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Simulation of spatially coupling dynamic response
of train-track time-variant system

XIANG Jun([] #), LI De-jian(Z#g), ZENG Qing-yuan(¥ [KJT)
(School of Civil and Architectural Engineering, Central South University, Changsha 410075, China)

Abstract ; There exist three problems in the calculation of lateral vibration of the train-track time-variant system at
home and abroad and the method to solve them is presented. Spatially coupling vibration analysis model of train-
track time-variant system is put forward. Each vehicle is modeled as a multi-body system with 26 degrees of freedom
and the action of coupler is also considered. The track structure is modeled as an assembly of track elements with 30
degrees of freedom, then the spatially coupling vibration matrix equation of the train-track time-variant system is es-
tablished on the basis of the principle of total potential energy with stationary value and the “set-in-right-position”
rule. The track vertical geometric irregularity is considered as the excitation source of the vertical vibration of the
system, and the hunting wave of car bogie frame is taken as the excitation source of lateral vibration of the system.
The spatially coupling vibration matrix equation of the system is solved by Wilson-@ direct integration method. The
approximation of the calculated results to the spot test results demonstrates the feasibility and effectiveness of the
presented analysis method. Finally, some other vibration responses of the system are also obtained.
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1 INTRODUCTION

Train-track spatially coupling system (herein-
after referred to as the System) is a complex typical
dynamic system. Following are the main methods
used in and out of China in analyzing the vibration
of the System™*, 1) The vehicle vibration equa-
tions and track vibration equations are set up re-
spectively. Then these two groups of vibration
equations are connected by the wheel-rail interac-
tion forces. Finally, the solution of these differen-
tial equations is obtained by the iterative method.
Because of the clearance between rail and wheel
flange, the lateral wheel-rail contact condition
could not be formulated. So the sole nature of the
solution to the lateral vibration equations of the
System would not be ensured. Consequently, no
satisfactory calculation results of the System have
been gained. 2) The lateral track irregularity is
mostly treated as the excitation source of lateral vi-
bration of the System. In fact, the lateral vibration
of the System may be caused by many factors, such
as lateral track irregularity, conicity of wheel

Foundation item:

tread, defects of wheels and rails, errors in produc-
tion of vehicles, eccentricity of mass and loading of
cars. Sole consideration of the lateral track irregu-
larity results in negligence of many other factors.
3) The lateral track irregularity function is simula-
ted at random according to the power spectrum
density. Then, the random lateral vibration of the
System is analyzed. This method only considers the
random function of lateral track irregularity but
neglects the influence of other random factors on
the lateral vibration of the System. In fact, it is
difficult to carry out the random vibration analysis
of the System, as the theory of random vibration a-
nalysis of the System has not been established. In
this paper the method to solve the three problems
is presented and the model of vibration analysis of
train-track time-variant system is put forward.

2 METHODS TO SOLVE PROBLEMS
Following are the methods to solve the three

problems mentioned above.
1) Train and track should be treated as a
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unitary system in order to set up the spatial vibra-
tion equations of the System on the basis of the
principle of total potential energy with stationary
value in elastic dynamics and the rule of “set-in-
right-position” *), Consequently, the sole solution
to the lateral vibration equations of the System can
be ensured. Since in these cases the boundary con-
dition of the System is that of the track, not that
of the wheel-rail contact surface, the lateral wheel-
rail contact condition is not required.

2) The hunting wave of car bogie frame is
considered as the excitation source of lateral vibra-
tion of the System according to the homogeneous
nature of the lateral vibration equation group of the
System. Such excitation source includes all the fac-
tors leading to the lateral vibration of the System.

3) The method of random energy analysis of
lateral vibration of the System is established to
solve the problem of random analysis of the lateral
vibration of the System!™,

3 MATHEMATICAL MODEL

3.1 Track element model

Track structure is modeled as an assembly of
track elements. Each track element has 30 degrees
of freedom (DOFs). Fig. 1 shows a track element
consisting of rails and sleepers. In Fig. 1, sleepers
are supported by elastic ballast, and the rails and
sleepers are both considered as elastic bodies. The
notations in Fig. 1 are listed as follows:

K, > K,—Vertical stiffness of ballast;

K,—Lateral stiffness of ballast;
K;—Longitudinal stiffness of ballast;

Sleeper
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Fig. 1 Track element model

K,—Vertical stiffness of pad;

K;—Lateral stiffness of pad;

L—Length of track element;

N—Number of sleepers of track element;

a—Span of two sleepers;

S—Distance between two wheel-rail contact
points;

H,—Ineffective supporting length of sleeper;

H—Length of sleeper

The vector of the node displacements of the
track element in Fig. 1 is shown as follows:

=[],

where

{us} =[Ur>ViR Wik s g s Bz s 0ix s UL ViL s WL
G s & F0, V3 s Wik SWiL T 9]

{u:} =[U2TR 7V;R yWik a@za s Ozr agzrzk ’UZTL 9V;L !W;rL ’
oL s Ozr 50501 » V3 s Wi s W3L 1T (2>

where Ulx, Vi, Wik are longitudinal, lateral and
vertical displacements of first node of right rail of
track element, respectively; Ul., Vi., W1 are
longitudinal, lateral and vertical displacements of
first node of left rail of track element, respective-
ly; Uk> Viz» Wi are longitudinal, lateral and ver-
tical displacements of second node of right rail of
track element, respectively; Uj, , Vi, W5 are
longitudinal, lateral and vertical displacements of
second node of left rail of track element, respec-
tively; 0hir» O%irs T5ig are rotation displacements of
first node of right rail of track element along longi-
tudinal, lateral and vertical direction, respectively;
Oy s 07, are rotation displacements of first
node of left rail of track element along longitudi-
nal, lateral and vertical direction, respectively;
Oror » Psr s Olor are rotation displacements of second
node of right rail of track element along longitudi-
nal, lateral and vertical direction, respectively;
Oror » 0%, s 051 are rotation displacements of second
node of left rail of track element along longitudi-
nal, lateral and vertical direction, respectively;
V3, Wik, Wi are lateral and vertical displacements
of first sleeper of track element, respectively; V3,
Wsks W3, are lateral and vertical displacements of
second sleeper of track element, respectively.

3.2 Vehicle model

Each vehicle is reproduced with 7 rigid bodies
(car body, two bogies and four wheel sets), and
connected with each other by means of elastic and
damping linear elements (see Fig. 2). The car body
and bogies of the general vehicle have 6 DOFs
each, being imposed the longitudinal motion with
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constant velocity v. For each wheel set longitudi-
nal and lateral coordinates are considered. This re-
sults in a total of 26 DOFs for each vehiclel”.

Car body
Wheel set
P& T 9

Fig. 2 Vehicle model

3.3 Vehicle-track coupling model
It can be seen from Fig. 3 that each wheel set
of the k-th vehicle is in touch with track element e,
f» &, hs respectively. Therefore, the vertical dis-
placements of each wheel of the k-th vehicle are
shown as follows:.
Za=Wi+Zy (3
Zvai =W§} +ZioL 4)
(i=1,2,3,4; j=e, frg,h)
where Zy; is vertical displacement of right wheel of
i-th wheel set; Z%, is vertical displacement of left
wheel of i-th wheel set; WE is vertical displace-
ment of right rail of j-th track element being in
touch with right wheel of i-th wheel set; W is
vertical displacement of left rail of j-th track ele-
ment being in touch with left wheel of i-th wheel
set; Zirs Zio are track vertical irregularity.
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Fig. 3 Vehicle-track coupling model

4 EXCITATION SOURCE

It is reasonable for track vertical irregularity
to be treated as the excitation source of vertical vi-
bration of the System. But the lateral vibration of
the System may be caused by many factors, such
as lateral track irregularity, conicity of wheel
tread, defects of wheels and rails, errors in pro-
duction of vehicles, eccentricity of mass and load-
ing of vehicles. Sole consideration of the lateral
track irregularity results in negligence of many
other factors. In this paper, lateral vibration wave

of car bogie frame (usually referred to as hunting
wave) is considered as the excitation source of lat-
eral vibration of the System.

The following is the matrix equation of the
lateral vibration of the System, which is estab-
lished by means of the principle of the total poten-
tial energy with the stationary value in elastic sys-
tem dynamics and the rule of “set-in-right-posi-

3

tion” for formulating system matrixes '*’ and under

the condition of no effect of wind load.
[M]){8}+[CL{8}+[K]{8}=0 (5)
It is a homogeneous equation, by which only rela-
tive values of responses can be found. In the case
that a part of the responses of the System are giv-
en, vibration responses of other parts of the Sys-
tem can be obtained from the matrix equation. So
the lateral vibration displacement parameter of the
System 8 can be divided into £ number of known
parameters 0 and n number of unknown parame-
ters §,, then
{6}={8, 9,}".
Owing to matrix partitioning, the matrix equation
is changed into
M, M,7(5, Cs C,116,
[Mﬁ M,,.]{S,,}_{_[C,* cm]{sn}J“
K. K.7|(6.
. wclfal-o ®
Therefore, we obtain
(M, ]{3,}+[C.1{8,} +[K.1{8,} =
_[Muk]{sk}_[an]{sk}—]:Knk]{sk} N
[My {8} +[Cu {6} +[Ku 1{8.) +
(M, ]{8,}+[C 1{0,} +[K. 1{8,} =0 (B
Eq. (8), a non-independent equation, should be
taken off. A solution of n number of unknown lat-
eral vibration responses of the System is found
from Eq. (7) where all the items on the right side
of the equation are known. Thus, {8}, {6} and
{8} are derived as the excitation sources of lateral
vibration of the System.

The lateral displacement parameter of car bo-
gie frame should be set as a known number. The
most direct approach is to measure the lateral vi-
bration displacement of a wheel set with no distri-
bution of sensors on it. From the view of vibration
test, it is convenient for the hunting wave of car
bogie frame to be measured. So we come to realize
that the hunting wave of car bogie frame can be
treated as the excitation source of lateral vibration
of the System.

The following points should also be men-
tioned. 1) Our study is made from response to re-
sponse. That is true. For example, the measured
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earthquake acceleration waves have been taken as
the excitation source in calculation of responses of
the tectonic earthquake, the study
from response to response has good grounds. 2)
The measured hunting wave of car bogie frame ac-
curately reflects the influence of all factors, which
give rise to the lateral vibration of the System.
This is impracticable when the lateral track irregu-
larity is taken as the excitation source of lateral vi-
bration of the System. 3) Being deterministic it-
self, the measured hunting wave of car bogie frame
can be only used in deterministic analysis of lateral
vibration of the System. On the other hand, the
artificial hunting wave of car bogie frame can be
used in random analysis of lateral vibration of the
Systemt™.

Therefore,

S VIBRATION EQUATION OF SYSTEM AND ITS
SOLUTION

When the potential energy of the track ele-
ment and vehicle is respectively formulated at time
t, the total potential energy of the System can also
be obtained at time z. The matrix equation of spa-
tial vibration of the System is well established at
time ¢ on the basis of the principle of total potential
energy with stationary value in elastic system dy-
namics and the rule of “set-in-right-position” (7,

(MI{u}+[Clu) +[KDw) ={P} (D)
where{u}, {u}, {u} and {P} are the acceleration,
velocity, displacement and load vector of the Sys-
tem, respectively. [ M], [C] and [K] are the
mass, damping and stiffness matrix of the System,
respectively.

In order to solve Eq. (9), the Wilson-@ direct
integration method is used. Because it is not neces-
sary to use iterative method in vibration calculation
of the System in each step, the calculation efficien-
cy is greatly enhanced.

6 RESULTS

The comparison between calculated results
and measured results is made to verify the feasibili-
ty and effectiveness of the calculation method men-
tioned above. The dynamic responses of the pas-
senger train formed with 4 passenger cars hauled
by a locomotive DF11 running at 150 km/h on the
100 m track are calculated. Fig. 4 and Fig. 5 show
the comparison between the calculated results and

measured results of the lateral and vertical vibra-

tion waves of a sleeper.
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Fig. 4 Measured and calculated lateral
displacement wave figures of
sleeper (v=150 km/h)

(a) —Measured; (b)—Calculated

(a)

==

Lo
e e

Displacement/mm
abbhboin

!
<

t/s

o O

(®

Displacement/mm
|
o2 No N &

L
co o

2 3 4 5
t/'s

(=
—

Fig. § Measured and calculated vertical

displacement wave figures of
sleeper (v=150 km/h)
(a) —Measured; (b)—Calculated

The comparison between the maximum calcu-
lated and measured values of lateral wheel-rail
forces, the lateral and vertical accelerations of car
body are listed in Table 1.

Table 1 Comparison between maximum calculated

and measured values (=150 km/h)

Lateral Lateral car body Vertical car body
Maximum A ) .
wheel-rail acceleration acceleration
value —, ,
force/kN /{m+s2) /{m s %)
Calculated 5.73 0.71 0. 80
Measured 5.21 0.70 0. 90
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The comparisons listed above have shown
good correspondence between the calculated and
measured results,

Some other calculated results, such as lateral
rail acceleration, lateral and vertical wheel-rail
force, derailment coefficient, Sperling index are al-
so obtained. These results are shown in Fig. 6 to
Fig. 10.
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Fig. 6 Lateral wheel-rail acceleration wave figure
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Fig. 8 Vertical wheel-rail force wave figure
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Fig. 9 Maximum derailment coefficient wave
figure (v=150 km/h)
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Fig. 10 Lateral Sperling index wave figure
(v=150 km/h)

7 CONCLUSIONS

The calculated lateral and vertical displace-
ment wave figures of sleeper have good correspon-
dence with the measured results. The maximum
calculated values of the lateral wheel-rail force,
lateral and vertical car body acceleration also have
good correspondence with the maximum measured
results. In the end of the paper, some other calcu-
lated results, such as rail lateral acceleration, lat-
eral and vertical wheel-rail force, derailment coeffi-
cient and Sperling index are also obtained. The ap-
proximation of the numerical results to the spot
test results demonstrates the feasibility and effec-
tiveness of the analysis method.
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