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Abstract: Based on the characteristic that the potential sliding surfaces of rock slope are commonly in the shape of either line or fold
line, analysis thought of conventional pile foundation in the flat ground under complex load condition was applied and the
upper-bound theorem of limit analysis was used to compute thrust of rock layers with all possible distribution shapes. The interaction
of slope and pile was considered design load in terms of slope thrust, and the finite difference method was derived to calculate
inner-force and displacement of bridge pile foundation in rock slope under complex load condition. The result of example shows that
the distribution model of slope thrust has certain impact on displacement and inner-force of bridge pile foundation. The maximum
displacement growth rate reaches 54% and the maximum moment and shear growth rates reach only 15% and 20%, respectively, but
the trends of inner-force and displacement of bridge pile foundation are basically the same as those of the conventional pile
foundation in the flat ground. When the piles bear the same level lateral thrust, the distribution shapes of slope thrust have different
influence on inner-force of pile foundation, especially the rectangle distribution, and the triangle thrust has the smallest displacement
and inner-force of pile foundation.
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1 Introduction

With high speed development of the highway
construction in western mountainous region of China and
increasing of viaduct construction to overstep rivers and
valleys, many pile foundations of bridges have to be built
in abrupt side slopes in order to meet the requirement of
environment protection and geometric consideration!' 2,
There is no systematic and in-depth research on pile
foundation of bridge in slopes for bearing mechanism,
and conventional calculation methods can hardly meet
the challenge of the complicated condition, including
geology, topography, loading and working condition®.
In addition, no appropriate benchmark or criterion so far
can direct the corresponding design calculation or safety
monitoring control* ),

Inner-force calculation of pile foundation of bridge
in rock slope is far more complicated than that of
anti-slide piles or pile with inclination load of pile head.
The existence of crack, joint, interlayer and fault can
form certain potential sliding surface, which may
generate lateral thrust on the pile foundation!® "),
Accordingly, this type of pile foundation has both
bearing and anti-slip functions®™ *, and performs as both

“active pile” and “passive pile”, subjected to not only the
lateral pressure from the rock slope, but also the
inclination load from the superstructure. Therefore, it is
usually difficult to carry out analytic solution.

Based on a thorough consideration of the abnormity
and multiformity of slope thrust, upper-bound theorem of
limit analysis was adopted to calculate thrust of the rock
slope. According to the calculation method of pile in flat
ground and considering all possible distribution manners
to conclude the interaction of pile foundation, the
flexural differential equation of pile foundation in rock
slope was established and solved by simplifying manner
of thrust and resistance through finite difference method.
Through inner-force and displacement calculation of pile
foundation, the force and displacement allocation
characteristics of pile foundations in rock slope were
analyzed in this work.

2 Thrust of slope

Test results show that slope thrust behaves in
triangle distribution fashion if the slope rock is
composed of loose material (sand). The triangle
distribution model is still applied when slope thrust is
close to a parabola distribution with the top point near
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the sliding surface if the slope body material is clay'".

Moreover, some in-situ tests data indicate that thrust is
distributed in the form of parabola with the peak above
the sliding surface and almost zero near the earth’s
surface if slope soil’s strength is dependent on internal
friction angle such as accumulated and fractured rock
layers. Model testing results are consistent with those of
in-situ tests. However, parabola distribution thrust is
adopted to consider that rock slopes where pile
foundation of bridge exists are commonly accumulated
and fractured rock layers. The position of the
corresponding composite force is commonly relatively
fixed for specific distribution model. According to
different rock and soil types of slope, DAI'
summarized the disciplinarian (Table 1) from the results
of model tests and in-situ tests.

Table 1 Distribution functions of thrust of slope

Classification Distribution Localization Distribution
of soils of thrust  of'thrust  function of thrust g,
E
Rock Rectangle 0.5k, 9o =75
2
(36k — 24E)
. =5
Sand soil Triangleto 3 h— 2 A 2
parabola 5~ 3’ 224 (18—24K)E -
h
36k —24)E
| =S 2OE 2
Triangle to 2 3 h;
Clay —hy—=h,
parabola 3~ 4 (A8-24H)E
2
2
Between sand 13 1.8E 1
i —h 9 =—7 2+
and clay Trapezium 20 e, 2 10/,

Note: #;, is depth of pile in rock or soil, & is shape factor, and E is elastic
modulus.

The slope thrust distribution directly influences the
inner-force calculation accuracy of pile foundation. But
the factors that influence distribution of slope thrust are
complex and variable, and different slopes have different
distribution models. The inner-force calculation of bridge
pile foundation is based on the measured thrust data as
far as possible. For situation absent measured data, the
choice of slope thrust distribution should fully consider
the strength, lithology and occurrence of rock mass.

3 Upper-bound method analysis of slope
thrust based on strength reduction

Rock mass is a kind of discontinuous and an
symmetrical plastid with plenty of discontinuities like
crack, joint, interlayer and fault, and all of these have a
great impact on the strength of the rock mass!'> ", The
major influencing factors of slope deformation are
attitude, landform, space distribution range, composite

relation and shear strength of structural plane!'. The line
and fold line sliding surfaces mostly occur in rock slope,
and the method that connects structural plane to
determine sliding surfaces can basically reflect objective
condition.

3.1 Basic assumption

To use upper-bound theorem for analysis, the
theoretical equations in the derivation process are based
on the following assumptions'.

1) Slope rock mass is rigid body.

2) In offset procedure, weak interbeds are defined as
potential sliding surfaces. Energy dissipation only occurs
in slice surface and lateral surface, and it does not take
place in slice interior.

3) The adjacent slices accord with displacement
coordination principles, namely there is no overlap or
deviation between slices.

4) The material observes Mohr-Coulomb failure
criterion and the associated flow law.

3.2 Upper-bound theorem of limit analysis
First of all, the strength of rock mass around pile
foundation is reduced as follows:

Cc
Cm ZF

(1)
an @

t
@, = arctan

where ¢ is the cohesion strength; ¢ is the internal
friction angle; ¢ and ¢ are shear resistance indexes of
rock mass around pile; ¢, and ¢, are actual shear
resistance indexes for rock mass to keep equilibrium; F
is the shear resistant strength reduction factor or strength
safety factor.

Dividing the rock mass above the potential sliding
surface into # slices from the top to the bottom, the ith
slice bears the gravity of all slices W,, and the lateral
horizontal pressure Q;. The velocity of the ith slice is set
as v;, and the relative velocity between the ith and (i+1)th
slice is set as v; .According to the assumption (4), the
angle between v; and potential sliding surface is ¢;, and
that between v, and the interface of these two slices is
(0:,. The external load is viewed as O, that acts on the
Ist slice!"®'”. When the slope is up to its limit state,
external force power is

D= vai sin(atl. —(Pel-)+
i=1

n

Z ini cos(ai - ¢ei) - val 005(0{1' - (Dei) (2)
i=1
where ¢; is the angle between v; and interface.
Interior energy consumption occurs at the bottom of
the wedge block and interface between the wedge blocks.



406

J. Cent. South Univ. Technol. (2008) 15: 404-410

But there is no energy dissipation inside the rigid body.
There are normal stress oi(effective stress), vertical to the
surface, additional stress u; and shear stress 7.

Thus, the interior energy dissipation at the ith slide
is

Dg; =l;[tgv; cos @y —(0; +u;)v; sing;] 3)

si

where /; is the length of pile segments in slide.
According to Mohr-Coulomb failure criterion, the
ultimate shear strength is

Ty =C,; — 0, tan g, (4)
where ¢, is the effective cohesion strength.

Substituting Eqn.(4) into Eqn.(3), the interior
energy dissipation at ith slide interface is

Dsi = livi[cci Cos ¢ci _ui Sin q’z] (5)

The total interior energy dissipation is
n n-1 . n

D= ZDsi + ZDsi = Zlivi (Cei COSPy; —u; SIN Q) +
i=1 i=1 i=1

n—1

* %k * * . *
Zli V; (Cei COSQe; —u; SIN Q) (6)
i=l

According to the principle of virtual work we can
get
D=D; (7
The adjacent slices accord with displacement
coordination principles, that is to say, the velocity
polygon should be closed
_, sin6-6))
'sin(6, -6)
. sin(6, — 6
v, =V, sin(, ~6)

2

(8)

> sin(g,- )

where 6, is the angle between v, and v,, 91* is the
angle between v, and v; , 0, is the angle between v, and
v

Following the known velocity of the Ist slice,
velocity v; of arbitrary slice is linear function of the Ist
slice velocity vi:

{Vi =/ )

* *
vV, = Jfiv
where

il o — -0,
= sin(@y, — @ x —6;) (10)

. *
k=1 SNy — P i — )
1

= 1 si = = Pe k1 T Pe i) (11)

. *
k=1 SIN(Qy 4y = Pe k1 — 1)

Substituting Eqns.(2), (6) and (9) into Eqn.(7), we

get
- (—4+B) (12)
cos(, — @)
where Qpis the lateral thrust of rock layers and

n
* g% * * * . *
A= Zfz [ (ccos @, —u; sing,)

i=1

B:ifl.[Wi sin(e; — @) +

i=1
0; cos(&; — ;)] —1;(c; COS P —u; SIN Q).

4 Inner-force analysis of pile

4.1 Basic assumption and differential equation

According to the experimentation and analytical
results, the parabola distribution can be used to describe
thrust function of rock layers in slope, and the
assumptions can be established for pile foundation in
steep slope under inclined and eccentric load!™.

1) The pile is under elastic condition.

2) The inclined and eccentric load acts on pile top,
Qo is the horizontal component of forces, P, is the
vertical component of forces, and M, is eccentric
moment.

3) Above the potential sliding surface, the pile bears
parabolic thrust whose distribution function Q. is
consistent with the following model:

p(2)=C{Z"+nz+p, (0<z<h) (13)

where /4 is the length of the pile above the potential
sliding surface. When (=0, #=0 and p,#0, the distribution
function is a rectangle distribution pattern; when (=0,
po=0 and #n#0, it is a triangle distribution pattern; when
=0, n#0 and p¢#0, the function is a trapezium
distribution pattern; when p,=0, (#0 and ##0, the
parabola function is adopted.

4) Pile bears lateral earth resistance with the
function of g(x, z)=mz", where z is the distance from
section to earth surface, m is the coefficient of subsoil
reaction.

5) The axial force of pile changes with the linear
depth variety due to lateral friction resistance and pile
gravity, and its distribution is as follows:

P(z)=Pytfz (14)

where P(z) is z axial force of pile below the top of pile
segment, P, is the axial force of pile top(earth surface),

f is the axial force including its gravity and lateral

friction resistance along axial pile shaft, ~4y.—Ugqy/2, A
is the section area, y.is the unit gravity of pile, U is the
section perimeter, g, is the unit friction resistance.
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4.2 Derivation of differential equation
Extracting one segment from pile shaft and
calculating moments at the down midpoint of segment

bottom, the balance equation of moment can be derived
[19]
as

(M+dM)—M+P(z)dx—dez+%p(dz)2 =0 (15)
Simplifying Eqn.(15) as

4 dx ,dx
;f+(/12+k3z);f+ksa+asz”x=Qp (16)

where

P b
=0 3= S ; a'zzml;E is elastic

El, El, El,
modulus; 1, is the inertia moment.

In terms of its bearing situation, bridge pile
foundation in rock slope is divided into two different
segments, i.e. the segment bearing thrust and segment
embedding bedrock (Fig.1). Their differential equations
are as follows.

1) For segment bearing thrust, there exists

4 2
49X 2 dX b, g pE) g
dz* dz2 dz  EI, EI,

2) For segment embedding bedrock, there exists

4 2
dx e dE pd, awd) g (18)
dz* dz? dz  EI,
) | d_r! .
P(z) ’

M+dM o+dQ
P(z)+dP
(a)

(b)
Fig.1 Stress analysis diagrams of pile segments: (a) Segment

bearing thrust; (b) Segment embedding bedrock

Differential equation and boundary condition of
bridge pile foundation in rock slope can be obtained as
follows by adopting the difference schemes.

1) For segment bearing thrust, we have
Xy —(A=12H? — IR i)x,,, +

o’

(6-2220* <26°R}i+ K h® + =—)x, -
EIp

G- R+ x, +x,, =

' 2
——I[¢ )" +n(ih) + p,] 19)
El,
where  Q is the function correlated with shape of
thrust.

2) For segment embedding bedrock, there exists
Xy — (A= 1h* =R i)x,,, +

4
(6-21h* —2k° R i+ ik’ +ﬂ)xi -

EI,
@G=2h* =R i+ kPh)x,  +x,,=0 (20)

The boundary conditions of pile top and pile tip are
respectively as follows:
1) For pile top freedom, we have

M,

_ M
Xipp = 2%, +2X% =X, (21)
2K ! _ 9
(A% +IChi) Xivt Xy EI,
2h i

2) For pile bottom fixed, we have

Xy — 2%+ X,
h2

Xiy1 — Xio1

2h

=0
i=bottom (2 2 )

xi|i:bott0m =

The pile shaft should satisfy continuous conditions
of displacement, deflection, shearing force and moment
in interface.

XKk =XK4s

X = Xgo =—(Xgi6 = Xgia)

—Xg o F2xp —xgy 22X = (23)
Xge3 —2Xgoq T X6 —2Xg g

Xy + X = 2Xg = Xgig T X~ 2Xkys

where K is segment number of interface.

According to the displacement of pile segments, the
resistance, moment and shearing force of pile shaft can
be obtained as follows

o, =—k;x; or 0; =—m;zx;
El,

M, =h_2(Xi+l —2x; +x;_y) (24)
EI

O :j(—xi—z + 20 = 2x;4 + X))
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Additional explanation of the difference format is
given as follows.

1) Pile segments are separated based on different
bearing forces of the pile shaft, and Eqn.(21) is adopted
according to their bearing behavior.

2) Pile segments are separated because of different
rock layers, and “M” method or “K” method was
adopted based on actual condition of bearing load
segment and fixed segment in difference equation.

3) Pile segments are separated because of the
difference in rigidity and sectional shape of pile
foundation, and 4, k and EJ, will be properly adjusted in
all equations above.

S Analysis of example

One pile foundation is built in rock slope, and the
natural angle is 60°. The height difference between
mountaintop and valley is 210 m, and the pile is 30 m in
length, density of concrete =25 kN/m’, and unit area
friction resistance =40 kN/m’. The pile length above
potential sliding surface /;=10 m, and the parameters of
rock are shown in Table 2. The coefficient of subgrade
reaction m;=5 MN/m" and the pile length embedding

bedrock 5,=20 m. The pile diameter is 2 m, and elastic
modulus of concrete £,=18 GPa. Based on upper-bound
theorem of limit analysis, the loads on the pile top are as
follows: axial force 9.1 MN, horizontal force 170 kN,
eccentric moment | MN-m, and slope thrust 500 kN. The
displacement, moment and shear diagrams of pile shaft
calculated by finite difference method are shown in
Figs.2—6.

Table 2 Physical mechanics parameters of rock layers

Rock layer Densi{};/ Pois§on milglsﬁljs y Cohesion/ Friction
(kN'm °) ratio MPa  angle/(°)
MPa
Highly
weathered 18 0.27 710 2.4 25
rock
Slightly
weathered 23 0.2 5200 6.7 28
rock

Different distribution shapes of thrust will have
different influences on pile foundation, but the trends of
the inner-force are almost the same. Table 3 presents
comparative results of displacement, moment and shear
with different distribution shapes of thrust.

0 0 0
(a) (b) (c)
=5F =5 =5t
-10 -10 -10F
£ =i =]
2 -15 z-15 £ -15¢
b D ]
(] =) a
=20+ =20 20+
=25H -25 =25F
-30 L : - . =30 . s =30 L ' .
0 1 2 3 4 0 500 1000 1500 =200 =100 0 200
Displacement/cm Moment/(kN+m) Shear/kN

Fig.2 Displacement (a), moment (b) and shear (c) of pile shaft without thrust
0 0
(a) (b)
_5 - _5 -
-10 -10f
£ £
2 15t z-15
] i
Q A
-20f =20
=25} =25
=30 - : =30 _1 ' L =30 : .
0 2 4 6 0 500 1000 1500 =200 -100 O 100 200
Displacement/cm Moment/(kN-m) Shear/kN

Fig.3 Displacement (a), moment (b) and shear (c) of pile shaft with rectangle distribution thrust
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Fig.4 Displacement (a), moment (b) and shear (c) of pile shaft with triangle distribution thrust
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Fig.5 Displacement (a), moment (b) and shear (c) of pile shaft with parabola distribution thrust
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Fig.6 Displacement (a), moment (b) and shear (c) of pile shaft with trapezium distribution thrust

Table 3 Displacement, moment and shear of pile shaft with

different distribution shapes of thrust

Referring once again to Figs.2—6 and Table 2, it can
be seen that the displacement, moment and shear of pile

shaft increase distinctly because of slope thrust compared
with those of pile foundation without action of lateral

Item Displacement/ Moment/ Shear/
cm (KN-m) kN

No thrust 3.75 1 355.90 —198.95

Rectangle 5.79 1552.90 —232.18

Triangle 5.24 1376.20 —201.77

Parabola 5.62 1417.70 —239.49

Trapezium 5.32 1 449.90 —202.97

loads. The displacement of pile top is from 3.75 cm to
5.79 cm, the maximum rate of growth attains 54%, and
the result shows that the lateral thrust of slope has a great
impact on deformation of pile. The moment of pile shaft
is from 1 355.90 to 1 552.90 kN'm, and the maximum
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growth rate reaches only 15%. The shear force of pile
shaft is from —198.95 to —239.49 kN, and the maximum
growth rate is about 20%. Therefore, we can draw the
conclusion that the distribution shapes of thrust have
major impact on the displacement, but a minor effect on
the inner-force.

6 Conclusions

1) The potential sliding surface is determined in
discontinuous plane of rock slope interior, the upper-
bound theorem of limit analysis is adopted to calculate
thrust in rock slope. The finite difference equation of pile
foundation in rock slope is established by considering
interaction between pile and slope.

2) It is feasible to use the finite difference method to
calculate the displacement, moment and shear of bridge
pile foundation in rock slope under complex load
condition. The distribution shapes of thrust have certain
influence on deformation and stress, and trends of
displacement and inner-force are almost the same as
those of conventional pile without lateral thrust.

3) With the same slope thrust, different distribution
shapes of thrust have different influence on inner-force
of pile foundation. On the whole, the rectangle
distribution thrust has the greatest influence on
inner-force and deformation of pile foundation because
the localization of lateral thrust is high. However, the
triangle distribution thrust has the least influence on the
inner-force and deformation of pile foundation because
the location of lateral force is low. Therefore, it is
dangerous to adopt triangle distribution to calculate in
design.
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