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Improved preconditioned conjugate gradient
algorithm and application in 3D inversion of
gravity-gradiometry data*
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Abstract: With the continuous development of full tensor gradiometer (FTG) measurement
techniques, three-dimensional (3D) inversion of FTG data is becoming increasingly used in
oil and gas exploration. In the fast processing and interpretation of large-scale high-precision
data, the use of the graphics processing unit process unit (GPU) and preconditioning methods
are very important in the data inversion. In this paper, an improved preconditioned conjugate
gradient algorithm is proposed by combining the symmetric successive over-relaxation
(SSOR) technique and the incomplete Choleksy decomposition conjugate gradient algorithm
(ICCQ). Since preparing the preconditioner requires extra time, a parallel implement
based on GPU is proposed. The improved method is then applied in the inversion of noise-
contaminated synthetic data to prove its adaptability in the inversion of 3D FTG data. Results
show that the parallel SSOR-ICCG algorithm based on NVIDIA Tesla C2050 GPU achieves
a speedup of approximately 25 times that of a serial program using a 2.0 GHz Central
Processing Unit (CPU). Real airborne gravity-gradiometry data from Vinton salt dome (south-
west Louisiana, USA) are also considered. Good results are obtained, which verifies the
efficiency and feasibility of the proposed parallel method in fast inversion of 3D FTG data.
Keywords: Full Tensor Gravity Gradiometry (FTG), ICCG method, conjugate gradient
algorithm, gravity-gradiometry data inversion, CPU and GPU

Introduction in mineral, oil, and gas exploration in recent years (Bell
et al., 1997). Compared with ground gravity methods,
airborne full tensor gravity gradiometer measurements

With the dramatic development of airborne have the advantage of providing fast speeds with high
geophysical equipment and technology, gravity efficiency. In addition, they are not affected by conditions
gradiometry has become a method of exploration used within the survey area or terrain relief. Gravity gradient
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measurements are more affected by near-surface density
variations, because the gradient of the gravity field
decays with inverse distance cubed, while the decay
of the vertical gravity field is inverse distance squared.
Compared with gravity data, the gradient of the gravity
field can reflect slight changes caused by changes
in the underground density, and it also has a higher
resolution, thereby improving the accuracy of geological
interpretation. Based on the development of fast mobile
platform exploration technology (airborne and shipborne),
the volume of gravity gradient data is increasing, and the
accuracy of measurements are becoming more reliable.

However, it is well known that inversion of gravity
gradient data is often ill-posed, and it requires certain
prior information and constrains to guarantee results that
are unique and stable. Based on regularization methods,
scholars have attempted to overcome the non-uniqueness
problem. For example, Li and Oldenburg (1996, 1998)
adopted the depth-weighing function of the objective
function in magnetic susceptibility inversion and density
inversion. An effective way of counteracting the inherent
decay of kernel function (“skin effect”) is to provide
more weight to rectangular prisms as depth increases. In
this respect, Portniaguine and Zhdanov (2002) proposed
the focusing inversion to invert magnetic susceptibility
by using the gradient of the model parameter., and a
three-dimensional gravity inversion algorithm was
proposed by combining Lagrange’s formula with
multiple constraints by Boulanger and Chouteau (2001).
In addition, Tontini et al. (2006) developed an inversion
algorithm for magnetic data by inserting a depth-
weighing function into model regularization function,
and Shamsipour et al. (2010) adapted the cokriging
method to gravity data inversion. Furthermore, Qin et al.
(2016) used additional information in the inversion by
introducing the spatial gradient weighing function.

Full tensor graviometer (FTG) data provide six times
the amount of gravity anomaly data for the same survey
conditions, and therefore, the solution of large-scale
3D gravity gradient data inversion necessitates that
two obstacles are tackled. Firstly, sufficient computer
memory is required to store the matrices, and secondly,
there needs to be adequate computational time for
matrix-vector multiplications to solve the central system
of equations (Cuma and Zhdanov, 2014; Hou et al.,
2015). Pilkington (1997) introduced the conjugated
gradient (CG) method for three-dimensional magnetic
susceptibility inversion in order to save computing
time and storage space. With a suitable preconditioner,
preconditioned conjugated gradient (PCG) has proven
its efficiency and increasing performance in a wide
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range of geophysical applications (Smith, 1985; Canning
and Scholl, 1996; Pilkington, 1997; Chen et al., 2000,
2002). However, although the preconditioned method
can improve the efficiency of inversion and reduce
the number of inversion iterations (thus reducing the
computation time), additional computational time is
required to prepare the preconditioner. Computational
efficiency is determined by both the iteration number
and total computing time, and the time taken for iteration
inversion increases significantly when the order of the
coefficient matrix is large. Therefore, using a computer
to achieve the parallel method is an effective way of
improving the speed of the solution.

With the continual increase in computing power and
programmability of the graph process unit (GPU), the
use of GPU for calculations has become the focus of
a considerable amount of research. CUDA (Compute
Unified Device Architecture) is a general-purpose
parallel computing architecture from NVIDIA Corp.
(NVIDIA, 2007), which is a leading manufacturer of
GPUs that made the first GPU-only graphic rendering
tool for massively parallel computing. CUDA is one
of the most suitable means of parallel computing for
applications, and it has been successfully used in many
potential computing fields (Moorkamp et al., 2010; Chen
etal., 2012; Cuma and Zhdanov, 2014; Hou et al., 2015).

In the present paper, we develop an improved
incomplete Cholesky preconditioned method to integrate
the symmetric successive over-relaxation (SSOR)
technique and the incomplete Cholesky decomposition
conjugate gradient algorithm (ICCG). The new method
is tested on a single model with different grid sizes
to illustrate GPU acceleration in conjugate gradient
inversion for large-scale data, and the algorithm flow of
the parallel SSOR-ICCG method based on GPU is then
provided. Results and acceleration ratio are provided for
a synthetic noisy model test, and differences between
our algorithm and the conventional CG algorithm in
3D inversion of FTG data are discussed. Finally, the
approach is applied for inversion of real FTG data.
In addition, the applicability of the improved parallel
preconditioned algorithm for 3D fast inversion of FTG
data is verified by a comparison with the conventional
method and with results of previous studies.

Forward modeling and inversion of
full tensor gradiometer (FTG) data

Forward modeling
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In the three-dimensional (3D) Cartesian coordinate
system, the gravitational potential, ¥, can be calculated
by the underground density distribution, p, based
on Newton’s law. The three components of gravity
anomalies can then be obtained by derivation of the
gravitational potential (Blakely, 1995),

g:(a_V’a_V’a_V)T. (1)
ox Oy Oz
The nine gravity gradient components, namely the full
tensor gravity gradient (FTG), are the three-directions of
the gravity components and are written in a matrix form
(Forsberg, 1984),
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As the gravity gradient tensor is a symmetric tensor,
e, I, =1, T.=T.,, T,. = T, and it satisfies the
Laplace equation 7, + T,, + T.. = 0, there are only five
independent components of the gravity gradient tensor
(FTG).

Generally, the 3D subsurface domain is divided into
a finite number of rectangular cells with a constant
density for calculating the gravity anomaly and gravity
gradient tensor (discretization). We use the Cartesian
coordinate system, where the x—axis and y-axis point in
horizontal directions and the z—axis points downwards.
Following the formula of Haadz (1953), gravity data
produced at a point of coordinates O = (x,, yy, zo) by a
single rectangular cell with constant density, p, is (Li and
Chouteau, 1998)
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The gravity gradient tensor equation is defined as
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and G is Newton’s gravitational constant, and ¢, 7,
¢ define the eight corners of one rectangular cell.
Considering the linear relationship between the gravity
gradient tensor and density, equation (4) can thus be
expressed in a matrix form as
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where T is a vector of the six gravity gradient tensor
data at n observation points; p is a density vector of the
order m; and A is the matrix of the geometric terms.

Inversion method

When conducting the 3D inversion of gravity
gradient data, we use the observed gravity gradient
data, T, to recover the unknown density distribution,
p. The inversion problem is usually under-determined
with infinite and unstable solutions, and therefore
regularization should be introduced to ameliorate
instability in the inversion process (Cuma and Zhdanov,
2014). We adopt the 3D gravity inversion method
introduced by Li and Oldenburg (1998) to minimize the
Tikhnov parametric functional as
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min ¢ (p) = ¢,(p)+ g (p)
= [Woto = W[ +a[W, 0, ©)

In equation (6), ¢(p) is the stabilizing functional, ¢.(p)
is the data-misfit functional of measured and inversion
predicted data, and a is the regularizing parameter,
which makes a big difference to the gravity inversion
results. In addition, W, is the diagonal data-misfit
weighing matrix normalizing self-respective standard
deviation, Wz is a depth-weighing function of the form
W, = (z + ;) 3? used to counteract the inherent decay of
the kernel function, A, and prevent most of the density
from occurring close to the surface, z is the average
rectangular cell depth, and z, depends on the block size
of model discretization and the observation height of the
data.

The depth-weighing function was first proposed by
Li and Oldenburg (1996) and has been well applied in
many geophysical inversion algorithms (Boulanger and
Chouteau, 2001; Caratori Toniti et al., 2006; Cella and
Fedi, 2011). We use the adaptive regularization, which
decreases the stabilizer contribution as the inversion
approaches the converged result. The value of o after the
first iteration is expressed as (Zhdanov, 2002)

2 =%, (7)

and during the inversion process the value for a is
determined by decreasing o to ¢ times that of its previous
value, using the expression,

1
a, =qa,, q:F, k=2,3, .., n ®)

Equation (8) can then be rewritten as

[~] {Wﬂ SMp=b. )

To solve a large-scale linear system such as that of
equation 9, use of the conjugate gradient method is
beneficial as it is a fast and effective iterative algorithm.
With only matrix-vector multiplication and inner vector
products, the CG method does not need to continue with
the inverse operation of the matrix, and it is therefore
widely used in geophysical inversion. We improve the
gravity inversion algorithm proposed by Pilkington
(1997) and obtain the full tensor gravity gradient
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inversion algorithm as follows,

for k=0; p, =0 and r, =MT(b—Mp0)
while ry # 0
k=k+1,
if k=1,
P =1
else  f, = rl;r»lrk—l /rkT-Zrk—2>
Py =Ty + B Py
end
q, =Mp,,
ay = rkT-lrk-l /qkqu’
Pi = P T 4Py
N =0 — akMqu’

end.

From this algorithm, it is possible to easily find the
inverse of matrix, M, that has not been calculated,
which saves a considerable amount of time and requires
minimal storage space. However, when the domain
of the data obtained grows, the number of discretized
cells also increases. In practical problems, the iteration
number and computational cost needs to be considered
in 3D FTG data inversion. In addition, for density
inversion, the condition number of the coefficient matrix
is large, and the convergence speed of the inversion
is controlled by the condition number. To reduce the
iteration number, many researchers have accelerated
the rate of convergence by proposing preconditioners to
cluster the eigenvalues in a few small intervals (Smith,
1985; Canning and Scholl, 1996; Pilkington, 1997; Chen
et al., 2000, 2002). The method used to improve the
number of conditions of the system is called the PCG
method, and the algorithm is as follows

fork=0; p,=0and r, = MT(b—MpO)
whiler, # 0
z, =Pr
k=k+1,
if k=1,
P, =1,
else B, = rkT_lrk_1 /rkT_sz_Z,

Py =2+ 5 Pras
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end
qk = Mpk’
T /a7
A =6 Zi g Ty Yy
Pr = Prr T 4Py
T
r=n,-qMq,,

end,

where P is the preconditioner matrix used to accelerate
the CG inverse algorithm.

M'Mp =M"b. (10)

In the inversion of FTG data, the kernel function
matrix, M, is relatively large, and its computation
and storage require a large amount of time and space,
respectively. To reduce the iteration number and improve
the convergence rate, equation (10) above can be
rewritten as

PM'Mp = PM'b. (11)

Under ideal conditions, P is an approximation of
(M™), so that PM™ is approximately equal to the
identity matrix. Compared with the original symmetric
positive definite matrix, MT™™, the cigenvalues of
PMTM are more clustered; therefore, the condition
number is reduced and the convergence rate of the CG
method is accelerated. Obviously, it is very important to
choose an effective preconditioner to reduce the iteration
number of 3D FTG data inversion.

Incomplete Cholesky (IC) decomposition is a kind of
common preconditioned method. In equation (10), the
coefficient matrix M™™ is a symmetric positive definite
matrix, and the preconditioner can be prepared with the
IC method as,

M'M=LL" —R, (12)

where L is the sparse lower triangular matrix, and R is
the residual matrix. Therefore, the preconditioner P =
(LLH ™

Golub and Van Loan (1996) demonstrated that the
ICCG PCG algorithm can reduce the number of iterations
in the inversion and hence improve the convergence
rate. Moreover, the decomposition of the preconditioned
matrix directly influences the convergence and speed of
the method,

Another approximate inverse of the coefficient matrix
M™ can be obtained using SSOR. We assume that the

matrix M™ is decomposed as follows (Sajo-Castelli et
al., 2014),

T T
M'M=D-L,, -L,,",

_(D-wL,, ) ) o D *M-wL,,")

= , (13
Narmn Tow

where D is the diagonal matrix of diagonal elements of
MTM, and LAA is the negative lower triangular matrix
of MTM. w (0 < w < 2) is an important parameter, and it
has a significant influence on the convergence and result
of CG inversion. However, there is no good choice for
the value of , and we therefore choose it empirically.
In addition, the successive over-relaxation (SSOR)
preconditioner is defined by

L

popr = Pl D' (D-wL,,")
w(2-w)

, (0<w<2).
(14)

We combine the SSOR decomposition method
with the ICCG, which means that the decomposition
result obtained by equation (13) is brought into the
conventional ICCG algorithm, and the improved SSOR-
ICCG algorithm is obtained. The iterative process is as
follows,

for k=0; p,=0and r,=(M'M)" (b-(M"M)p,)
rr,=L'r,, p, =(L")'rr,
while r, # 0
k=k+1,
if k=1,
P, =Py
else B, =rr.rr_ /rrlrr,,,
P, =)' + B p,s
end
a, = rrl;r-lrrk-l /((MTM)pk-l)Tpk-I’
P = Pra T 4Py
rr, =(L') 'rr,, —a, L' (M"'M)q, .

end.

This method contains a greater amount of information
about the coefficient matrix than the conventional
ICCG algorithm, and thus more subsurface geophysical
information can be used in the 3D gravity gradient
inversion to reduce the number of iterations and speedup
the convergence speed of inversion.
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However, due to the huge amount of 3D FTG data, the
inversion iterations consume a large amount of computer
memory and a long computational time. In this respect,
research has been focused on high-performance parallel
computing using a CPU (Central Processing Unit) and
GPU (Graphics Processing Unit) to enable the fast
processing of a large amount of high-precision data.

Parallel algorithm using graphics
processing unit (GPU)

GPU and CUDA

A graphics processing unit (GPU) has the advantages
of providing a high bandwidth and strong computing
power, and it enables highly parallel calculations
compared to CPU computing. However, as it was
originally used to complete image rendering, the early
GPU did not enable programmability (Zhang, 2009). In
recent years, general-purpose computing based on GPU
has been widely adopted, and the graphics card maker
NVIDIA Corporation have released a unified computing
architecture for a general-purpose computing platform
(Compute Unified Device Architecture, CUDA). Faced
with the demand for large-scale high-precision data
processing, the GPU has been successfully applied in a
considerable amount of geophysical parallel computing
research (Moorkamp et al., 2010; Chen et al., 2012;
Liu et al., 2012; Cuma and Zhdanov, 2014). CUDA
is a hardware and software co-parallel computing
architecture that allows the GPU and CPU to work
together, and thus gives full-play to the GPU’s high-
speed floating-point performance, with the aim of
realizing accelerated calculations of complex and time-
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consuming problems. Initially, CUDA only supported
C and C++ language and required a high level of
programming (Liu, 2012). With the development of
GPU, MATLAB began to support CUDA based on
version R2010b (Szymczyk and Szymczyk, 2012) and
offered a Parallel Computing Toolbox (PCT) to simplify
MATLAB parallel computing. The powerful GPU
computing capabilities achieved in MATLAB require the
use of the MATLAB of version R2010b, recent CUDA-
capable NVIDIA GPUs, such as the NVIDIA Tesla
10-series or 20-series products supporting a compute
capability of 1.3 or above.

The main task of this research is designed using
MATLAB R2015a, which enables discussion of the
algorithm optimization problems found with CPU and
GPU.

Algorithmic programming

The conjugate gradient algorithm was run with a
regular serial code and execution was timed. The update
operations for ry, a;, and r; per iteration were found to be
the most time-consuming. In general, the crucial time-
consuming problems in gravity gradient inversion are
the matrix-vector multiplications and the inner product
about matrix M. Therefore, we computed these with
GPU and performed the rest of the inversion steps in
sequence. Operation and implementation of the algorithm
used the following hardware configuration: the CPU
was Intel Xeon E5-2620 6-core 2.0 GHz, 7.2 GT/s, and
the GPU was NVIDIA Tesla C2050. To test the GPU
acceleration of the CG algorithm, we completed the
conjugate gradient inversion of 3D gravity gradient data
using model with different grid sizes and recorded the
spend time of 500 iterations of CPU serial and CPU/
GPU parallel algorithms. As shown in Figure 1, it is

Log Scale
x10°
——CPU/GPU
x10*
x10°
x102
x10"
x10°
05001125 2250 4000 6250 9000
S o S = S =
S S X * * x
-~ wn o ‘el o
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o W0 X x X x
T © <] © S
hal o o <
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Fig.1 CPU and CPU/GPU computing time for CG algorithm in 3D FTG data inversion; the
ordinate on the left is linear and the ordinate on the right is logarithmic.
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evident that CPU/GPU computing can largely improve
the efficiency, particularly for inverting large volumes of
data. We also noticed that the parallel CG algorithm is
62.56 times faster than its CPU implementation for a grid
size of 9000.

The above-mentioned PCG can reduce the condition
number of the coefficient matrix and the iteration
number, which leads to faster convergence and is less
time-consuming. However, the computational cost has to
be considered with an increase in the amount of data and
grid size, since the preconditioner occupies additional
memory which needs to be recalculated per iteration.
GPU is currently used to accelerate the PCG method in
3D FTG data inversion, not only to reduce iterations but
also to solve the time-consuming problem. It is of note
that GPU has a limited memory (like CPU). Therefore,
for calculations using large-scale data, the storage and
removal of the matrix should be considered to avoid
exceeding the memory and causing the calculation to
stop.

In summary, the computational flow of the PCG
parallel algorithm is (Figure 2): (1) initialize the
MATLAB environment; (2) load the observed FTG
data and start timing; (3) parallel-compute the model
weights, W, and the depth weighs, W,, then gather
all the results to CPU with the gather () function; (4)

’ Read file data and innitial data ‘ CPU

}

’ Parallel computing model weights W, W, ‘ CPU

}

’ To make p,= W, W,and M, b ‘ CPU

Yes

Ifno,k=k+1
v

’ Calculate preconditioner P and conjugate direction P, ‘ CPU

’ Computing inner product r,, q, ‘CPU

o ¢

Parallel computing minimization step a,
then update p

Gather to CPU,
judge misfit < err?

Yes

CPU

’ Done, return density result and runtim ‘

Fig.2 Flowchart of parallel PCG algorithm.

initialize p, and compute M, b; (5) use the gpuArray ()
function to gather the data to GPU and start iterations,
where the preconditioner, P, the conjugated direction,
P,, and the search direction, a,, are computed with GPU
while the rest are in serial with CPU; (6) stop timing
at the end of the iteration and gather the density result,
p, to the CPU to plot Figures. The PCT provided by
MATLAB provides gpuArray () and gather () as the data
transmission and collection functions between CPU and
GPU.

Model test

In the above section, we have illustrated acceleration
of the inversion based on GPU using a single model.
A complex model consisting of five prism bodies is
constructed illustrate the advantages of the improved
parallel PCG algorithm in 3D FTG data inversion,
and the spatial distribution is shown in Figure 3. The
model parameters (including grid size, density, and
central depth) are shown in Table 1. The subsurface
is divided into 20 x 20 x 10 small rectangular cells
with a volume of 100 x 100 x 100 m in the X, y, and z
directions. 3D models are arranged underground with
different sizes and have a constant residual density at
different depths. Random Gaussian noise (10%) is then
added to the synthetic gravity gradient data to simulate
the real geophysical information. The maximum depth
of the underground subspace is 1000 m and 20 x 20 =
400 data observations are distributed at an interval of
100 m. Contour maps of the observed gravity gradient
components are shown in Figure 4.

Table 1 Synthetic model parameters

Model XXyxz Depth  Residual density
number  dimensions (m) (m) (g/em?®)
1 700 x 300 x 300 350 0.4
2 300 x 300 x 300 450 0.9
3 200 x 300 x 400 400 0.7
4 300 x 200 x 400 500 1.0
5 300 x 300 x 200 400 0.8
p (glem’)
108 !
200 0.9
E 300 08
s
5 600 0.6
2700 3) 05
~ 800 0.4

1500
¥, 1000
Sty 500
Ce
//);/

Fig.3 3D distribution of synthetic model.

15
1000 0
)
0= 500 *d\s\a‘\cﬁ\
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Fig.4 Contour maps of observed gravity gradient components contaminated by 10% Gaussian noise.

To compare the performance and acceleration
capability of the proposed algorithm, g.., g« &> &=
g.» g.. data are selected in the serial CG inversion
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Fig.5 Depth section (a) and vertical sections (b, c) of true model; inversion results of FTG data ((d, e, f) using conventional CG
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and parallel SSOR-ICCG preconditioned inversion,
respectively. The model gravity anomaly data are
then applied to the 3D inversion using our improved
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preconditioned algorithm, to demonstrate the advantages
of the inversion of FTG data. Figure 5 shows slices of
the true model and inversion results of FTG data and
gravity data. The depth slices of the recovered model at
Z =400 m are shown in Figures 5d, 5g, and 5k, while
vertical sections at a horizontal position of X = 1600
m, Y = 1700 m are shown separately in Figures Se, 5h,
and 5j, and Figures 5f, 5i, and 51. Results show that
the recovered model using the parallel preconditioned
algorithm presented in this paper is more reasonable
than the traditional CG algorithm, and it is closer to the
density value of the true model. A comparison between
Figures 5g, 5h, and 5i and Figures 5j, 5k, and 51 shows
that the inversion results of FTG data are more compact

than the gravity inversion, and the shape of the recovered
model is refined. Table 2 shows the standard deviation
of Gaussian noise, and the estimated standard deviation
of the residual between predicted data and observed
data for the two algorithms. It is clear that compared
with the conventional conjugate gradient algorithm, the
standard deviation of the residual between predicted
and observed data obtained from our parallel SSOR-
ICCG preconditioned algorithm is closer to the standard
deviation of Gaussian noise. Results again quantitatively
confirm that inversion results are improved and that they
are in line with the more compact recovered models in
Figures 5g, 5h, and 5i.

Table 2 Standard deviation (in E) of Gaussian noise and estimated standard deviation
of residual between predicted data and observed data for two algorithms

8xx 8y 8 8y &z 8=z
Noise 5.0324 2.4458 5.1922 4.9766 4.6654 9.4016
CG-CPU 5.7855 2.7372 5.4833 6.0064 4.9914 11.9590
PCG-GPU 5.1792 2.7133 6.0955 5.1804 5.0213 9.5759
PCG (gravity) 7.1574 3.6041 8.1508 7.2017 7.3696 15.8269

In this paper, the residual error curve (T-Ap)™(T-
Ap)/ N proposed by Pilkington (1997) is adopted to
show improvement in the convergence (see Figure 6).
Compared with the CG algorithm, there is an evidently
faster decrease in the residual error norm of the SSOR-
ICCG method, which indicates that the SSOR-ICCG
algorithm converges significantly faster. When assuming
500 iterations, the conventional CG algorithm with no
preconditioner reaches a minimum residual error of 306,
whereas the improved SSOR-ICCG algorithm reaches
a minimum value of 213.2. For the same residual error,
the iteration number in relation to computing time can
be obtained from the black line in Figure 6; at the same
residual error of 350, the iteration number of the no-
preconditioner CG method is 50, while that of the SSOR-
ICCG preconditioned algorithm only requires 8§ iterations
to achieve this residual. Additional computational time
is required to prepare (decompose) the preconditioner,
and therefore computational efficiency is determined by
both the numbers of iterations and the total computing
time used. The GPU time includes computation of the

preconditioner in all iterations, which has a considerable
time cost in the total runtime. In Table 3, with the same
iteration number (500), the total computation time of the
SSOR-ICCG algorithm in the CPU serial code is 1644.4

550

— — CGalgorithm
500 + SSOR-ICCG algorithm

450 [
400 |\

Residual error

i —
300 -
250
2

00 0 50 100 150 200 250 300 350 400 450 500
Iterations

Fig.6 Residual error curve: dashed line represents

conventional CG algorithm and plus sign represents

the improved SSOR-ICCG algorithm. The number of

iterations at the same residual error can be identified

by the black horizontal line.

Table 3 Runtime comparison

Time taken to complete

Iteration number for

Method 500 iterations inversion result Runtime  Speedup

CG-CPU 22247 s 50 204.47 s 1.0x
SSOR-ICCG-CPU 1644.4 s 8 46.51s 9.5x
SSOR-ICCG-GPU 235.5s 8 821s 24.9x
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s, which is 1.4 times faster than the conventional CG
algorithm in CPU. However, our GPU-based parallel
SSOR-ICCG algorithm only costs 235.5 s, which is a
speedup of 9.5x. In fact, for the convergent results with
the same residual error, the parallel PCG algorithm (8.66
s) in this paper achieves a speedup of 5.7x compared
to its serial code (46.5 s), and the speedup ratio rises
to 24.9x compared to the conventional CG algorithm
on CPU. This confirms that the parallel preconditioned
algorithm presented in this paper can reduce the number
of iterations in the 3D inversion of FTG data, thereby
reducing the time cost and achieving a fast inversion.

Application to real data

The improved method is applied to real airborne FTG
data taken from the Vinton salt dome (in southwest

Louisiana, USA), to further illustrate the effectiveness
and applicability of our parallel preconditioned
algorithm. Data were provided by Bell Geospace Inc.,
and were measured by Air-FTG from July 3 to July 6,
2008. The survey was conducted at a height of 80 m in a
north-south direction; the sampling distance was 50 m;
and the flying line spacing was 250 m. This region has
been previously studied and presented in papers (Coker
et al., 2007; Oliveira Jr and Barbosa, 2013; Geng et al.,
2014; Qin et al., 2016), and such results have shown that
the anomaly of the salt dome is predominantly caused by
the cap-rock with a mean residual density of 0.55 g/cm3
and a depth between 200 and 600 m, approximately.
We removed the regional field and chose a 3000 x 3000
m subset in the middle part of the survey area. The
inversion domain was discretized into 20 x 20 x 20 =
8000 rectangular cells with a dimension of 150 x 150
x 50 m. Figure 7 shows contour maps of the gravity
gradient components over Vinton salt dome.
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Fig.7 Observed data for Vinton salt dome.

To test our improved GPU-based SSOR-ICCG
algorithm with real data, we applied the inversion to
six components of the FTG data. According to Ennen
and Hall (2011), the depth of the cap-rock is 160 m,
with a density of 2.75 g/cm?; the density of surrounding
sediments (shale and sandstone) is 2.2 g/cm?. In this
case, the main anomaly is predominantly caused by
the cap-rock, and thus the upper and lower bounds
for the residual density are 0 g/cm?® and 0.55 g/cm?’,
respectively. Figure 8 shows the 3D inversion result
using our method. Two perpendicular cross-sections
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through the center of the recovered model are shown
in Figure 8a, and Figure 8b shows a volume-rendered
image of the 3D density-contrast model. The recovered
model clearly indicates that the maximum east-west and
north-south lengths of the anomaly are 1100 m and 900
m, respectively, which is in agreement with the result by
Thompson and Eichelberger (1928). The southern part of
inversion result is about 200 m and it deepens further to
the north to reach 400 m (with an elongated form from
northeast to southwest), which is consistent with the
main fault described in the study by Coker et al. (2007).
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The solution for the Euler deconvolution of gravity
in this region is shown in Figure 9. The central depth
of the interpreted cap-rock in this paper is about 300
m, which is little shallower than Euler deconvolution
depths (average depth 400 m), but is close to the result
of Thompson and Eichelberger (1928) (average depth
of 304.5 m) and the recovered model by Oliveira Jr
and Barbosa (2013) (of 335 m), further verifying the
reasonableness of the inversion results. In calculation,
the total computational time for convergence of the result
using the conventional conjugate gradient algorithm was

(a) TR p(glem?)

Depth (m)

3000
2250
1500

5 750\:’35\.\“g ()

518 s with 51 iterations. However, applying the parallel
SSOR-ICCG preconditioned method to 3D FTG data
inversion took only 136 s and used 30 iterations. This
result also confirms that the improved method can reduce
the number of iterations and reduce the computation time
compared with the serial program, thereby achieving a
fast inversion when using a real application. Therefore,
the improved parallel SSOR-ICCG preconditioned
algorithm is shown to be an effective speedup algorithm
that provides a feasible method for large-scale fast 3D
density inversion of gravity gradient data.

(b) p(glem?)

Depth (m)

Fig.8 3D inversion result: (a) two perpendicular cross-sections at Northing = 1500 m and Easing = 1800 m, (b) volume-rendered
image of 3D density-contrast model with density contrast 0.1 g/cm3 removed. Central depth is approximately 300 m.
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Fig.9 Euler deconvolution results of Vinton gravity data.
Conclusions

In this study, an improved fast preconditioned
conjugated gradient (SSOR-ICCG) algorithm is
proposed by combining the symmetric successive
over-relaxation (SSOR) technique with the incomplete

Cholesky decomposition conjugate gradient algorithm
(ICCG). The parallel preconditioned algorithm based on
GPU is applied to the inversion of 3D full tensor gravity-
gradiometry data. One-single model conjugate gradient
inversion tests show that GPU can improve the efficiency
of inversion for large-scale data. Compared with the
conventional CG algorithm, the parallel PCG method
not only reduces the iteration number but also negates
the need for extra time preparing the preconditioner to
achieve a fast inversion.

The inversion results for a synthetic model show that
the resolution of FTG inversion is higher than inversion
of single gravity data. Compared with the traditional
CG method, our algorithm provides a better density
value and the geometric position is closer to that of the
actual model. The computational efficiency is evaluated
by the iteration number and total computing time, and
the improved algorithm converges faster and costs less
time in three-dimensional inversion. In addition, results
are given with a speed approximately 25 times faster
than that of the serial code for the CG method on CPU.
However, the computation matrix and precondition
matrix need to be reasonably allocated between the CPU
and GPU to ensure that the video memory does not
overtlow.
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Finally, the method is applied in the 3D inversion of
airborne FTG data acquired over the Vinton salt dome
(Louisiana, USA). The inversion results are found to
be in agreement with geological data and the central
depth is close to that determined in previous research.
Although the recovered depth is a little shallower than
that provided with Euler deconvolution results, but the
speed of inversion is improved, which thus verifies the
efficiency and applicability of the improved parallel
preconditioned algorithm in fast inversion of 3D FTG
data.
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