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Abstract: To determine the ultimate bearing capacity of foundations on sloping ground surface in practice, energy dissipation 
method was used to formulate the bearing capacity as programming problem, and full-scale model experiments were investigated to 
analyze the performance of the soil slopes loaded by a strip footing in laboratory. The soil failure is governed by a linear 
Mohr-Coulomb yield criterion, and soil deformation follows an associated flow rule. Based on the energy dissipation method of 
plastic mechanics, a multi-wedge translational failure mechanism was employed to obtain the three bearing capacity factors related to 
cohesion, equivalent surcharge load and the unit gravity for various slope inclination angles. Numerical results were compared with 
those of the published solutions using finite element method and those of model experiments. The bearing capacity factors were 
presented in the form of design charts for practical use in engineering. The results show that limit analysis solutions approximate to 
those of model tests, and that the energy dissipation method is effective to estimate bearing capacity of soil slope. 
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1 Introduction 
 

In foundation design, the ultimate bearing capacity 
of a strip footing is expressed as the sum of the three 
contributions related to cohesion, surcharge and unit 
gravity according to TERZAGHI’s classical equation. 
Using TERZAGHI’s equation, the bearing capacity is 
underestimated. Many investigations were performed to 
modify and extend the TERZAGHI’s solution using limit 
equilibrium method[1−3], characteristic method[4−5], limit 
analysis method[6−8] and numerical methods based on 
either the finite element or finite difference[9]. These 
investigations are only valid for a situation where the 
foundations are placed on horizontal ground surfaces. 

In practice, the determination of the bearing capacity 
factors for foundations on soil slope is a very important 
issue for most engineers. For example, many bridge 
abutments, building and retaining walls involve the 
construction of strip footing on soil slopes. However, the 
research was limited in this area. MICHALOWSKI[8] 
presented the numerical results and a closed-form 
solution for a strip footing on horizontal ground surface 
using the kinematical approach. ZHU[3] also presented 
the numerical results using limit equilibrium method. 
YANG et al[10−17] analyzed the slope stability using the 
energy dissipation method.  

In this study, the bearing capacity factors of a strip 

footing on soil slope were investigated in the framework 
of limit analysis theory and full-scale model experiments. 
The strip shallow footing was placed on homogenous 
and isotropic soil slope.  
 
2 Energy dissipation analysis 
 

The energy dissipation theorem states that the rate 
of work done by actual forces is less than or equal to that 
of energy dissipation in any kinematically admissible 
velocity fields. A kinematically admissible velocity field 
is governed by the normality rule and is compatible with 
the velocities at the boundary of the soil mass. The 
application of the energy dissipation theorem leads to 
upper bounds to the true limit load acting on the 
materials which are assumed to obey Mohr-Coulomb 
failure criterion in conjunction with the associated flow 
rule. The lowest possible energy dissipation solution is 
sought with an optimization scheme by trying various 
possible kinematically admissible failure mechanisms. 

The ultimate bearing capacity qu of the footing is 
equal to the vertical ultimate load that the foundation can 
withstand at the state of incipient failure divided by the 
base area of the strip footing, which can be written as 

 
qu=cNc+q0Nq+0.5γB0Nγ          (1) 

 
where  B0 is the footing width; Nc, Nq and Nγ are the 
bearing capacity factors related to the cohesion c, the 
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equivalent surcharge load q0 and the unit gravity γ, 
respectively. 

A multi-wedge translation failure mechanism is 
often used to calculate bearing capacity of a strip 
foundation resting on horizontal ground surface. In the 
present analysis, the multi-wedge failure mechanism is 
extended to analyze bearing capacity factors of a strip 
footing on soil slope, as shown in Fig.1, where θ is slope 
angle, and φ is friction angle. The potential sliding soil is 
divided into a number of triangular wedges by a series of 
inclined straight lines. Each of triangular wedges moves 
as a rigid wedge. The geometry of the ith wedge is 
characterized by the length of base di, angles αi and βi, 
and the length of interface Li (i=1,…, n). The angles αi 
and βi (i=1,…, n) are unspecified. The wedge velocity 
and relative velocity of the ith wedge with respect to the 
(i+1)th wedge along the interface are given by the 
following expressions[3, 8]: 
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Fig.1 External forces for failure mechanism of footing on  

soil slope 
 
According to Eqns.(2) and (3), if the velocity v1 of 

the first wedge is given, the velocities and relative 
velocities of all wedges can be gotten by using Eqns.(2) 
and (3) repeatedly. In general, the velocity v1 of the first 
wedge is assumed to be unit for convenience. 

The work rate done by the external load and internal 
energy dissipation rates can be calculated by 
superposition. The external rate of work is done by the 
surcharge q0 on the inclined surface, the soil mass gravity 
Wi(i=1,…, n), and the ultimate bearing capacity qu. Since 
the soil mass is regarded as perfectly rigid and no general 
plastic deformation is permitted to occur, the internal 
energy is dissipated only along velocity discontinuity di 
(i=1,…, n−1) between the soil at rest and the soil in 
motion, and along the relative velocity discontinuity 
interface Li (i=1,…, n) between adjoining two wedges. 

Equating the work rate of external loads to the total 
internal energy dissipation rates, the upper bound to the 
limit load can be obtained. The lowest energy dissipation 
solution can be obtained by minimizing the limit load.  
 
3 Model experiments 

 
The geometry of the soil slope and the loading 

equipment are as follows: The model’s instrument 
size(length×width×height) is 160 cm×160 cm×200   
cm. The model’s gradient and the form of slope 
foundation are the same as that of original, which is 
shown in Fig.1. The height of foundation, and the height 
and the width of soil slope of model are proportional to 
original sizes by 120׃, respectively. Fig.2 shows the 
general arrangement including the slope angle and load 
configuration for the present model experiments. The 
slopes were constructed with coarse sand backfill. The 
strip footing on the soil slope was loaded until the failure 
point was reached. Full-scale experiments were carried 
to determine the ultimate bearing capacity of the 
inclination foundation. The geometry of the model test is 
illustrated in Fig.2, and the instrument arrangement for 
slope is shown in Fig.3. 

                 

 
 

Fig.2 Profile of model experiment 
 

 
 

Fig.3 Instrument location of model experiment 
 

A canal with 2 m in depth and 7.5 m in width was 
excavated along the toe of the embankments in order to 
reduce the amount of fill required for the embankments 
to reach failure and to ensure that the failures occurred in 
the intended direction. 

A model canal with 3.0 m in depth and 6 m in 
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length and 1.6 m in width was constructed in laboratory, 
three concrete base slabs form a rigid restriction for the 
soil models. On one side of canal, there are holes for 
investigating in the slab and organic glasses bestrewed in 
them.  

Slope frame was made up of sand soil and concrete. 
The proportion between concrete and sand soil was 
 Then steps were made on the slope with both .100׃5
length and height of 20 cm. At last 40 cm thick trial soil 
of detritus air-slaked by red sandstone was covered on 
the slope and compacted. The soil slope for the test is 
shown in Fig.2. Experiment material is red soil sandstone. 
The properties of physical and mechanical of material 
are listed in Table 1. 

 
Table 1 Properties of soil material 

Gravity 
/(kN·m−3) 

Optimum moisture 
content/% 

Liquid 
limit/% 

Plastic 
limit/% 

24.0 8.0 27.9 17.9 

Friction angle/(°) Cohesion/kPa Plasticity index

8.0 29.0 10.0 

 
4 Numerical results 
 

By the energy dissipation theorem of limit analysis, 
numerical results can be obtained by optimization. For 
the multi-wedge translational failure mechanism shown 
in Fig.1, the energy dissipation solutions can be obtained 
by minimizing objective function with respects to αi and 
βi (i=1,…, n). The energy dissipation solution can be 
improved by increasing the number of triangular wedges 
n . In the present calculations, the triangular wedge 
number n  is equal to 15, which means that the 
minimization procedure is made with regard to 30 
variables and a constraint (∑ −= θα πi , see Fig.1). 
From the following comparisons, it can be seen that the 
number of triangular wedges n=15 is sufficient. 

Numerical results are summarized in Table 2. 
Example problems were selected to include the following 
aspects: 1) comparisons were made between the present 
solutions and the published solutions, and 2) numerical 
results for various inclination angles were presented for 
practical use. 

For foundation on soil slope, the present solution 
using the kinematical approach were presented and 
compared with the published solutions[3−8]. Comparisons 
of static bearing capacity factors Nr are listed in Table 2. 
It is found that the present solutions agree well with 
those of MICHALOWSKI[8] and ZHU[3].  

Using the full-scale model experiments, it is also 
found that the numerical results almost agree well with 

the test results, with the difference being less than 12%.  
Fig.4 shows the critical slip surfaces corresponding 

to θ=20˚ and φ=35˚. From Fig.4, it is found that failure 
surfaces using the energy dissipation method approxi- 
mate to that using the model test. In the Fig.4, Fig.4(a) 
does not consider the effects of the surcharge load and 
soil gravity, which indicates q0=γ=0, however, Fig.4(b) 
considers the effects. The difference may be caused by 
the surcharge load and soil gravity of the slope. 

 
Table 2 Comparisons of Nγ for foundation on horizontal  

ground surface 
 ZHU[3] MICHALOWSKI[8]

φ/(˚)
 

Symmetri-
cal 

One- 
side 

Present 
solution Numerical

Closed-
form 

10 0.706 0.845 0.846 0.706 0.840
20 4.466 4.659 4.668 4.468 4.523
30 21.384 21.805 21.874 21.394 21.348
40 111.750 120.150 120.863 118.827 118.199
50 1 025.064 1 033.480 1 046.000 1 025.980 1 017.676

 

  
Fig.4 Comparison of two failure surfaces 

(a) Slip surface using energy dissipation method; 
(b) Slip surface using model test 

 
Using the energy dissipation method, some 

numerical results were used to calculate the three bearing 
capacity factors of a strip footing on soil slope, and some 
charts relating bearing capacity factors Nc, Nq and Nγ to 
various parameters φ and θ are presented in Fig.5. These 
charts are given for practical use in geotechnical 
engineering. 
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Fig.5 Design charts for three bearing capacity factors Nc, Nq 

and Nγ of strip footing on soil slope with different slope 
angles(θ) 

θ/(˚): 1—5; 2—10; 3—15; 4—20; 5—25 
 
5 Conclusions 
 

1) Incorporating the effect of various slope 
inclination angles, the bearing capacity factors of a strip 
footing are investigated using an energy dissipation 
method of plasticity and full-scale model experiments. 

2) Energy dissipation solutions are obtained by 
optimization, and are compared with the model 
experiment results. The failure mechanism using the 
energy dissipation theorem is also compared with the 

mechanism observed by measurements. The good 
agreement shows that the energy dissipation method is 
an effective method to estimate bearing capacity factors 
of a strip footing on soil slope.  

3) The work on calculation of the bearing capacity 
factors of the foundation on horizontal ground surface is 
extended to that on soil slopes, and ends with the 
presentation of design charts for the bearing capacity 
factors for practical use in engineering. 
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