 
equation is verified to be reasonable by comparing the predicted results using the equation with true triaxial test results of soils, such 
as coarse-grained soils in this study, sands and gravels in other studies. 
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1 Introduction 
 

Conventional triaxial tests are widely used to 
investigate the deformation and strength behavior of 
various soils including clays, sands and coarse-grained 
soils [1]. The stress paths for these tests, however, are 
often limited to axial-symmetric stress state that may not 
be similar to those encountered in the field. In fact, the 
behavior of soil under general three-dimensional stress 
states is quite different from that of soil in 
axial-symmetric stress state [2−3], and thus a number of 
true triaxial apparatuses were developed [4−7]. On the 
other hand, torsional shear test is the alternative for the 
study of behaviour of soil under general 
three-dimensional stress states [8−10]. LADE et al [8] 
performed 34 drained torsion shear tests on hollow 
cylinder specimens of Santa Monica Beach sand to 
investigate the behavior of the sand. LIN et al [9]  
found that the yielding behavior and failure criteria were 
strongly dependent on the principal stress rotation angle 

(β) and plastic work through combined axial-torsional 
tests on hollow cylindrical specimens of kaolin clay. 
LADE and KIRKGARD [10] investigated the influence 
of stress rotation and changes in b-values on the 
stress−strain, pore pressure, and strength behaviour of 
the clays through a series of consolidated-undrained 
torsion shear tests on hollow cylindrical specimens of 
undisturbed San Francisco Bay mud. For coarse-grained 
soils, however, it is difficult to prepare hollow cylinder 
specimens, so the true triaxial apparatus was chosen in 
this study. 

True triaxial apparatuses were classified into three 
categories according to the type of boundary conditions 
[11]: (Ⅰ) all six faces of a cubical specimen are loaded 
by flexible bags; (Ⅱ ) the vertical stress is applied 
through a rigid boundary, one horizontal stress is applied 
by the cell pressure, and the other is applied by the cell 
pressure and an additional deviator stress; and (Ⅲ) all six 
faces are loaded by rigid platens. 

So far many true triaxial tests were performed on 
clays or sands [12−14]. LADE and DUNCAN [12] 
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designed a cubical triaxial apparatus which was type Ⅱ 
in the above classifications and performed a series of 
tests including plane strain tests and tests with constant 
value of b. ABELEV and LADE [13] conducted an 
extensive experimental investigation on Santa Monica 
beach sand, and these true triaxial tests covered the entire 
range of values of Lode angle, from 0 to 180˚. 
JAFARZADEH et al [14] performed a series of true 
triaxial tests in different stress paths with at p=200 kPa. 

Based on the true triaxial test results, some failure 
criteria were proposed like LADE and DUNCAN [4] and 
MATSUOKA and NAKAI [15]. Recently, some more 
advanced criteria have been presented to capture the 
behavior of sand and clay [16]. At the same time, some 
numerical tests were performed to study the strength 
behaviors [17−18]. 

Although a lot of experimental studies were 
performed to investigate three-dimensional behavior of 
clays and sands, few of them were on coarse-grained 
soil. 

Coarse-grained soils were widely used in the 
construction of earth rockfill dams [19]. 
VARADARAJAN et al [20] conducted drained triaxial 
tests on modeled rockfill materials and developed a 
constitutive model to predict their stress−stain−volume 
change behavior. Although a large number of 
experimental studies were carried out on these soils to 
investigate their mechanical properties, most of them 
were conducted in conventional triaxial test. No results 
of coarse-grained soils could be found from true triaxial 
test. 

In the present study, the deformation and strength of 
a coarse-grained soil by using true triaxial tests were 
investigated. The effect of a stress parameter b 
(b=(σ2−σ3)/(σ1−σ3), σ1 is the vertical stress, and σ2 is the 
horizontal stress) on the deformation and strength was 
analyzed. 
 
2 True triaxial tests 
 
2.1 True triaxial apparatus 

In the true triaxial test, vertical load was applied 
through a rigid plate, and one horizontal load was passed 
to specimen by a specially designed block similar to that 
used by LADE and DUNCAN [12]. The other horizontal 
load was applied by a flexible water bag [21]. The size of 
the cubical specimen was 12 cm× 12 cm×6 cm. 
 
2.2 Soil tested 

The coarse-grained soil used was obtained from 
Shuangjiangkou earth rockfill dam on Daduhe River, 
China. The grain size distribution of the tested soil is 

listed in Table 1. 
 

Table 1 Grain size distribution of tested soil 

Grain size/mm 10 5 2 1 0.5 0.075
Percentage 

finer/% 
100.0 30.0 21.5 18.8 12.9 3.0

 
The maximum and minimum densities of the soil 

were 1.96 and 1.54 g/cm3, respectively, and the particle 
of the coarse grain was a type of gray granite whose 
maximum grain size was 10 mm. The uniformity 
coefficient of the specimen was 24, and the coefficient of 
curvature was 12. 
 
2.3 Testing program 

All the specimens were prepared by compaction to 
the same density. The density of specimen tested was   
1.91 g/cm3, and the relative density (Dr) was 90.4%. All 
the tests were conducted on dry specimens. 

All the true triaxial tests were performed with 
constant minor principal stress σ3 and constant value of b. 
During the test horizontal stress σ2 and vertical stress σ1 
are increased proportionally to keep constant b until the 
specimen reaches failure. The values of b were chosen as 
0, 0.25, 0.50, 0.75, 1.00, and the minor principal stresses 
were 200, 300, 400 kPa. 
 
3 Strength and stress−strain behavior 
 
3.1 Stress−strain relationship 

Fig.1 presents the relationship between σ1−σ3 and 
major principal strain ε1 for the coarse-grained soil at 
different values of b and σ3. It can be seen that the 
strength is the lowest for the conventional triaxial 
compression (b=0) under a given σ3. In general, the 
strength increases with the increase of σ3 for a given 
value of b except that the strength decreases with 
increasing value of b from 0.75 to 1.00 at σ3=200 kPa, as 
shown in Fig.1(a). 
 
3.2 Relationships between principal stains 

The relationship curves between intermediate 
principal strain ε2 and major principal strain ε1 are plotted 
in Fig.2. The figure shows that the intermediate principal 
strains are negative when b is equal to zero and positive 
when b varies from 0.25 to unity. Here, negative strain 
means expansion. With the increase of parameter b, ε2 

increases considerably. 
Fig.3 shows the relationship between ε3 and ε1, 

which indicates that the minor principal strains are 
expansive in all cases of tests and decrease with 
increasing b for a given minor principal stress. On the  
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Fig.1 Relationship between σ1−σ3 and ε1 at different σ3 values: 
(a) σ3=200 kPa; (b) σ3=300 kPa; (c) σ3=400 kPa 
 
other hand, with the increase of minor principal stress, ε3 
increases for a given b. 
 
3.3 Peak friction angle 

Peak friction angle (φ) is commonly used to 
evaluate the peak strength. It is well known that the 
friction is related to σ2, the φ−b diagram is widely used 
to represent the variation of φ under three-dimensional 
stress conditions, and φ is calculated for cohesionless soil 

 

 
Fig.2 Relationship between ε2 and ε1 at different σ3 values:   
(a) σ3=200 kPa; (b) σ3=300 kPa; (c) σ3=400 kPa 
 
by 
 

f3f1

f3f1arcsin
σσ
σσϕ

+
−=                           (1) 

 
where σ1f and σ3f are major principal stress and minor 
principal stress at failure, respectively. 

Fig.4 illustrates the variation of φ with b at a 
constant minor principal stress. The predictions from the 
failure criteria proposed by LADE and DUNCAN [4] and 
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Fig.3 Relationship between ε3 and ε1 at different σ3 values:   
(a) σ3=200 kPa; (b) σ3=300 kPa; (c) σ3=400 kPa 
 
MATSUOKA and NAKAI [15] are also shown in the 
figure for comparison. 

It can be seen from Fig.4 that the measured friction 
angle from the conventional triaxial compression (b=0) is 
the smallest in all the tests. In general, the friction angle 
increases with increasing value of b, except that it 
decreases with increasing value of b from 0.75 to 1.00 
for σ3=200 kPa, as shown in Fig.4(a). 

The tested results shown in Fig.4 do not agree well 

 

 
Fig.4 Variations of friction angle (φ) with parameter (b) at 
different σ3 values: (a) σ3=200 kPa; (b) σ3=300 kPa; (c) σ3=  
400 kPa 
 
with the predictions of the two failure criteria. The 
friction angle predicted from MATSUOKA-NAKAI 
criterion [15] for conventional triaxial extension (b=1) is 
equal to that for conventional triaxial compression (b=0), 
while the friction angle measured in the conventional 
triaxial extension is larger than that measured in the 
conventional triaxial compression. This phenomenon can 
be depicted by LADE-DUNCAN failure criterion [4], 
but the predictions from this criterion as shown in Fig.4 
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overrate the influence of b value on the friction angle. 
 
3.4 Shape function of failure surface on π-plane 

The measured peak stress ratio (M) is defined as 
 

f

f

p
qM =                                     (2) 

 
where pf and qf are the mean stress and generalized 
deviator stress at failure. 

The variation of M with b at different σ3 values is 
shown in Fig.5. It can be seen from Fig.5 that the 
measured peak stress ratio decreases with increasing b 
for a given minor principal stress and decreases with 
increasing minor principal stress for a given b. The 
measured peak stress ratio M decreases substantially at a 
smaller b, and the decrement with respect to b reduces 
significantly at a larger b. 
 

 
Fig.5 Variation of peak stress ratio (M) at failure with b at 
different σ3 values 
 

It was found by many investigators that the friction 
angle of cohesionless soil (φc) in the conventional triaxial 
stress condition decreases with increasing the magnitude 
of minor principal stress (σ3), which could be expressed 
as [22] 
 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⋅∆−=

a

3
0c lg

p
σϕϕϕ                          (3) 

 
where pa is the atmospheric pressure; φ0 is the friction 
angle for σ3=pa; and ∆φ reflects the degree of the 
decrease of the friction angle with σ3. For the soil tested 
in this work, φ0=55.6˚ and ∆φ=9.2˚. 

In many constitutive models, for example, 
Cam-clay model, constant M is assumed. This implies 
that on π-plane the failure track is a circle. Even if Eq.(3) 
is used, the influence of σ2 on the strength can still not be 
taken into account. In fact, for an arbitrary three- 
dimensional stress state in which b≠0, the influence of σ2 

on the strength is evident. It is significant to establish the 
relationship between the strength and the value of b or 
Lode angle (θσ). A number of researchers have studied on 
this problem for years. An effective way is to use a shape 
function on π-plane. The shape function, g(θσ), which is a 
function of θσ, is often used [23]. Function g(θσ) 
determines the shape of failure surface on π-plane. 

It is of interest to introduce a shape function, g(b), 
which is similar to g(θσ) and defined as 
 

cf

f)(
q
qbg =                                   (4) 

 
where qcf is the deviator stress in the conventional 
triaxial compression (b=0). On π-plane there is the same 
value of mean stress, thus g(b) can be given by using 
Eq.(2) 
 

c
)(

M
Mbg =                                   (5) 

 
where Mc is the peak stress ratio in the conventional 
triaxial compression (b=0). 

Fig.6 shows the relationship between g(b) and b for 
the tested coarse-grained soil. It is found that the 
measured data in Fig.6 can be fitted by 
 

2)1()1(
1)(

−−+
=

bkk
bg                        (6) 

 
where k is the parameter varying with minor principal 
stress σ3, as shown in Fig.6 and listed in Table 2. It can 
be seen from Fig.6 that for different minor principal 
stresses, the simulated lines fit well with the test data. 
Eq.(6) is quite simple and can be used. In Eq.(6), g(0)=1 
at b=0, and g(1)=1/(1+k) at b=1. This implies that at b=1 
the strength from Eq.(6) is greater than that from 
MOHR-COULOMB criterion. 

In order to verify Eq.(6), the relationships between 
g(b) and b obtained from the true triaxial tests for loose 
sand and dense sands performed by LADE and 
DUNCAN [12] and for fine gravel performed by SHI  
et al [24] were simulated by Eq.(6), as shown in Fig.7. 
For loose sand, k=0.40 in Fig.7(a), k=0.46 in Fig.7(b) for 
dense sand, and k=0.56 in Fig.7(c) for fine gravel (Table 
2). It can be seen that the simulated results by Eq.(6) are 
in good agreement with the tested results for loose sand, 
dense sand and fine gravel. 

It is well known that so far most of the shape 
functions of failure surface on π-plane are only related to 
θσ and friction angle from conventional triaxial 
compression test. From Eq.(6) and Fig.6, however, it 
seems that g(b) is related to b and σ3 as b is equivalent to 
θσ. For the coarse-grained soil tested, the friction angle 
changes with minor principal stress σ3 due to particle 
crashing. Therefore, it is assumed that parameter k is   
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Fig.6 Simulation of shape function g(b) for coarse-grained soil 
at different σ3 values: (a) σ3=200 kPa; (b) σ3=300 kPa; (c) σ3= 
400 kPa 
 
Table 2 Friction angle and parameter k of different samples 

Source Case φc/(˚) k 
σ3=200 kPa 52.8 0.65 
σ3=300 kPa 51.2 0.63 This work 
σ3=400 kPa 50.1 0.59 
Loose sand 38.6 0.40 

Ref.[12] 
Dense sand 42.8 0.46 

Ref.[24] Fine gravel 48.6 0.56 

 

 
Fig.7 Verification of shape function g(b) at different σ3 values: 
(a) σ3=49 kPa, loose sand; (b) σ3=100 kPa, dense sand; (c) σ3= 
400 kPa, fine gravel 
 
related to the friction angle. As a result, g(b) is assumed 
to relate to b and φc. Using Eq.(3) and φ0=55.6˚, ∆φ=9.2˚, 
φc can be found for the tested soil at σ3=200, 300 and 400 
kPa, as listed in Table 2. 

For loose and dense sands, the friction angles are 
respectively 38.6˚ and 42.8˚ [12], and 48.6˚ for fine 
gravel [24], which are also listed in Table 2. 

The relationship between k and φc is plotted on k− 
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sin φc plane using data in Table 2, as shown in Fig.8. It is 
found that the relationship between k and sin φc is linear 
and can be fitted by 
 

2 523.0sin462.1 c −= ϕk                        (7) 
 

 
Fig.8 Relationship between k and sin φc 
 

By combining Eq.(5) with Eq.(6) a failure criterion  
may be found 
 

2
c

)1()1( −−+
=

bkk
pMq                          (8) 

 
If this equation is satisfied, the element is then in a 

state of failure. 
 
3.5 Discussion on shape function 

Eq.(6) actually defines a failure criterion for 
cohesionless soil, and thus it is valuable to further 
investigate the shape of failure surface on π-plane. 

From Eq.(6) it is found that when b=1, ∂g(b)/∂b=0, 
and when b=0, ∂g(b)/∂b=−2k≠0. This implies that at b=1 
the shape function is continuous, and at b=0 it is not 
continuous. 

Eq.(6) can reflect the effect of σ2. The shapes of 
failure criteria on π-plane are shown in Fig.9. For 
convenient comparison, the shapes of LADE-DUNCAN, 
MATSUOKA-NAKAI and MOHR-COULOMB criteria 
are also presented in Fig.9(a). It shows that the current 
criterion is located between LADE-DUNCAN and 
MOHR-COULOMB criteria. 

Fig.9(b) illustrates the shapes of the presented 
criterion at φc=15˚, 25˚, 35˚ and 45˚. It shows that the 
difference between g(0) and g(1) increases with the 
increase of friction angle. 
 
4 Conclusions 
 

(1) A number of true triaxial tests are performed. 

 

 
Fig.9 Shapes of failure criteria on π-plane: (a) Shapes of 
different criteria; (b) Shapes of presented criterion at different 
φc values 
 
The test results show that the strength is lowest in the 
conventional triaxial compression condition (b=0) 
compared with that in other conditions (b≠0). The 
intermediate principal strain increases from negative to 
positive with increasing b from zero to unity. The minor 
principal strain is negative for all the b values, which 
decreases with the increase of b. 

(2) Comparing φ−b relationship measured in the 
true triaxial tests and those depicted by LADE- 
DUNCAN and MATSUOKA-NAKAI failure criteria, it 
can be found that the test results do not agree well with 
the predicted results of the two failure criteria. 

(3) A shape function, g(b), of failure surface on 
π-plane is presented. The validity of the function is 
confirmed by using true triaxial test results of 
coarse-grained soil, sand, and fine gravel in other studies. 
The proposed shape function and the failure criterion can 
reasonably reflect the strength of cohesionless soil. More 
studies, including performing true triaxial tests at higher 
pressures, are necessary to verify the failure criterion. 
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