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Period of Arnold transformation and its application in image scrambling®
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Abstract: With the security problem of image information as the background, some more properties of the period
of Arnold transformation of two-dimension were studied by means of introducing a integer sequence. Some new re-
sults are obtained. Two interesting conjectures on the period of Arnold transformation are given. When making dig-
ital images scrambling by Arnold transformation, it is important to know the period of the transformation for the im-
age. As the application of the theory, a new method for computing the periods at last are proposed.
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1 INTRODUCTION

The security and crypto-guard of image infor-
mation has emerged as an exciting and important
research field as more and more image information
has to be spread on the Internet. The scrambling
technology is one of the basic means for covering
huge image information™. There are many trans-
formations that have been studied and used in im-
age hiding or scrambling in recent years. In Ref,
[2, 3], Arnold transformation (or Arnold’ s cat
map) was used for covering of image information.
Because the periodicity is one of the most impor-
tant properties, a lot of researches have been made
on the periods and applications of Arnold transfor-
mation'*™®. Dyson et al'*) got some upper bounds
and some lower bounds of the period my of Arnold
transformation, and they obtained a formula of my
for N was of 5*. In Ref. [10] we got some more
veracious upper bounds of the period for prime
numbers N,

It is to be noted that the period of Arnold’s cat
map or the upper bounds and lower bounds of the
period were also useful in the study of dynamics of

some mechanical system and chaotic dynam-

icsfin 11-13] .

But it is still unclear that how the period my
changes as N varies. In this paper, we study some
properties of the period of Arnold transformation
by dint of introducing a integer sequence, and we
got some new results, Some of them are generali-
zations of the results in Ref. [4]. We also give two
interesting conjectures on the period of Arnold
transformation. When making digital images

scrambling by Arnold transformation, it is impor-
tant to know the period of the transformation for
the image. As the application of the theory, a new
method for computing the periods at last was pro-
posed.

2 ARNOLD TRANSFORMATION AND ITS PERIOD

The Arnold’s cat map was introduced by Ar-
nold, it was associated with a discrete-time flow on
torus'® 1 It is also called the cat map as well as
Arnold transformation (two-dimension) by some
references, In this paper, we use the definitions of
Arnold transformation and its period in Ref. [1].
We denote by P(N) the minimal positive period of
Arnold transformation for N X N digital image (i,
e. mod N), sometimes we also denote by p(N) a
period of the transformation. Note that here the
notation P(N) represents the notation my in Ref,
[1,5](see Ref. [11]). Then it is clear that P(N)|
p(N) (N>>1). The definitions of the conceptions
and notations which are not explained here can be
found in Ref.[4,10,14,15].

We define a sequence {G,} as follows:

G, =1,6,=3;G,,,=3G,+:. —G,,n=1 (1)
Therefore, G,=3G,;; —Guyz» for any n=1.  (2)
According to Eqn. 2, G; and G_,(n>>0) can also be
defined, There are two results as follows in Ref.
[10]:

Theorem 1 Suppose n is a positive integer and
an integer N> 1, then P(N) | n if and only if
N| (G, ,G,.1—D).

Theorem 2 Suppose n is a positive integer and
N>>1 is an integer.
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(1) When n is even, then P(N)|n if and only
if NIG,zs

(2) When n is odd, then P(N) |z if and only
if N|(Gim132+Geainre).

To find the expression of P(N), N should be
wrote in terms of power of its prime factors. Thus
we must consider the expression of P(N) when N
is a power of a prime number. Dyson et al"*! gave a
result; my=2N, when N=5r, namely:

P(5%)=10x5*"1,

In digital image scrambling, we are more in-
terested in the situation with N=2¢% We prove a
theorem which is obviously a generalization of the
above result of Dyson et al.

Theorem 3 Suppose £ is a positive integer and
N>1 is an integer, then P(N*) | N*"' P(N).

Theorem 4 Suppose 2>>1 is a integer, then P
(28)=3X2*2,

Theorem 5 Let p>>2 be a prime number and
k be a positive integer. If p || Gp, » then

P(p*")=P(p) Xp*!
where the notation “a’ || #” means “b is divided by
a’ but can not be divided by a*'”,
A direct corollary of Theorem 5 is as follows:
Corollary 1 Let k be a positive integer, then
P(3*)=4Xx3*"1;
P(5*)=10X5*1;
P(7")=8XT7*1,

Proof It follows from some simple calcula-
tions that P(3)=4, P(5)=10, P(7)=8 and G, =
21, G;=987, G;,, =6 765. Thus 3| Gy, 5 || Gy»
7|l Gs. Then P(3*) =4 X 3*', P(5*) =10 X 5!
and P(7*)8X 7*! follow the Theorem 5.

It is evident that much more corollaries can be
deduced by Theorem 5.

For example, P(27)=P(3*)=P(3) X3 =
4X9;P(49)=P(T*)=P(T) X7=8XT.

3 PROOFS OF THEOREMS

Let A,, A, be the two roots of the function
flx)=zx*—3z+1 and A, >4,.

Lemma 11!  For any integer n220, G,=— »

Sl

(A —2a3).
Lemma 2" For any integer n, we have
G2 =G, (Gn+l —Gp-1);
Gzn—1=(G,.—“G,,_1)(G,. +G,,-1). 3)

Lemma 3 For any integers k, n==0, we have
A A2k =2 (modG?E)

Proof We prove it by the mathematical in-
duction. It follows from lemma 1 that A} —A; =45
G,. Therefore

AP A= (Ar—Ap)I+2=5G*+2,
thus the proposition is valid when 2=1. Now we
assume that A?* +A2"=2(modG?) for all i<k, Be-

cause
A%bl _*_Agbl _— (A%n +A§n) (A%(k—l)n _’,_Ag(k—l)a ) _—
(A%(k—z)n +A§(l—2)n) ,
A J2n =2 o 2 —2=(modG:). It completes the
proof.

Lemma 4 Letk, n and a be positive integers.
Then

(1) (2k+1) |G, implies

A%b' +A%Im +Af“_l)" +A§(lz—l)n+“, +
A+ A+1=2k+1(mod(2k+1)?);

(2) 2|G, implies 2| (A" +A5);

(3) a*|G, implies a**! |G,. .

Proof (1) It follows from the above lemma
that A¥ +-A2"*=2(modG?), where i=1,+,%, and
it is not difficult to see that (2k-+1) |G, implies AZ*
+AZ"=2(mod(2k+1)%). Hence we have

A?b' _*_)‘%lm _*_A%(k—l)u +A§(k—l)n+"._‘_
A2 +4-1=2k+1(mod(2k+1)%)

(2) Tt can be proved that A% 4+-A% is an integer
by induction,

(3) At first we assume the number a is odd,
say a=2i+1. It follows from lemma 1 that

Ga n =G(2i+l)n — _1_ (Asz’l)" __A§2i+l)n) J—

V5
1

ﬁ(AT — A7) (AP +AP0mAg e -
A?A§2i-l)" +A%m ) =Gn (;@En +A§m +
A{“"“"—*—Ag“‘”"—i—---—}—Af"+/\§"+1). (4)
Note a|G, because a* | G,. It follows fromula (1)
that
/\%i" +A§m +A¥(i—l)u +A§(i—l)n+ .ne +
AP 4+A3 +1=a(moda?) ,
therefore
A%i" +A§m +Af(i—l)" +X§“'”"+---+
A 422"+ 1=0(moda). (5
Then a**t! | G,., follows from the condition a* | G,
and Eqns. (4) and (5).
Now suppose the number is even, say a=2’ »
(2i4+1), where i=0 and j==1. Then
G...=Gy. it on =%§(Afl . (2i+1)n_k§’ +QitDny —
_L(A§2i+l)u _l\§2i+1)n ) (A§2f+1)n +A§2£+l)n ) ves

3

(/\fi—l - @it +A§j_1(2i+1)n) —

Jigm—m :

(A%in —}-:\iZi"l)"Ag+‘-'+X§’K§Zi—l)"+lgh) .

(A§ze+1)n+A§2;+1)n)...(Aff_‘-(2i+1)n+'15"“
G,,(/\f‘" +A%i" +A%“‘D"+Ag(i"1)"+"-+

A%n+A§n_‘_1)(A§2i+1)n+A§Zi+l)n),,_

(Afj_l - Qi+ Dn _+_A§f‘1 - GitDny )

Note 2| a and a* | G,, it follows fromula (2) that

for any positive integer / we have 2| (Ai""+Ay" "),

hence
27 | (A+Dn _’_A%Z:‘-Fl)n),,,('{%i_l « i+ Dn +/1§i_1 + @it Dn)
)

- @itDny —
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In addition, @*|G, and formula (1) imply

A%ia +A§m _{_A{(i—l)n +A§(i—1)n+...+

A4 22+ 1=2;{+1(mod(2i+1)?),

it follows that

Af’h +A%m +A§(i—l)n +A§(i—1)n+,"+

A4 A4+ 1=0(mod(2i+1)). €))

Then &**! | G,., follows from the condition a* |G,
and Eqns. (6)-(8).

Lemma 5 Let n, i, £ be integers, Then

6] Gn:GH-lG i— GG

(2) G,|G,.,.

(1) We prove it inductively. It is obvious that
when i=1, the proposition is true by the definition
of the sequence {G,}. Suppose now i>1 and

) Gn=Gi+1G —i_GiGn—i—l
Then

Gi+2G —i—1 _Gi+1G —i—2 = (3G.-+1 _Gi)Gn—i—l -
GH—l QBGueic1 =G =Gi+1Gn—i"‘GiGn——i—1 =Gn'
If i<C0 we can prove formula (1) similarly,
(2) It is not difficult to get the result from the
following equalities:
Gk.,=Ji§<w —A5)
:%5_(/111 —/\5’) (AY’-D" +A§‘"2’"A; + vee +
APy = G (ARDm LA DmAm e A= Dn
thus when % is even, then
G& . =Gn (A{k—l)n _*_Agk—l)u +A§‘_3)"+
AETIN 4 £ AT 4-27)
and when % is odd, then
Gi . ——’G,, (A%k_l)" _}_Agk—-l)n +A§k-3)n +
AT e LA A0 1),
It is easy to prove that A{ 424} is an integer for any
positive integer j, hence A{f™P" 4 A%-Dnar 4w
AP is an integer for any k. The lemma is
proved.

Now we prove the theorems stated in the pre-
vious section.

Proof of Theorem 3 At first we have

N|(Gpa sGrap 1 —1) €
by Theorem 1 for P(N) | P(N). Then it follows
that N|Gpny and by Lemma 4(3) we get

NGt pem (10

Next we prove N*| (G- . pons1 — 1), It is
valid obviously when k=1. Suppose now

NGy pvy 1 — D). an
Then N | (Gpt- . py+1 — 1) » therefore Gig—1p0n41
=1 (mod N) fori=1,++,N—1, where Gi¢*-1pn;41
=(Guy'pn41). Thus we have

N[ (G¥Y . pey 41 +GREA L pry 41 00
+Gxt-1 . pem+r 1. (12)
Since
G po+1 — 1= (G L pmpr — 1)
(GNP L pm+1 FGNFA L py 1 T 61 L pan 411D
it follows from Egns. (11) and (12) that
NEFLL(GN-1 L pery 1 — 1D (13

Now we are going to prove N (G . pops: — 1D.

For 0<{j<{N—1 Lemma 5(1) implies

Gv—jp - ¥ 1 +1 =Gis1Gn—jp - M P 41—
GGn-p M1 pn—is
where 7 is an positive integer, Let i=(N—j—1) -
N*1P(N) then
Giv—p - nen+1 =Gv-j—1 . ¥ 1 pao+1G3 T pem 41—
Gn-j—1 « MLy Gt~ 1peny

By Lemma 5 (2) we have Gpipny |
Gn-j-n - ¥ 'pow s therefore

N*[Gn—j-1 - =1 pew (14)
Thus Egns. (10) and (14) imply N*' |

G(N—j—l) N e Gt lpon . Thus by the above
equality we get
Gv-p - M po 1 =Gn—j-1 - M paw +1 GNP 41—
Gin—jm1y - M 1pew GV pew (modN**1)
=Gn—j—1) - ¥ pow +1 G Lpven (ModN* 1),
Now let j=0,1,:+,N—2 then we have
Grt - pm 1 =Gnepy - M pan 1 G pn 41 °
(modN**1)
G- Ml =
Gin-2 - ¥ pev+1 Ga 1 e 11 (MOdN*H1 ) oo
G . v 1pm +1 =GR pn 41 (modN*1).
Substitute the last equality for the former one, and
continue in turn, then we get
Gat . pay+1 =GN peny +1 (mod N*H1)
Thus it follows from Eqn. (13) that N**' |
(Gpt . povy21—1). This complete the proof of
N[ (Gt pays1 — DD (15

Finally, by Egns. (10) and (15) we have N*|
(G- py »GatY L pin g1 — 1), therefore the proof
is finished by Theorem 1.

Proof of Theorem 4 We give two facts as fol-
IOWS:

(1) Let £>>2 be a integer, then 2% || G;. -3 ;

(2) If k> 1 be a integer, then P (2*) |
(3X2*%),

Proof (1) 2° || G; since G, = 8. Suppose 2* ||
G;.#3 and £>>3. By Lemma 1 and Lemma 2 it is
not difficult to get

Gyt =Gy. 43 (Gy. p311 =G 43 1) =

Gs (A2 423777,
But by Lemma 3 we have A3'?7° 4 A3z
2 (mod G}), thus it follows that 2**' || Gy. -2,
Then the first fact is proved by the mathematical
induction,

(2) It is easy to see the fact is valid when k=
2 for P(4)=3. By Fact (1) we have 2*|G,. #-3 for
£>2, Therefore Theorem 2 (1) implies P(2*)] (3
X 2%7%). The fact (2) is proved.

Next we prove the theorem. It is clear that
P(2*)=3X2"% and P(2*) =3 X 2*%, Suppose
P(2*)=3X2*? and £>3. Then we claim that
P(2¥')y> P (2"), In fact, from Theorem 1 we
have 271 | (Gpett?y »Gpattlya, — 1) because P(281)
| P(2*1), thus 2% | (Gpttly s Gpeattly4g — 1. Again

A~ 3
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by Theorem 1 we obtain that
P2Y) | P(2*1), (16)

Therefore P(2¥') =P (2%). If P(2¥!)=P(2%)
then P(2**!) = P(2*) =3 X 2* %, Thus it follows
from Theorem 2(1) that 2% | G;. 43,2 | Gy. -3,
this is contrary to the Fact (1), the claim is
proved. Now the second fact implies P (2*!) |
(3X2*¥ 1), thus there is a positive integer s such
that 247! « 3=5+« P(2**'), and by Eqn. (16) there
must be a positive integer ¢ such that P(2**')=¢ «
P(2*) =1t 2% » 3, then it follows that st=2.
Therefore s=1 (otherwise t=1 and it contradicts
P@2*1)y>P(2*)), thus we get P(2¥1)=3Xx 2",
This finishes the proof by the mathematical induc-
tion.

Proof of Theorem 5 We prove a claim at first
as follows:

Claim Let p>2 be a prime number, £ a posi-
tive integer. If p || Gpc, » then p* || Gi-1. 5.
Proof of the claim. It is trivial when 2=1. Sup-
pose p* || Gp#-1. p and £>1. Let p=2i+1 and
n=p*"1P(p), where i is a positive integer. It fol-
lows from Lemma 1 that

GP . n =G(2i+1)n _— l (A§2i+1)n _A§2i+l)n) =

V5
AR A e
A;'AéZi_l)” +A§m ) =Gn (A%m +k§m +
A§(i-1)"+l\%(i—l)"+"‘+/\%n+/\§"+1).
By the condition and Lemma 4(3) we have
| G,» an
therefore p|G,, thus it follows from Lemma 4(1)
that
A%h _'_A%m _}_A%(i—l)n +A§“_1)"+’“+
AP 422+ 1=p(mod p?). (18)
Then Egns. (17) and (18) imply that p**! || G,.,,
namely p*** || G,#. p,y. This completes the proof of
the claim by induction.
Next we will prove the theorem by induction.
It is trivial when 2=1. Suppose P(p*)=p*"' .
P(p) and £>1. Then we have that P (p*"') >
P(p*). In fact, from Theorem 1 we get p**! |
(Gppttys Gptthyyr — 1), thus p* | (Gpgttty
Gpt+1y 41 —1). Again by Theorem 1 we obtain that
P [ P(p*h). (19)
Therefore P(p**')Z=P(p*). If P(p**')=P(p"),
then P(p**') =P (p*) =p*' « P(p). It follows
from Theorem 1 that
Pk le"_l - P(p) 9Pk+l le‘—’ S P(p) Y
This contradicts the claim p* || Gp#-1. p(,, hence
P(p**)>P(p*). (20)
By Theorem 3, we have P(p**!) | p* » P(p), thus
there is a positive integer a such that p* « P(p) =
a+ P(p**"), and by Eqn. (19) there must be a
positive integer b such that P(p**')=0b« P(p*)=b
« p*"'P(p), then it follows that ab= p. There-

fore a=1, otherwise 4=1 it contradicts Eqn. (20),
thus we get P(p**!)=p* « P(p). This completes
the proof.

4 CONJECTURES AND APPLICATIONS

The following conjecture comes from a lot of
numerical experiments. At least, it is valid for the
prime numbers which are not very large, i.e. p<<
10* or p<C10°(p>2), by numerical computation.

Conjecture 1 Let p>>2 be a prime number"
and k a positive integer. then P(p*) =P (p) X
Pi-l.

It seems that both the proof of the above
proposition and the numerical verifying by compu-
tation for large prime number p and any positive
integer k are not trivial. Therefore, Theorem 1.5
is significative. By the theorem, we need only to
deal with a simpler thing (if it is sure-enough),
namely the following conjecture;

Conjecture 2 Let p>>2 be a prime number,
then P || Gp, .

We made the numerical verifying of this prop-
osition for the prime numbers which are not very
large (prime numbers p<(10* and p>2). It takes
about 3 s before our program finishes computation.
It should be noticed that G, (p) may be very large,
thus it is useful to consider Gp,, mod p and Ge(,
mod 2°.

When making digital images scrambling by
Arnold transformation, it is important to know the
period of the transformation for the image. As the
application of the theory, we.propose a new meth-
od for computing the periods next. It is obviously
suitable for such situations that the values of the
pixels of the images are not very large, for exam-
ple, they are less than 10%, In the practice of pro-
cessing of usual images, that may be enough.

For any N X N image, the positive integer N
must be factored to one of the following three
forms

1) N=2%piz = pim;

2) N=2P§Z ...p:’. ;

3) N—-_—pgz s pha
where k;(i=1,+,n) are positive integers (&, >1)
and p,>>2 are prime numbers. Thus P(N) can be
calculated respectively as follows;

1) P(N)=[P(2) « 2472, P(p,)
P(Pn) * P:"—ljv

2) P(N)=[P(2),P(p;) * pp™!
Pﬁ"—l ] ’

3 PIN)=[P(p) » pp~ts =, P(p,) *
P:"_l ] ’
where the symbol [a, b, ,c] denotes the lease
common multiple of a, &, -+,c.

Remark We have proved (in another note)
that;

-1
[ P;z ’..-,

,...’P(pn) .
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if (N, 3y N,) =1, then P(N; X «« X N,) =
[P(N),,P(N)].

Example P(296 352)=[P(2) X8, P(3) X9,
P(7)x49]=[3X8, 4X9, 8 X49]=8X9X49=
3528,

5 CONCLUSIONS

Some more properties of the period of Arnold
transformation by means of introducing a new inte-
ger sequence were studied. Some new results are
obtained. Some of them are generalizations of the
results in Ref. [5]. we also give two interesting
conjectures on the period. As the application of the
theory, new method for computing the periods are
proposed. A simple example is given to explain the
method.
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