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Improved response surface method and its application in
stability reliability degree analysis of tunnel surrounding rock

SU Yong-hua(# 7K %), ZHANG Peng(5k  #1), ZHAO Ming-hua(iX 4£)

(Institute of Geotechnical Engineering, Hunan University, Changsha 410082, China)

Abstract: An approach of limit state equation for surrounding rock was put forward based on deformation criterion. A method of
symmetrical sampling of basic random variables adopted by classical response surface method was mended, and peak value and
deflection degree of basic random variables distribution curve were took into account in the mended sampling method. A calculation
way of probability moment, based on mended Rosenbluth method, suitable for non-explicit performance function was put forward.
The first, second, third and fourth order moments of functional function value were calculated by mended Rosenbluth method
through the first, second, third and fourth order moments of basic random variable. A probability density the function(PDF) of
functional function was deduced through its first, second, third and fourth moments, the PDF in the new method took the place of the
method of quadratic polynomial to approximate real functional function and reliability probability was calculated through integral by
the PDF for random variable of functional function value in the new method. The result shows that the improved response surface
method can adapt to various statistic distribution types of basic random variables, its calculation process is legible and need not
iterative circulation. In addition, a stability probability of surrounding rock for a tunnel was calculated by the improved method,

whose workload is only 30% of classical method and its accuracy is comparative.
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1 Introduction

An information design and construction method for
underground rock mass structure take the modern rock
mechanics theory as a foundation, and take the mutual
effect of the adjoining rock and the lining structure of sap
as the starting point. This method takes the uncertainty of
the each stratum physics mechanical characters and the
response to excavation as a premise. It emphasizes to
reduce the adjoining rock pressure and fully exert the
bearing capacity itself. Under the instruction of this
theory, the basic routine of the design and the
construction mainly considers the adjoining rock
category of the underground structure, burying depth of
tunnel and so on. It draws the stratum characteristic
curve based on the massive measured data, and takes the
biggest permission deformation of the adjoining rock
(generally arch subsidence) as lining design rule. Not
only is deformation of adjoining rock decided by initial
pressure, but also it relates to physics mechanical
properties of surrounding rock mass as well as stratum of
adjacent surrounding rock of the tunnel. Therefore,
deformation of surrounding rock of the tunnel is the
function of the initial stress and physical mechanic
parameters of the adjoining rock. Because of the

complexity of rock mass medium and randomness of the
physical mechanic parameters, deformation of
surrounding rock of sap is also a random variable. Based
on the mutual mechanism adjoining rock of underground
structure and supports, and considering the uncertainty of
physical mechanic parameters of the rock mass and the
correlation factors, in this paper a response surface
method was studied for stability reliability analysis of the
underground rock mass tunnel according to the New
Austrian Tunneling Method design and construction way.

2 Establisnment method of limit state

equation based on defor mation
21 Mutual action of rock and

supporting structures

The theoretical basis of surrounding rock of modern
supports method for the underground engineering is the
mutual action of the surrounding rock and the supporting
structures. As shown in Fig.1, curve 1 is the function of
the surrounding rock pressure with sap peripheral
displacement. It is divided into two stages. The curve
between points 4 and B is at the deformation pressure
stage, the surrounding rock pressure gradually reduces
with the displacement releasing of the peripheral layer
for sap. After point B, the surrounding rock looses, the

surrounding
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pressure increases. From the chart, when the peripheral
displacement of sap achieves its limited allowable
displacement up,y, the pressure of the adjoining rock is
the smallest. So the support resisting force that the lining
needs to provide should be most reasonable at this point.
Curves 2 and 3 are the supporting structure characteristic
curves, and the shape of the characteristic curve is
related to its rigidity. The two curves express the force
starts to exert when the initial displacement of the sap of
peripheral surrounding rock reaches ug and ug,,
respectively, the coordination deformation between the
supporting structure and the adjoining rock reaches u,q,
and u,,, respectively. When the released displacement of
the surrounding rock just reaches uy,,, the ideal
supporting state is achieved' ..

Supposing that the elasticity module of the rock
mass is E, cohesive force is ¢, angle of internal friction is
@, and side press coefficient /=1 in initial stress field,
and the rock mass is the ideal elastoplasticity rock one,
then there is a analytic function relationship between
displacement u of peripheral rock-mass of sap and the
surrounding rock pressure p. u could be expressed as
function of the stress field and the rock mass physical
mechanics parameters as follows.

u=u(o,E,c,p,u,p) (N

P

Stratum characteristics curve

1 Distortion pressure stage

Supporting structure
characteristic curve

Up) p—yq) u
Uy [
0 — Uy
1
u

max

Fig.1 Scheme of ideal supporting state
1—Stratum pressure variation curve; 2,3 —Pressure variation
curves of support structure with rigidity K and support structure
with rigidity coefficient K’ respectively, K'>K

Under usual condition, the initial stress field is
heterogeneous stress one, the geometry shape of the sap
is not generally a circle, the analytic relationship between
u and p does not exist. So it is unable to determine
analytical formula of u,,, theoretically. Therefore, in

order to achieve the ideal supporting state, determination
of un,y 1s a key issue under all kinds of conditions.

2.2 Determination of Upmax

So far, a lot of researchers, both the domestic and
the overseas, put forward the range of allowable value
for u,,x based on massive monitor and measurement data
of practical engineering. The allowable value range
relates to burying depth of sap, category of surrounding
rock, characteristic of physical and mechanical and cross
section size of sap.

Tables 1-3 are allowable ranges of u,,, which are
proposed by the researchers in France, Russia and the
Chinese Railroad Tunnel Design and the Construction
Department, respectively'”. Moreover, scholars in Japan

also give the similar control rule!?!,

Table 1 Allowable values of subsidence of vault(France)

Hard-rock Soft-rock
h/m
Upax/CM (tmax’ 7}]71 )/% Upax/CM (tmax’ roil )/%
10—50 1-2 0.2-0.4 2-5 0.4-1.0
50-500 2—6 0.4-1.2 1020 2.0-4.0
>500 6—12 1.2-24 20—40 4.0-8.0

Table2 Allowable values of displacement for surrounding
rock of tunnel (Russia)

h/m yh/Ry, Upax/CM (Umax’ ro’l )%
400 <0.25 5-8 1.0-1.6
400-750 0.25-0.45 15-20 3.0-4.0
>750 >0.45 30-35 5.0-7.0

Table 3 Allowable values of displacement of surrounding rock
about railway tunnel (China) (cm)

Single line cross section / Double line section

h/m 11 111 v \Y
<50 1.50/2.50  3.00/5.00
50-500  0.45/0.75 1.20/2.00 4.50/7.50 9.00/15.00
>500 0.90/1.50  2.40/3.20 9.00/15.00 21.00/35.00

In Tables 1-3, r, is the most dimension of
cross-section for tunnel, 4 is the depth buried, y is the
unit gravity of rock-mass and R, is the uniaxial resistance
strength of rock-mass under saturated state and Roman
numerals “II, III, IV, V” stand for category of
surrounding rock of tunnel.

These allowable values of u,,,, determined by actual
measurement data are used as guidance for the design
and construction of tunnel. For example, it is usually
used as a foundation to design bearing capacity and
rigidity of ling, and to put apart a deformation value for
supporting structure.
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2.3 Establishment of limit state equation

After wuy,, is determined, we can establish the
structure performance function based on the criterion of
displacement. According to Eqn.(1) and u,,,x, an equation
of performance function for tunnel structure may be
obtained as follows:

g(o'sE,Cs%,U»P):umax_u(o'aEaC»(P»,Usp) (2)

The basic random variable of structure can be
expressed as a stochastic vector, X=(X;, X5, ***, X,).
correspondingly, the limit state equation may be
expressed as:

G(X)_umax_u(x):() (3)

3 Solution for response surface method of
limit state equation

3.1 Solution process by classical method

Eqn.(3) is often solved by response surface method.
Generally speaking, quadratic polynomial with no
crossing terms is adopted to approximate response
surface function. Assuming that a structure has » random
., X,, these random variables obey
normal distribution. The form of quadratic polynomial
term is usually expressed as follows ®!:

Z=g(X)=a+) bx;+Y.dx; (4)
i=1 i=1

variables x;, x,, ..

where a, b;and d; (=1, 2, ***, n) are the undetermined
coefficients, and the total accounts are 2n+1.

The process of confirming undetermined
coefficients and analyzing reliability is as follows.

1) Assume iterative point x(0 = (xl(o),L ,

xi(o),L ,xflo) ) , generally, taking the average values at the

first time.

©0) 0

2) Functional function values Z‘/ = g(x1 L,

xl-(o),L ,x,(lo))and 2= g(xl(o), L ,xfo) tfo, L, xs,o)) are

computed by finite element numerical simulation test
and (2n+1) values will be acquired (coefficient ' equals
3 at first time, then it equals 1, o; is mean-square
deviation of x;);

3) Coefficient a, b;, d(i=1, 2,***, n) are confirmed
through solving the equation group and an approximate
quadratic polynomial term of the functional function is
determined.

4) Checking point method JC rule is used to solve
checking point x*® and reliability index g%, where
superscript K represents the Kth step iterative
calculation.

5) Judge the constringency of reliability index p
according to the following inequality:

B N<e ©)

If the above inequality is unsatisfied, namely the
calculation result does not constringe, a new expansion
point can be got through insert method by the following
function:

aip) =2 (1) - x) ¢(x)-g(x®)

Then return to step 2) and take the next iteration,
until Eqn.(5) is satisfied. At last, the reliability index can
be calculated in the standard normal space.

3.2 Deficiencies of classical response surface method

Some deficiencies in classical response surface
method were found from above-mentioned solving
process for limit state equation.

1) Quadratic polynomial expression is used to
approximate practical functional function of very
complicated structure. The error range of failure
probability between quadratic polynomial expression and
real limit state equation cannot be estimated accurately.

2) After reliability index is calculated, a supposition
that reliability index obeys normal distribution is
required.

3) The method is only suitable for some functional
functions whose basic variables obey normal distribution.
If the basic variable is non-normal, it needs to be
normalized.

4) Samples of basic random variables are gathered
symmetrically and equably on both sides of mean values
point or expansion point before finite element simulation
experiment. The sampling method does not consider
characteristic of distribution curve of basic random
variables.

Aiming at the problems mentioned-above, basic
random variables are sampled according to Rosenbluth
method!” at first, then sample storehouse of the
functional function value is gained through finite element
simulation test; an improved Rosenbluth method is
adopted to calculate the statistic moment of the
functional function™. Probability density function is
confirmed by statistic moment of the functional function.
A reliability degree is obtained through integral finally.

4 Improvement for classical response surface
method

4.1 Estimate point of statistic moment

For convenience, basic random parameters of
surrounding rock are expressed by vector, X=(X|, Xp, ***,
X)), mean value and variance of the random variable are
i, Ox;, Tespectively, the kth central moments (k=2, 3) are
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expressed  respectively for g4y and g, . The

coefficient of variation which reflects discrete degree of
every random variable is marked as Jy =0y / My ,the

lean coefficient which reflects decline degree of the
density function curves is marked as Cgy =35 / 0'§(i ,
the Kurtosis coefficient which reflects the sharp or
evenness degree of the densities functions curve is
marked as Eyy =,u4Xi/6f(l_ -3.

My, Oy, Csy, Egy are called statistical
parameters of the former four order moment. They can
portray the probability characteristic of the random
variables perfectly!'' "%,

Assuming that universal formula of functional
function is Z=g(X)=g(X1, X, ***, X,), its individual order
origin point moment ny=FE(z") of functional function
value Z=g(X) can be calculated through point estimation
method put forward by ROSENBLUETH!”. Formula of
calculation is as follows:

k k
E(Z ) = PHPerL P(y,_1)+1::1+Z+++L + + Pl+P2+L
L

k k
R F Z++L +— +P1+PZ+L R }?Hl)—L B Z++L +L - +L

(n=1)+*" n— i+ n—

+A.h_L B R, L PyZiy _ _+R. P L P Z'
(7

According to above formula, if the number of
random variable is n, there are 2" functional function Z
that need to be calculated. Then the value of
corresponding functional function and the skewness
coefficient P, and P;- can be calculated by the following

formulae based on ROSENBLUETH point estimation
method.

Zig v - =8x,x,,L Xit s X(i41)- Lx, ) (8)

Ziw 1 -=8x0L x Lx,Lx,) (9)

(10)

1n
CSX’ =y /O'i is skewness coefficient of  the

random variable X;, sample point x;. of the basic random
variable is confirmed by the following equations:

P_
Xy =Myt Oy, P; (12)
i+

Rae

= (13)

+

X =Hy; —Oy;

e

4.2 Improved moment point estimation method for
response surface
From Eqns.(7)—(10), we can see that moment
m*=E(Z") only relate to the first, second and third

moments, but entire description of shape for curve of
probability density function needs their information of
forth order moment. TONG™ studied the influence of
parameter Ey, of the forth order statistical moment,
and proposed‘ the following calculation formulae
improved for origin point moment »;:
m=E(Z) (14)
m, :E(Zz)+%ZZ§(EKXi +2)o% +
i=1

i

>.Z,Z,Cgy O, (15)
i=1

my = E(Z3)+%izizzii (EKX,- +2)O‘;[ (16)

i=1
m= E(2)+3 20 (B, 43-Cu)oh, D
i=1

where Cy; calculated can be calculated by the following
equation:

2
C 4 = i + =

sz
TRk

og(X)
ox,

and E(Z") is calculated by Eqn.(4), Z =

Xy

2’g(X)
ox?

1

and Z; = mean that the first order and

Xy

second order partial derivative values of functional
function versus X; at mean value point X, of the basic

X d*g(X
random variable. Z; = ag( ) and Z; =LZ)
aX i X aX i
)z X P
may be calculated through limited difference
method!"* ",

4.3 Entropy density function

After the first, second, third and forth order origin
point moments of functional function are confirmed, the
corresponding centre point moment can be calculated
according to Eqn.(18)

ko »
He =2 Ci(=m) m, (18)
i=0

Then we can get the statistic moment parameters of
the functional function Z from the first to forth order
moment, namely uy, J6;, Csz and Eg, Functional
function Z is turned into a standardization random
variable (mean value is 0, the standard deviation is 1)
by the following formula:

_Z-n
o

According to the greatest entropy principle, the

probability density function of the random variable Z
- [9-10]
is

z

(19)
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f(2)= exp(—i,@zf] (20)

i=0

Undetermined parameter A(i=0—4) is confirmed
through solving the simultaneous equations groups
shown as follows:

j_ Z'exp(-Y. A,z )dZ = p,, =04 (21)
j=0

where  po=1, p1=0, p,=1, ps=Csz, ps=Exs3.

After confirming probability density of functional
function Z, we calculate the reliability P, according to the
following formula'":

P=1-P, :I—P(Z<0):1—P[z<—%]

z

A 4
=1-[ o exp(-)  42)dz (22)

i=0

4.4 Computational step
Operation procedure for the above-mentioned
response surface method of reliability degree analysis for
underground structure surrounding rock based on
deformation criteria is summarized as follows.
1) Confirming stochastic varibles in limit state
Eqn.(3), according to conditions of surrounding rock and

their parameters variance size.

2) Analyzing the concrete shape of distribution curve
of basic random variables of structure and calculating the
former four order statistical moments
My sOx . Hzx ,Hyy oOf the random variables and the

corresponding statistical parameters #, , 0y , Cyy and

Egx. -

3) Calculating P;., P;- and Cj; by their corresponding
skewness coefficient and the Kurtosis coefficient of the
random variable, then drawing samples of random
variable and constructing a sample group with 2"
samples through permutation and combination.

4) Getting 2" value of performance function,

Z++L+9 Z++L =L > g(/uXI» L H /UXl’ L > :uX”)ﬂ g(:uXI’
L, uy +201;, L, ﬂxn)andg(/lxl Loy +opy L,

i Xn) through finite element numerical simulation

calculation and E(ZY).

5) Calculating the former four order origin moments
my, my, m3, myand changing them into yz, oz, (37 and pyy,
standardizing the random variable of functional function
value and calculating the former four order statistical
moment parameter uy, oz, Cs; and Ex; of functional
function Z.

6) Getting Ay, 4, 4, 43 and 14 through solving
simultaneous equations groups, at the same time,
confirming probability density function f{Z) of random

variable of functional function Z.
7) Calculating stability reliability probability Pg of
the structure through integral.

5 Engineering analysis

5.1 General situation for engineering

One highway tunnel in Xiangxi district is a single
lane of two-way. Its transect profile is arch with
meandering wall, cross-section area is 11.5 mx10.0 m
(width X height), its depth is 365 m. The exposed strata
of the tunnel site are mainly Quaternary, Devonian and
Silurian system. The thickness, the physical and
mechanical parameters are shown in Table 4. The
lithology of every stratum is shown as follows.

1) Quaternary system. It is mainly composed of
planting soil and its thickness about 2 m.

2) Devonian system. It is composed of siltstone,
sandy shale and thin shale. The joint fissure of the
vertical or oblique bedding in rock mass is medium
-developed or better-developed. The thickness is 94 m,
Poisson ratio is 0.39.

3) Silurian system. It consists of soft rock. The joint
fissure in rock mass is developed or developed relatively
well. This stratum is great in thickness with the Poisson
ratio of 0.31.

From Table 4, it can be seen that some variation
coefficients of physical and mechanical parameters,
including Poisson ratio, friction angle and density of
Silurian system rock are less than 0.05. In order to
simplify the calculation and consider the main factors,
they will be regarded as certain parameters in the
following analysis. Therefore, the main random
parameters are the rock density y; of the Devonian
system, the deformation modulus E, E, and the cohesion
Ci, C, of the Devonian system and Silurian system. For
the sake of convenience, these five random parameters y;,
E\, E,, Cy, C, are expressed as form of a random vector
X=(y1, E1, E5, Cy, Co= (X1, X2, X3, X4, X5). According to
statistical analysis, rock deformation modulus obeys the
normal distribution; rock cohesive force obeys the
lognormal distribution, the rock weight % of the
Devonian system obeys Extreme I distribution.

Supporting design of the tunnel is composite lining
structure, according to construction principles of the
New Austrian Tunneling method, deformation value of
tunnel vault is not larger than 15 cm.

Stability limit state equation for above-mentioned
surrounding rock can be expressed as follows according
to deformation criterion:

(X = thmax—t(X)= tmax—u( X1, X5, X3, X4, X5)
:15_1"(}/19 Eb E23 Cla C2):O

5.2 Computational resultsand comparison
The former four order statistical moments of
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Table 4 Rock-mass mechanical parameters of surrounding rock of tunnel

Modulus of

Internal friction

Stratum Density deformation angle Cohesion Poisson ratio
number (k;;?g) Variability Mean/GPa Variability Mean/(°) Variability Mean/MPa Variability Mean Variability
I 2.35 0.121 1.72 0.104 0.036 0.146 0.202 0.427  0.045
111 2.55 0.041 1.433 0.125 0.045 0.574 0.136 0.384  0.031

functional function Z are u;~2.210 4, ¢,=0.853 7,
1#:=0.478 2, 14=0.996 52, which are gained according to
the above-mentioned steps from 1) to 6). The
corresponding statistical moment parameters of u, J,
Csz and Exy, are 2.210 4, 0.492 8, —0.976 5 and 0.543 1,
respectively. The undetermined coefficient 4g—A14 of the
corresponding density function can be determined by the
discrete numerical method” ' They are 4,=0.986 35,
41=—-0.728 28, 1,=0.293 40, 1;=0.199 80, 1,=0.095 63.
Through the integral of probability density function,
structural failure probability is Pjﬁ =6.978x1072 .

In order to analyze the precision of improved
method, we simultaneously adopt the direct Monte Carlo
law and classical response surface method to study the
reliability respectively. The calculation result of the

classical respond surface method is P; =9.572x1072.

Iterative calculation of 7 circulations was carried
out when calculation result achieved constringency. 12
times of simulation calculation of finite element method
were carried out before calculation result achieved
constringency in a circulation. 84 times of simulation
calculation of finite element method were finished in
total to calculate failure probability of surrounding rock
of tunnel.

When adopting the Monte Carlo method to simulate,
112 000 times simulation calculations were carried out
before convergence. Failure probability of surrounding
rock for tunnel is P, =7.431x107.

The result P, obtained through Monte Carlo law is
regarded as an accurate solution. The relative error,
absolute error and calculation times of simulation
through classical method and improved method
respectively are shown in Table 5.

Table 5 Comparison among results by different calculation
ways

Error /107
Absolute Relative

Failure
probability/102

Calculation Simulation
method times

Monte Carlo Approximate precise

method 112 000 7431 result
Classical

method 84 9372 21 e
Improved 30 6.978 0.453 6.09

method

From Table 5, it is found that calculation workload
of the improved method is about 30% of the classical

method, yet its computation precision of that is advanced
slightly and the improved method does not need iterative
calculation.

6 Conclusions

1) An approach established for limit state equation
for surrounding rock is put forward based on
deformation criterion.

2) Based on relationship between statistical moment
parameter and shape of curve for PDF, an amended
calculation method of sample is put forward.

3) Improved point estimation calculation method of
the first, second, third and fourth order statistical
moments for unknown structure performance function is
proposed through combining calculation way of partial
differential coefficient by difference with finite element
method.

4) A fitting way of most entropy probability density
function of limit state equation is deduced by first to
fourth order moments and then a new response surface
method that calculates failure probability by integral
through most entropy probability density function is
worked out. Analysis process of failure probability is
concision and does not need iterative calculation in the
new way.

5) A stability reliability degree of a tunnel structure
under serviceability limit state is analyzed by the new
way. This shows that calculation workload is less and its
accuracy is higher than classical response surface
method.
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