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Seismic ultimate bearing capacity of strip footings on slope

CHEN Chang-fu(%: 2 &), DONG Wu-zhong(# /), TANG Yan-zhe(J#1Z¥7)

(Institute of Geotechnical Engineering, Hunan University, Changsha 410082, China)

Abstract: The influence of earthquake forces on ultimate bearing capacity of foundations on sloping ground was studied. A solution
to seismic ultimate bearing capacity of strip footings on slope was obtained by utilizing pseudo-static analysis method and taking the
effect of intermediate principal stress into consideration. Based on limit equilibrium theory, the formulae for computing static bearing
capacity factors, Ny, N;, N,, and dynamic bearing capacity factors, Ngg, Neg, Nyg, Which are associated with surcharge, cohesion and
self-weight of soils respectively, were presented. A great number of analysis calculations were carried out to obtain the relationship
curves of the static and dynamic bearing capacity factors versus various calculation parameters. The curves can serve as the practical
engineering design. The calculation results also show that when the values of horizontal and vertical seismic coefficients are 0.2, the
dynamic bearing capacity factors Ngg, Neq and Ny, in which the effects of intermediate principal stress are taken into consideration,

increase by 4%—42%, 3%—27% and 34%—57%, respectively.
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1 Introduction

The study on bearing capacity has been the hotspot
of the geotechnical circle for ages. Among the limited
literatures available on the seismic bearing capacity,
MEYERHOF’s!" ! are perhaps the earliest, where the
seismic forces were applied on the structure only as
inclined pseudo-static loads. Effect of the seismic forces
on the inertia of the supporting soil was not considered in
these analyses. SARMA et al”®! and RICHARDS et al'*!
considered the seismic forces both on the structure and
on the supporting soil mass. Apart from these studies by
the limit equilibrium method, DORMIEUX et all®!
SOUBRA!* and CHOUDHURY et al®® used the upper
bound limit method for analyzing the seismic bearing
capacity of shallow strip footings. YU and YANG!'"!
utilized numerical simulating method and energy
dissipation method respectively for determination of the
static bearing capacity of foundation on slope. However,
for the seismic bearing capacity of strip footings founded
on the slope in mountainous area, little investigations
have been conducted. And the existing calculating
formulae have not considered the effect of intermediate
principal stress on ultimate bearing capacity. In addition,
the results obtained by the existing calculating formulae
are usually smaller than real values and the potential
strength of soil is not fully mobilized. So in this paper,
based on the unified strength theory that takes the effect
of intermediate principal stress into consideration, by

supposing composite curved failure surface and
employing pseudo-static approach and the method of
limit equilibrium analysis, a new formula of seismic
bearing capacity for slope foundation in mountainous
areas was obtained.

2 Unified strength theory

Unified strength theory for geo-materials can be
expressed as follows!'' ')
bo, + o,

F = ao, = 8 ,
1+b 1+sing,

2c, cos @,

1 sin
0= (G +o) (g —oy) (1)
2
F=L(O'1 +bo,)-0, :M,
1+b 1 +sin @,
sin g,

022%(0'1"‘0'3)_ (0,—-03) (1b)
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where a=(1—sing,)/(1+singy); o is the major principal
stress; o3 is the minor principal stress; b is a coefficient
that can reflect the influence of intermediate principal
stress and normal stress on the failure degree of material;
@0 1s the original angle of internal friction and ¢, is the
original cohesion of geo-material.

The normal stress o, and shear stress 7,, acting on
any inclined plane oriented @ clockwise from the major
principal plane can be determined:
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Ot 01=0s o) )
2 2
7, = %sm(zw) 3)
FAN et al®' recommended the following
equation for @ in limit state:
20=n— arccosM 4)
I+b+a
By solving Eqns.(2) and (3), we obtain
1—cosQw)
0, =0,+———T, 5
T sinRe) ©)
1+ (cos2w
0, =0, 1 (c0820) (©)
(sin2w)

According to LEE et all, the intermediate
principal stress can be expressed as follows:

o, =k(o,+03)/2 @)

where k& is the coefficient of intermediate principal
stress, 2u<sk<<1(u is Poisson ratio), and £—1 in plastic
zone.

From Eqn.(7), we can calculate the ultimate bearing
capacity of foundation by using the following condition:

0= D70 0 Finag)) (8)
2 2

We can see that g, satisfies Eqn.(1b). So substitute

Eqns.(2)—(8) into Eqn.(1b), we get

Az, +Bo,—Dc, =0 (9a)
where
A=y 20 cosay - (2R
2(1+b) 145 2(1+b)
(I+cos(Qw))]/sin(2w),
_okb o _ 2cos@,
1+b 1+b 1+sing,
Eqn.(92) may be written in the form:
Dc, B
=0 __ 9b
fo= 7 T 4% ©b)

Comparing Eqn.(9b) with Mohr-Coulomb criterion,
we can obtain the cohesion and angle of internal friction
(c and @) based on unified strength theory:

c¢=Dcy/ A
T 1+b—a(kb+1) (10)

@ =—-—arccoS—————
2 1+b+o

3 Seismic bearing capacity of strip footing
on slope

3.1 Failure mode of slope ground
Failure mode of slope ground is shown in Fig.1. It
consists of two slip surfaces DEK and EFG. DEK is a

realistic failure plane and EFG is a virtual failure one.
Failure plane EFG does not exist. This is just for
force-analysis of the soil mass behind the footings.
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Fig.1 Computational model of slope ground

3.1.1 Three wedges in part DEK

1) Wedge DAE. Wedge DAE is an asymmetrical
triangular wedge in which soil is in elastic state.
Assuming the strip footing is rough enough, let y and y,,
denote the base angles of the wedge ADE, respectively,
and

T
Z+;tm=3+<o (11)

2) Wedge AEK. Wedge AEK is a transitional zone
from active earth pressure under the footing through
passive earth pressure in the surrounding soil. Assuming
EK to be a logarithmic spiral curve, point 4 is the center
of this spiral curve, so the equation of this curve can be
expressed as follows:

r =1, exp(6, tan @) (12)

where ry is the length of line AE and it can be
calculated by the following formula:
= 'Bsm;(m (13)
sin(y + %)

Hence, the length of AK can be written as follows:

7 =1, exp(ftan @) (14)

3) Wedge AKJ. The wedge AKJ is a Rankine
passive earth pressure zone.
3.1.2 Virtual failure plane EFG

Part DEFG involves a transitional zone EDF and a
Rankine passive earth pressure zone DFE.

Since the plane EFG does not reach its ultimate
limit state and it is difficult to determinate its stress
distribution, thereby we introduce a coefficient m to
indicate the mobilization degree of shear on plane EFG.

m=t/7, (15)
Substitute Eqn.(13) into Eqn.(9b), then

D B
mt, =m—(@)c, —m—(p)o, =
A A

D B
—(@,)e, ——(9,)0,D (16)
A A

where 7, is the ultimate shear stress, ¢,, and ¢,, are the
cohesion and the angle of friction that are related to m,
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respectively.

The values of ¢, and ¢,,, varying with the values of
b and m can be obtained by computation (see Table 1).
When b=0, Eqn.(9b) becomes Mohr-Coulomb criterion
(=ctotan ¢), so Mohr-Coulomb criterion is just a special
case of this method.

Similar to EK, the equation of EF can be given as
follows:

Tmo = Tmo exp(9m0 tan (pm) (17)

where r,, is the length of DE, calculated by

Bsiny

Py =—————— (18)
" sin(z+ 2,)
Hence, the length of DF can be written as follows:
Tpp =Ty =Ty exp(6,, tan @, ) (19a)

Similar to AJK, DFG is assumed as a Rankine
passive states zone, and
ZDFG=7/2+¢, (19b)
Table 1 Values of ¢,,, ¢,, varying with » and m under /=1.0,
00=20°, ¢c=20.0 kPa

m=1.0 m=0.9 m=0.8 m=0.7

Cm/ ¢m/ cm/ ¢m/ Cm/ (pm/ cm/ wm/
kPa (9 kPa () kPa () kPa (%)

1.0 21.5 241 193 21.8 17.0 195 148 17.1
08 213 235 191 213 169 19.0 14.7 16.7
06 21.1 229 189 208 16.7 185 146 163
04 208 222 187 20.1 16.6 179 144 158
02 205 212 184 192 163 172 142 151
0.0 200 20.0 180 181 16.0 162 140 143

3.2 Limit equilibrium analysis

The free-body diagram of wedge ADE is shown in
Fig.2. The forces acting on AE are p,y, Ppq, Ppc and C,,
where p,, is produced by the unit weight (the weight per
unit volume), p,q by the surcharge loading, and p,. by
the soil cohesion. Both p,, and p,q act at the midpoint of
AE, and p,, is assumed to act at two-third position of
AE. The directions of all these forces make the same

angle of ¢ to the normal of AE. In addition, the
adhesion C,=c'rpg, where c is the unit cohesion.

In a similar manner, the forces acting on DE are
shown in Fig.2. The subscript m of these forces indicates
the mobilization degree of shear on virtual failure plane
EF. Pomy, Ppmq and pp, are produced by the unit
weight, surcharge and soil cohesion, respectively. The
directions and positions of these forces are similar to
those of the forces acting on AE.C,, =c,, -7pg , Where
¢, 1s the unit cohesion.

Gud

’ 7
‘Ir ]:um:-hr m

Fig.2 Free-body diagram of wedge ADE

The vertical seismic passive resistance can be
computed as
Pp = (Ppy + Ppc T Ppg) cOS(¥ — @) (20)
Pon = Pony + Pome + Pon) 05 @) 1)
From the vertical equilibrium of all the forces, we
can obtain:

Gud = Pp+ Ppm + C,siny+C,, siny,, (22)

Determination of the values of all the passive
resistances is as follows.

Case 1: ¢=c,~0, ¢,=¢,,=0 , y70

Considering the forces acting on the wedge AKE, as
shown in Fig.3, then from the moment equilibrium of all
the forces about the focus 4 we have

S (M -M-My-My)  (23)

Pr = 2rycos@

where

-k, .
M, = 6 Yy Tax SInB(r; + 745 cos B);

k . ;
M, = z”yrAj (7 sin B)(1 4 sin B);

3 —
M, = MI :exp(3¢90tan(p) cos(6, + x)d6,;

3
M, = WOTkh [ fexp(390tan(0)sin(l90 + 7)d8,.

Angles € and S can be derived from the known
conditions. The force F; must act through the point 4, so
its moment for 4 is zero.

Fy

Fig.3 Diagram of AEKJ only weight considered
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Considering the forces acting on the wedge DEFN,
as shown in Fig.4, then from the moment equilibrium of
all the forces about the focus D, we have

D N } Wik, G
pp“n. X,,, Wmlkh : ’J i k,”
m ~ | I”V,, kh s
Y Bm WmlE] ‘E'V{rl( ]—f(\_.) I 13 P e
1 )
~ -—pmy »
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Fig.4 Diagram of DEFN only weight considered

_ 3
27,0 oS @,

MymS _Mym6 +Mym7) (24)

pmy (_Myml +Mym2 +Mym3 +M7m4 +

where

v = V(=K "
3 0

exp(36,,otang,, ) cos(6,,o + ¥, }d6,,0;

ml

Mo = Vrmokn J“9
3

0 ! eXp(30m0tan(0m )demO

m2

k, - )
3 > yr,H, sin” o, ;

M =

m3
My, ="y i ;
ma =g yrH, sime, cosa, ;
Mmsng E

m pmy;

H, tan 3,

k .
M, =-LyH.(r,sina, +T)tanﬁm ;

mo6 2 n

M, =%‘7/H§1 tanc,, .

& is the included angle between GF and ground given
by Choudhury and Subba Rao!®!:
= E—2+lalrctan_l(k—h) -

4 2 2 1-k

v

k
sin[arctan™ (—"—
sinfarctan” (74 )

sin @

—arcsin~
2

where k;, is horizontal acceleration under seismic action;
k, is vertical acceleration under seismic action;
B,=n/2-& o,=0,+&;DFG=1/2+¢, .
The passive pressure FE,,, that acts on NF is
horizontal and can be obtained as
E=Lm
pmy — 5 m? B

where K, =1+sing, /(1-sing,); H,, =r, cosc,, .

The force F,,; must act through the point D, so its
moment for D is zero.

Case 2: g=¢,,=0, y=0, ¢, ¢,,#0

Considering the forces acting on the wedge AKFE, as
shown in Fig.5, then from the moment equilibrium of all
the forces about the focus 4, we have

— 2]V[cl

= (25)
T, COS @

ppc

2

To [exp(20)—1].
2tan @

where M

cl

J A

Fig.5 Diagram of AEJK applied by cohesion

Then considering the forces acting on the area
DEFN, as shown in Fig.6, and the moment equilibrium
of all the forces about the focus D, we can get

1
Mcml +5HmEpmc
Pome =1 6)
ErmO cos @,
where
2

M :M[exp(Zﬁ tang, )—1]

cml 2tan(pm m m >

£ = cos @,

pmc mHm . .

o E pmc

Fig.6 Diagram of DEFN applied by cohesion

Case 3: y=0, c=c,=0, q, ¢,70,

Considering the forces acting on the wedge AKE, as
shown in Fig.7, and the moment equilibrium of all the
forces about the focus 4, we get
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1 1
EqrAJ(l k,)+— khthAJ
By = 1 @7)

q

— 1, COS QP
0
2
where

lhtan¢+%h2
9=y—

Itanp+h

Fig.7 Diagram of AJEK applied with surcharge

The force F, must act through the point 4, so its
moment for 4 is zero.

Then considering the forces acting on the wedge
DEFN, as shown in Fig.8, and the moment equilibrium
of all the forces about the focus D, we get

M

_qnl
Ppmq -

—qu2+qu3—M -M

qm4 qmS (28)

1

—7, 1 COS

2 m0 ¢m
where

l(1 —k,)yhH > tan* ar,, ,

qm1:2

M

M

1 2
qm2 = Ekh 7/h Hm tanc, ,

1

Moy =~ EpngH

=k, yhH? (tane,, +;tanﬂ Ytan 3, ,

qm4 -

1
s = Ekh yh*H? tan®

qm = }/h ’Epmq

M

m>

=yH, hK,.

Wi, 1K) Wﬁ[w’mzk

Fig.8 Diagram of DEFN applied with surcharge

The force F,,; must act through the point D, so its
moment for D is zero.

3.3 Seismic bearing capacity

Substituting Eqn.(23)—(28) into the Eqn.(20), the
ultimate seismic bearing capacity based on the unified
strength theory can be expressed in the following form:

1
9ud =Cch+qud +E7/BNYd (29)
where N By + By (c+cm)sinqosin O
cd = cB c sin(q) + q)m)
w” 7hB » My = 732

4 Examples and comments

The angle y should be assumed for the analysis of
limit equilibrium. The trial and error method was applied
to obtain the minimal coefficients of seismic bearing
capacity.

1) Comparison of bearing capacity based on unified
strength theory with that based on Mohr-Coulomb
Theory. For a sloping ground, given //B=h/B=0.5, ¢p=45",
90=20°, =20 kPa, k=1.0. Analysis shows that if the
intermediate  principal stress is
coefficients of seismic and static bearing capacity (given
k=k,=0.2) are larger, for Ny about 3%—27%, for Ny
about 4%—42%(see Fig.9(a)), and for N,q about 34%-—
57%. The static bearing capacity increases by 17%—43%
16%—40%(see

considered, the

and the seismic one increases by
Fig.9(b)).

2) Coefficients of the seismic bearing capacity and
coefficients of static bearing capacity. Figs.10—12 show
the comparison between coefficients of seismic and that
of static bearing capacity. Given parameters of a slope as:
I/B=h/B=0.5, p=45°, ¢p,=20°, 30°, 40°, ¢,=20.0 kPa, k=1.0,
b=1.0, considering seismic effect (k,=0.2, k,=0.2; £,=0.2,
k,~=0.4), through the variation of m(=t/7,) and initial
friction angle ¢, we can see that under the seismic
loading, N4 changes very little, while both Ny and N,
reduce to some extent. Meanwhile, the seismic bearmg
capacity is 10%—20% less than the static bearing
capacity.

3) Effect of b on intermediate principal stress.
Along with the increase of b, this reflects intermediate
principal stress, the coefficients of seismic bearing
capacity increases gradually. As far as the range of
increase is concerned, N,q is the most obvious, Nyq is in
the second place, and comparatively, N,y is the most
insensitive (see Fig.13).
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Fig.9 Comparison between bearing capacity by unified theory
and bearing capacity by non-unified theory
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Fig.12 Variation of bearing capacity coefficients N,q with &, and
k, considering effect of self-weight
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Fig.13 Seismic bearing capacity coefficients: (a) Neg, (b) Nga
and N,q affected by b at £,=0.2 and k,=0.2
1—5=1.0; 2—5=0.8; 3—5=0.6; 4—5b=0.4; 5—5b=0.2; 6—5b=0
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5 Conclusions

1) Based on the unified strength theory that takes
the effect of
consideration, by supposing composite curved failure

intermediate principal stress into
planes and employing pseudo-static approach and the
method of limit equilibrium analysis, a new formula of
seismic bearing capacity of slope foundation was
obtained.

2) The static and seismic bearing capacity that takes
the effect of intermediate stress into account is larger
than that without considering the effect of intermediate
stress; the static bearing capacity increases by
17%—43% and the seismic one increases by 16%—40%.

3) Under the seismic loading, N4 changes very little,

while both Ny and N,y reduce to some extent.
Meanwhile, the seismic bearing capacity is 10%—20%
less than the static bearing capacity.

4) Along with the increase of b that reflects
intermediate principal stress, the coefficients of seismic
bearing capacity increases gradually. As far as the range
of increase lies concerned, N,q is the most obvious, Nyg
in the second place, and comparatively, N4 is the most
insensitive.
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