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Abstract: Traditional AVO forward modeling only considers the impact of reflection 
coeffi cients at the interface on seismic wave fi eld amplitude and ignores various propagation 
effects. Introducing wave propagation effects including geometric spreading, transmission 
loss, attenuation into seismic wave propagation, multi-wave amplitude-preserved AVO 
forward modeling for horizontally layered media based on ray theory is proposed in this 
paper. We derived the multi-wave geometric spreading correction formulas for horizontally 
layered media in order to describe the geometric spreading effect of multi-wave propagation. 
Introducing the complex traveltime directly, we built the relationship between complex 
traveltime and quality factor without the help of complex velocity to describe the attenuation 
of viscoelastic media. Multi-wave transmission coefficients, obtained by solving the 
Zoeppritz equations directly, is used to describe the transmission loss. Numerical results show 
that the effects of geometric spreading, attenuation, and transmission loss on multi-wave 
amplitude varies with offset and multi-wave amplitude-preserved AVO forward modeling 
should consider the reconstructive effect of wave propagation on refl ection amplitude.
Keywords: Amplitude-preserved AVO, geometric spreading, attenuation, transmission loss, 
complex traveltime, multi-wave

Introduction

Based on a plane wave assumption, Zoeppritz (1919) 
derived the reflection and transmission coefficients 
equations for a single formation interface with an 
incident P-wave called the Zoeppritz equations. To 
facilitate the application, some authors (Koefoed, 1955; 
Aki and Richards, 1980; Shuey, 1985; Gidlow et al., 
1992) made linear approximations of these equations. 
AVO modeling based on the Zoeppritz equations 
and their approximations are widely used in AVO 

(Amplitude-versus-Offset) analysis. Ostrander (1984) 
calculated the AVO responses of gas sand using the 
Koefoed (1955) approximation and indicated it was 
effective to identify gas-bearing sandstones using P-wave 
reflection amplitude versus incident angle. Rutherford 
and Williams (1989) studied the AVO responses of 
gas sand under different geological conditions taking 
advantage of the Zoeppritz equations and divided 
these AVO responses of gas-bearing sandstone into 
three types, which has been widely accepted by later 
researchers. Castagna and Swan (1997) and Castagna et 
al. (1998) extended the AVO classifi cation to four types 
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and further improved the AVO response reaearch on 
gas sandstone, all of which laid the foundation for AVO 
attribute analysis. Based on the Shuey approximation, 
Foster et al. (2010) studied the changes of amplitude 
with offset when the lithology, porosity, and fluid 
changed. They pointed out that the change of porosity 
had an effect on acoustic impedance but little effect on 
compressional to shear wave velocity ratio. 

Zoeppritz equations and their approximations are 
also often applied to AVO inversion. Chen et al. (2006) 
and Wei et al. (2008) realized converted wave and 
compressional wave inversion using the Aki-Richards 
approximation. Yang et al. (2009) and Yan and Gu (2010) 
researched prestack elastic parameter inversion methods 
using the Gidlow approximation. 

AVO analysis and inversion, which stem from Zoeppritz 
equations or their approximations, play a signifi cant role 
in lithology and fluid identification. However, all the 
analysis is based on the information of a single refl ection 
interface and ignores propagation effects on seismic wave 
amplitudes and thus has low precision. 

Elast ic wave equation forward modeling for 
horizontally layered media (Fuchs and Muller, 1971; 
Kennett, 1983; Muller, 1985; Mallick and Frazer, 
1987) can simulate various wave propagation effects 
in horizontally layered. Using elastic wave equation, 
wave fi eld propagating in complex medium  also can be 
simulated (Che et al., 2010; Lu and Wang, 2010). Elastic 
wave equation can simulate full-wave field recording 
including reflected waves, converted waves, multiples, 
and so on, so the amplitude of the simulated wave fi eld 
has high accuracy. However, the elastic wave equation 
forward modeling computation is time-consuming. 
Inversion based on the elastic wave equation (Zhang and 
Yin, 2004, 2005) requires repeated iterations and then 
the computation cost is more expensive. 

In this paper, we present a multi-wave amplitude-
preserved AVO forward modeling method, taking into 
consideration several major wave propagation factors, 
including transmission loss, geometric spreading, and 
attenuation on wave field amplitude and giving the 
forward wave field amplitude higher fidelity. We call 
it “amplitude-preserved” AVO forward modeling in 
order to emphasize the difference between this method 
and the traditional forward modeling method based on 
single interfaces. The computational complexity of this 
method is much less than that of the forward modeling 
by directly solving the elastic wave equation while havin  
comparatively high-efficiency AVO forward modeling 
method which can also relatively preserve the true 
amplitude response of seismic waves.

Theory and method

Based on asymptotic ray theory, seismic wave 
fields can be expressed with ray series (Cerveny and 
Ravindra,1971; Cerveny et al.,1977; Cerveny and 
Hron,1980;  Hearn and Krebest,1990):
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Where u (M, t) is the wave fi eld amplitude at receiver 
M at time t, Wn (M) is the n-th order ray amplitude, ω is 
angular frequency, S (ω) is the wavelet Fourier spectrum.

The approximate solution of the zero-order ray series 
is 

   00

1u , Re ,i t MM t S e W M d  (2)

where

0

1/ 21/ 2
1 10

0 1/ 2
1 1

,k

k

K KOM
k k

k kOM

vA v
W M R O T O

vL M v
 

 (3)

where A0 is the initial ray amplitude at point M0, Ok-

represents the incident ray side on the k-th incident 
interface, Ok- is the emergent ray side in the k-th interface, 
(vρ)Ok+ is the impedance (product of velocity and density) 
at the side of the incident ray on the k-th incident 
interface, and (vρ)Ok- is the impedance at the emergent ray 
on the k-th incident interface. T (Ok) is the transmission 
coeffi cient for the k-th interface. If the outgoing wave is a 
refl ected wave, T (Ok) is equal to 1. R (Ok) is the refl ection 
coefficient for the k-th interface. If the outgoing wave 
is a transmitted wave, R (Ok) is equal to 1. L (M) is the 
geometric spreading correction factor from M0 to M, 
which is defi ned (Cerveny and Ravindra, 1971):
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where x is the offset and θ (Ok+) and θ (Ok-) represent 
the emergent and incident angles at the k-th interface, 
between the vertical and the ray segment entering and 
leaving Ok, respectively.

Although equation (2) can describe wave propagation 
in complex media theoretically, the calculations 
become very complicated. As AVO forward modeling 
or inversion is usually based on the assumption of 
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horizontally layered media, this paper only discusses 
amplitude-preserved AVO forward modeling for 
horizontally layered media. The following focuses on 
discussing the several factors affecting the wave field 
amplitude. 

Geometric spreading correction factor
The geometric spreading correction factor results from 

the wave front continuously spreading while the wave 
propagates and the wave amplitude reduces to keep the 
total energy constant. Using equation (4), we can obtain 

the geometric spreading correction factor of the PP wave 
(incident P-wave and refl ected P-wave). The derivation 
of the equation is shown in Appendix A):
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Similarly, the geometric spreading correction factor 

for PS waves (incident P-wave and reflected S-wave) 
can be derived from equation (4) (see Appendix A):
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Transmission loss
Traditional AVO forward modeling based on ray 

tracing only calculates the reflection coefficients at 
the interface while ignoring the wave transmission 
during wave propagation. Transmission coefficients 
are similar to reflection coefficients and have the AVO 
effect, which means transmission coefficients vary 
with offset. In other words, transmission has different 
impact on the wavefield amplitude at different offsets 
(incident angles). Transmission changes the reflection 
wave AVO response characteristics. Ignoring the role 

of transmission, the wave fi eld amplitude is inaccurate. 
In this paper, we calculate transmission coefficients 
at interfaces during the ray tracing and apply them to 
the wave field amplitude calculation, which makes the 
computed wave fi eld better preserve the real wave fi eld 

amplitude response. 
1

1

K

k
kOTT  represents the wave 

fi eld amplitude transmission loss caused when the wave 
propagates in horizontally layered media and passes 
through all the interfaces. The transmission coefficient 
T (Ok) can be obtained from the Zoeppritz equations:
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The impact of transmission loss maintains the reality 
of the AVO response characteristics and also reduces 
AVO analysis or inversion errors.

Forward modeling of viscoelastic media
Equation (2) is the forward modeling equation 

of elastic media. Introducing complex velocity, 
elastic media forward modeling can be extended to 
viscoelastic media (Hearn and Krebest, 1990: Hron and 
Nechtschein, 1996). Although viscoelastic media can 
be described by the introduction of complex velocity, 
the physical meaning of complex velocity is not clear. 
The relationship between wave field attenuation and 
complex velocity is complicated and not intuitive. What’
s more, ray tracing in viscoelastic media needs the ratio 
of complex ray distance and complex velocity to derive 
complex travel time (Hearn and Krebest, 1990). The 
calculation is not only intricate but also adds a parameter 
with no clear physical meaning, that is, complex ray 
distance (Hearn and Krebest, 1990). This paper proposes 
a ray tracing method for viscoelastic media which has 
clear physical meaning and do not need to introduce 
complex velocity. It directly derives complex travel time 
from the elastic media velocity and quality factor Q 
which is the most commonly used parameter to describe 
viscoelastic media (see Appendix B)

                   .
2

1
1 Q

jK

i
ic  (8)

With the introduction of complex travel time, equation (2) 
can be written in a more generalized form (Appendix B):

Re1,u
0 0 dMWeStM Mti c dω. (9)

Defined by complex travel time, the real part of 
complex travel time represents wave fi eld phase changes, 
while the imaginary part represents wave fi eld amplitude 
changes. The wave field amplitude changes in actual 
viscoelastic media is exactly the wave field amplitude 
attenuation, for which the physical meaning is clear and 
computation is simple.

In order to facilitate quantitative analysis of attenuation 
on wave fi eld amplitude, we defi ne formation absorption 
decay factor
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decay is the amplitude attenuation term caused by 

viscosity. The formation absorption decay factor 
characterizes seismic wave field amplitude changes 
caused by formation attenuation when different 
frequency components of the wavelet propagate in the 
viscoelastic media. Due to the attenuation shown in 
equation (10), the formation attenuation relates to quality 
factor, frequency, and travel time.

Numerical modeling

Taking the interface between the second and third 
layers in model 1 (model parameters in Table 1) as 
an example, we calculate the reciprocal of geometric 
spreading factor 1/L, formation absorption decay factor 
decay, and the formation transmission loss for different 
P-wave incident angles. From Figures 1a to 1d, it is 
clear that these three parameters all change with incident 
angle (or offset). That is to say, the three factors have 
similar AVO/AVA (Amplitude-versus-Offset/Amplitude-
versus-Angle) characteristics to reflection coefficients. 
They have different effects on the reflected wave 
amplitudeswith different incident angles(or offsets). 
Because of geometric spreading, attenuation, and 
transmission effects in the real seismic wave fields 
during wave propagation, the AVO/AVA response 
characteristics of real wave fields are significantly 
different than the reflection coefficients calculated for 
the case of a single interface. The amplitude-preserved 
AVO/AVA forward modeling should consider all kinds of 
propagation effects like geometric spreading, attenuation 
and transmission loss. Figures 1a and 1b also show that 
the reciprocal of geometric spreading factor 1/L and 
formation absorption decay factor decay for reflected 
P-waves or converted-waves at the same interface 
both decrease with increasing incident angle, which is 
consistent with real wave fi eld propagation. Comparing 
Figure 1b with Figure 1c, we see the formation 
attenuation factor changes with P-wave incidence 
angle are relatively larger than for converted waves. 
However, at the same incident angle, absolute amplitude 
attenuation of converted wave is larger than that of 
P-wave, because converted waves have a smaller quality 
factor. Figures 1b and 1c also show that amplitude 
attenuation for different frequencies is different. The 
higher frequencies show greater amplitude attenuation. 
Figure 1dshows transmission loss has a complicated 
effect on the wave fi eld amplitudes. With the increment 
of incidence angle (offset), PP-wave transmission 
loss,Tpp, increases while PS-wave transmission loss,Tps, 
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decreases. The effect of Tps on wave fi eld amplitude is relatively complex and there is no simple rule to follow.

Table1 The model 1parameters
P-wave velocity 

(m/s)
Poisson’s ratio Density 

(g/cm3)
P-wave quality 

factor
S-wave quality 

factor
Thickness 

(m)
1st layer 
2nd layer
3rd layer

2400
2140
2400

0.4
0.1
0.4

2.2
2.1
2.2

100
50
100

50
50
50

2000
10

2000

Fig. 1 The numerical results of model 1.
(a) The reciprocal of multi-wave geometric spreading factor versus incident angle (Geopp stands for PP-wave, Geops stands for PS-wave). (b) PP-wave  
attenuation factor for different frequencies versus incident angle. (c) PS-wave attenuation factor for different frequencies versus incident angle. (d) Multi-
wave transmission loss versus incident angle (Tpp stands for PP-wave, Tps stands for PS-wave)

Figure 2a shows the multi-wave refl ection coeffi cients 
AVO/AVA response of model 1 at the interface 
between the second and third layers. Figure 2bshows 
the amplitude response of reflected and converted 
waves including propagation effects such as geometric 
spreading, attenuation (at 30Hz), and transmission loss. 
It is the result of true amplitude preserved AVO / AVA 
forward modeling. In Figure 2a, the PP-wave amplitude 
increases with incidence angle, while in Figure 2b 
the PP-wave amplitude increases with incidence 
angle and then decreases. The PS-wave amplitude in 
both figures increases with incidence angle and then 
decreases but the peak position is different. The peak 
in Figure 2b has a smaller incidence angle. The higher 
shear wave attenuation leads to the bigger difference 
between P- and S-wave amplitudes. Comparing the 

reflection and converted wave amplitude modeling by 
the two AVO forward modeling methods, we know 
there is a significant difference in amplitude response 
characteristics due to propagation effects. For real AVO 
analysis, wave field amplitude must be corrected for 
geometric spreading, attenuation, and transmission loss 
and then the traditional AVO analysis and inversion 
can be applied. However, in seismic data processing, 
the three propagation effects are often very difficult 
to correct and requires accurate formation elastic 
parameters and quality factors, which cannot be obtained 
accurately. A better option is to apply multi-wave 
amplitude-preserved AVO forward modeling to the 
AVO analysis of real seismic data. As for inversion, we 
can modify the model by iteration based on amplitude-
preserved multi-wave AVO forward modeling and iterate 

(a) Multi-wave refl ection coeffi cients versus incident 
angle (Rppfor PP-wave, Rps for PS-wave).

 (b) Multi-wave amplitude-preserved AVO 
response (App for PP-wave, Aps for PS-wave).

Fig. 2 AVO response of model 1.
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the wave fi eld computations until the forward model data 
fi ts the fi eld seismic data well.

Figures 3a to 3e show the P-wave velocity of the 
horizontal layered model 2: P-wave quality factor, 
shear wave velocity, shear wave quality factor, and 
density. Figures 4a and 4c are the PP and PS seismic 
responses with a 30Hz source wavelet which ignores 
the propagation effects. Figures 4b and 4d are the PP 
and PS seismic responses with the same source wavelet 
which include the propagation effects. The seismic 
responses ignoring propagation effects (Figures 4a 
and 4c) have strong amplitude at far offset and the 
energy of the shallow and deep events are equivalent. 
On the other hand, the seismic responses considering 
propagation effects (Figures 4b and 4d) have noticeable 
amplitude attenuation at far offset and the deep events 
energy is obviously weaker than the shallow events. 
The main reason is, with increasing offset or depth, 

the impact of geometric spreading or attenuation on 
wave field amplitude increases. We see from Figure 4 
the seismic response events considering propagation 
effects show lower dominant frequency, especially for 
the PS-waves. Equation (10) and Figures 1b and 1c 
show the attenuation effect is also related to frequency, 
with higher frequencies having more absorption. This 
causes the seismic response dominant frequency to 
move to lower frequencies. The shear wave quality 
factor is usually less than the P-wave’s and, therefore, 
PS-waves show more attenuation and lower dominant 
frequency (shown in Figure 4d). In practical seismic data 
processing, we should consider three propagation effects 
on the seismic response (Figures 4b and 4d) and correct 
the seismic response to that ignoring the propagation 
effects (Figures 4a and 4c). The corrections for different 
frequencies, different refl ection time, and different offset 
are all different, so accurate correction is very diffi cult. 

(a) P-wave velocity.         (b) P-wave quality factor.       (c) Shear wave velocity.      (d) Shear wave quality factor.              (e) Density.
Fig. 3 The parameters of model 2.

(a) PP-wave CMP gather ignoring 
propagation effects.

(b) PP-wave CMP gather including 
wave propagation effects. 

(c) PS-wave CMP gather ignoring 
propagation effects. 

(d) PS-wave CMP gather including 
wave propagation effects.

Fig. 4 The seismic response of model 2.
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If not corrected, seismic amplitude interpretation based 
on reflection coefficients is bound to have greater 
errors. For this reason, seismic amplitude interpretation 
technology based on amplitude-preserved multi-wave 
AVO forward modeling is more suitable for real seismic 
data amplitude interpretation and amplitude response 
characteristics studies. 

Figure 5 shows a comparison of wave fi eld amplitude 
simulated by elastic wave equations(Kennett, 1983; 
Muller, 1985; Mallick and Frazer, 1987) to that simulated 

by the amplitude-preserved AVO forward modeling 
method. The figures present reflection PP-wave 
amplitude(shown in Figure 5a) and converted PS-wave 
amplitude (shown in Figure 5b) at the interface between 
the second and third layers of model 3 listed in Table 
2. We see from Figure 5 that the proposed amplitude-
preserved AVO forward modeling method agrees with the 
results of elastic wave equation forward modeling very 
well, which proves the proposed amplitude-preserved 
AVO forward method to be correct and effective.

Table 2 The model 3 parameters
P-wave velocity 

(m/s)
Poisson’s ratio Density 

(g/cm3)
P-wave quality 

factor
S-wave quality 

factor
Thickness 

(m)
1st layer 
2nd layer
3rd layer

2048
3048
2048

1202
2200
1200

2.14
2.30
2.14

100
100
100

50
50
50

1000
1000
1000

   (a) PP wave                                                                (b) PS-wave
Fig. 5 Comparison of model 3 wave fi eld amplitudes using the wave equation and amplitude-preserved AVO.
(a) Solid line denotes the results of proposed amplitude-preserved AVO forward modeling, Dotted line denotes the results of wave 

equation forward modeling.

Conclusions

Considering the three propagation effects in real 
wave fields, we present a ray tracing-based multi-
wave amplitude-preserving AVO modeling method. 
Numerical experiments show that propagation effects 
have great effects on multi-wave reflection amplitudes 
throughout wave propagation in the overlying media. 
The real amplitude response characteristics are 
significantly different than single interface reflection 
coeffi cient AVO response characteristics and, therefore, 
the reflection coefficient-based AVO forward modeling 
has large system errors for multiple wave AVO analysis 
and inversion. Multi-wave amplitude-preserving AVO 
forward modeling, compared to the refl ection coeffi cient-
based AVO forward modeling method, establishes a 
more precise relationship between formation parameters 

and seismic AVO response and has higher computational 
efficiency than the elastic wave equation modeling 
method. Multi-wave amplitude-preserving AVO 
forward modeling, having a high application value, can 
be directly applied to AVO analysis and model-based 
AVO inversion for field seismic data. However, it is 
also difficult for the proposed multi-wave amplitude-
preserving AVO forward modeling to simulate multiples 
fast and simply, which is the subject of further research.
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Appendix A

Derivation of geometric spreading factor
Bleistein et al. (2001) derived the geometric spreading 

factor for acoustic media. A geometric spreading factor 
derivation in a horizontal layered elastic medium is 
presented here. According to Snell’s law, we have the 

ray parameter

       .sinsinsin

si

si

pi

pi

vvzv
zp  (A-1)

The PS wave offset is
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where vp (z) and vs (z) are the P- and S-wave velocities.

For a horizontal layered medium, the ray horizontal 
distance in the i-th layer can be written as
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where tanθp (z) and tanθp (z) are the included angles 
between the P-wave ray, S-wave ray, and vertical 
direction, respectively. 

Substituting equation (A-3) into equation (A-2), we get
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Then, the equation (A-4) summation form can be 
written as
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Where hi is the thickness of the i-th layer, vpi and vsi 
are the P-wave velocity and S-wave velocity of the i-th 
layer, respectively.
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Where θ (M0) is the angle between the initial entering 
direction and vertical direction.

From equation (A-2), we get
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and 
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Equation (A-8) can also be written as
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Substituting  equations (A-5) and (A-9) into equation 

(4), the PS wave geometric spreading factoris obtained.
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Then, we get
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For PP-waves, in the case of horizontal layered 

media,  ray paths are symmetric.  The equation 
2/1

1 cos
cosK

k k

k

O
O

 is equivalent to 1. Changing vsi by 
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vpi in equation (A-11), the PP-wave geometric spreading 
factor is obtained
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Doing further simplifi cation,  we get
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Appendix B

Derivation of complex travel time in viscoelastic 
medium

The monochromatic plane wave in a viscoelastic 
medium is represented by

      .expexp0 rjktjArA , (B-1)

where α is the absorption coefficient, k is the wave-
number, r is the propagation distance, A (r) is the 
monochromatic wave amplitude after propagating 
distance r, and A0 is the monochromatic plane wave 
initial amplitude.

Equation (B-1) can be written as
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k

tjArA  (B-2)

Substituting 
v
f

v
k 2  into equation (B-2), we get
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Substituting the relationship between quantity factor 
and absorption coefficient 

v
fQ  into equation (B-3), 

we get
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We  defi ne complex travel time as
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where .r
v

Substituting equation (B-5) into (B-4), we get

              .exp0 ctjArA  (B-6)

For horizontal layered media, the complex travel time 
of the k-th interface can be written as
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where 
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Substituting equation (B-7) into equation (2) the wave 
equation zero-order asymptotic solution in a viscoelastic 
medium is obtained

00

1u , Re ,
2

ci t MM t S e W M d
 (B-8)

where τc (M) is calculated by equation (B-7) and other 
parameters are the same as those in elastic media.
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