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Abstract

This paper is concerned with the optimal linear quadratic Gaussian (LQG) control problem for discrete time-varying system
with multiplicative noise and multiple state delays. The main contributions are twofolds. First, in virtue of Pontryagin’s
maximum principle, we solve the forward and backward stochastic difference equations (FBSDEs) and show the relationship
between the state and the costate. Second, based on the solution to the FBSDEs and the coupled difference Riccati equations,
the necessary and sufficient condition for the optimal problem is obtained. Meanwhile, an explicit analytical expression is
given for the optimal LQG controller. Numerical examples are shown to illustrate the effectiveness of the proposed algorithm.
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1 Introduction

The control problem for time-delay systems have received
extensively attention since 1950s because of its wide appli-
cations in networked control system, intelligent cruise con-
trol system, finance, cable-driven manipulators and so on
[1-6]. There have been a lot of researches on the optimal
control and stabilization problem of time-delay systems in
recent years, and many results have been surveyed, which
concern with single input/state delay or multiple input/state
delays [7-10]. For example, Yue et al. [7] proposed a Lya-
punov—Krasovskii functional approach to design the delayed
feedback controller of uncertain systems with time-varying
input delay, by introducing some relaxation matrices and
turning parameters. Lee et al. [9] studied the robust H_, con-
trol problem for uncertain linear systems with a state-delay.
Based on the obtained delay-dependent bounded real lemma,
the delay-dependent condition for the existence of a robust
controller was presented. Due to the existence of multiple
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delays, the optimal controller is related to the past variables,
which makes the control problem more challenging.

On the other hand, stochastic uncertainties exist in many
control processes, and some results have been shown in
[11-14]. Qi et al. [12] presented the optimal estimation and
the optimal output feedback controller of the discrete-time
multiplicative noise system with intermittent observations by
virtue of coupled Riccati equations. The stabilization condi-
tion for this system was developed in the mean square sense.
Rami et al. [13] considered the discrete-time stochastic LQ
problem subject to state and control-dependent noises. A
necessary and sufficient condition for the existence of the
optimal control was identified in terms of the solution to the
proposed difference Riccati equation. As to meet the actual
demand in different areas, the control systems with both sto-
chastic uncertainties and time delay(s) have been thoroughly
studied [15-19]. Zhang et al. [15] obtained the optimal lin-
ear quadratic regulation (LQR) controller for discrete-time
system with input delay and multiplicative noise via the Ric-
cati-ZXL difference equation, while the additive noise was
not considered in this reference. In [16], Liang et al. took
the state- and control-dependent noise, additive noise and
input delay into account, and the optimal controller and the
suboptimal linear state estimate feedback controller for the
linear quadratic Gaussian (LQG) system were both derived,
with only single time delay in the input. Besides, when there
are multiplicative noise and multiple delays in the input, Li
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et al. [19] presented the optimal controller and the optimal
cost under the necessary and sufficient condition. However,
additive noise was not considered. It is obviously shown that
the system models described in the above literatures are all
discrete time-invariant and input-delay(s) systems. Moreo-
ver, the optimal problem involving simultaneously multipli-
cative noise, additive noise and multiple state delays are not
mentioned. In addition, when the additive noise is related to
the multiplicative noise, the analysis and synthesis for the
control problem remain challenging.

Different from the existing research systems, the system
considered in this paper contains simultaneously multiplica-
tive noise, multiple state delays and additive noise, which
is more complex than before. It should be emphasized that
the additive noise and the multiplicative noise are depend-
ent, and the coefficients in this paper are time-varying. The
LQG control for our paper is much more sophisticated and
unsolved. The main contributions of this paper are as fol-
lows: (1) The relations between the state and the costate in
terms of the discrete time-varying LQG problem is given
by lots of inductive calculations, which is also the solution
to the forward and backward stochastic difference equations
(FBSDEs). (2) If and only if a sequence of matrices are all
positive definite, the optimal controller and the associated
cost function will be obtained via the coupled difference
Riccati equations, and the explicit expression of the unique
controller is presented, which is obviously more complicated
than LQR controller in [19]. Our approach is based on the
stochastic maximum principle, and the key technique is the
solution to the FBSDE:s.

The rest of this paper is organized as follows. In Sect. 2,
the discrete time-varying stochastic LQG control problem
is described. In Sect. 3, the key tool to the solution is pre-
sented, and the necessary and sufficient condition for the
optimal LQG control problem is shown. The solutions to
the general LQG problem are derived. Numerical examples
are shown in Sect. 4. Conclusions are provided in Sect. 5.
Proofs of the Lemma and the Theorem are described in
Appendixes.

Notation R" denotes the n-dimensional real Euclidean
space. I presents the unit matrix of appropriate dimen-
sion. The superscript ' denotes the transpose of the matrix.
{Q2,F, P,{F;}is0) denotes a complete probability space
on which random variable v, and y, are defined such that
{F1 }iz0 is the natural filtration generated by v, and y, i.e.,
Fr=0{Vys .- Vp» Hg» - - » My }, augmented by all the P-null
sets in F. A symmetric A > 0 (> 0) means that it is a posi-
tive definite (positive semi-definite) matrix. 8, , is the usual
Kronecker function, i.e., 8, , =0 if a #b, and 0, , = 1 if
a = b. Tr(P) represents the trace of matrix P.

2 Problem formulation

Consider the discrete time-varying stochastic LQG system
with state delays and multiplicative scalar noise:

d

1 = 2 (€0 + vCikx_| + (DW) + v DD + py.
i=0

)

where x;, € R"is the state, u, € R™ is the input control, the
positive integer d is the state delay, v, is the scalar noise with
zero mean and variance y, y; € R"is random variable sat-
istying B[ | Fy_;1 = iy and E[ppe; | Fy 1] = Q,,- The coef-
ficient matrices with compatible dimensions C;(k), C;(k), D(k)

and D(k) with i =0, ..., d are time-varying. v, and g, are
correlated, satisfying E[vu; | F;_11 = 7, E[viu;| F_;1 = 0,
k # 1. The initial states x; fori = —d, ..., 0 are deterministic
and known.

Consider the associated cost function for system (1):

k=0

N
Iy = E{ 2 [0 + R | + 3, Ph v } @

where Q,, R, and P%H are positive semi-definite matri-
ces with appropriate dimensions, and N is the horizon
length. In view of the fact that x;, depends on v,_;,v;_,,
wos Mg_1» Mg .-, and the controller obeys the causality
constraint, u;, must be F;_;-measurable (see [13]). Then, the
problem to be addressed is stated as follows.

Problem 1 Find the unique F,_;-measurable state feedback
controller u;, k = 0, ..., N, for system (1) such that the cost
function (2) is minimized.

3 Main results

For simplicity, we make the system (1) to be
d

Yot = D, Culm; + Duy + s 3)
i=0

where

Ci(k) = Ck) + vCik), i=0,....d,

D, (k) = D(k) + v, D(k).
Following the similar approach in [19], we apply stochastic
Pontryagin’s maximum principle [20] to system (3) with the

cost function (2) to yield the costate equations:

Cn = PryiXyers 4)
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with the terminal value @y, = 0, and g2 , Ni, £, satisfy the
G-t = E[ Z( k+m) (k+ m)Ck+m|‘7:k—1] + O o) coupled equations (7)—(10).
. Proof The proof of Lemma 1 is in Appendix A. O
= E[D, (0G| Froy] + Ry, k=0, ..., N, ©6)

where { is the costate variable with §; = 0 fork > N.

For further study, we define the following Riccati cou-
pled equations and make the backwards recursion for
k=N,N—-1,...,0:

d—j

Po= Y |CG+ P, Coili+ k)

i+k+1

i=0

+yClG+ P, X Copii+h)

+Ci+ P+ (P ) Cii+ K

i+k+1

(N
- O N+ 000,
Q=R +D ()P

0 D) +yD (P, Dk, ®)

=D 0P + DR, Ck)+yD 0P, Ck). (9

k+1 k+17J k+177

The terminal values of the above matrix sequences Pﬁ(, 0

andNi,j: 0,...,d are given by

77N+]_0 j=1,...,d+1,

P, =0 i=2...d+1,j=0,..d+]1, (10)
Q=1 N{VH:O, i=1,...dj=0,...d.

It should be emphasized that the recursion will stop unless
assuming that €2, is invertible. To give the main results of
Problem 1, we need to obtain the solution to the FBSDEs
(3) and (4)—(6), and then the following lemma is proposed.

Lemma 1 Assuming that £, are positive definite, i.e.,
Q. >0,fork=0,...,N, then the following equation

d
L= ) P+ @, (11)

J=0
is the solution to FBSDEs (3) and (4)—(6), where

d

D, = 2 [(C’(k +i)— (NI, ) QLD (k + i)

i=0
X (Ppyir + 7D.,’i+z+1'l’_‘k+i) + (@:(k + 1)
( k+l) Qk_HD (k + l))730

k+i+1©

12)

T
+ (/P;:rm)/”kﬂ]
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Remark 1 1t is noted that the system model in this paper
is discrete time-varying, and contains simultaneously mul-
tiplicative noise, additive noise and multiple state delays.
Meanwhile, the multiplicative noise is related with the addi-
tive noise. Thus, the problem of optimal LQG control is
particularly difficult.

Remark 2 We have defined 7)’ N’ with j € [0,d] by the
equation (10). As using the notatlons P;a N’ for j > d, we
extend the definition P’ =0, N =0for j > d Besides, the
coefficient matrices C; (k), C (k) are set to be O for j > d.

Now, we are in the position to present the solution to
Problem 1. The results are stated in the following theorem.

Theorem 1 Problem 1 has a unique F,_-measurable u; if
and only if , fork =0, ..., N, are positive definite. In this
context, the optimal controller u, is calculated by

d
wo=-' Y N — 7' 5. (13)

J=0
The minimum performance index is as

d d
—x’POxO+2xoz73’x +ZZ

Jj=1 i=1 1

d-1

X [C;+l(l)

Il
=]

X P, Cont D) + 7Tl (DPY, Oy (D + (P

I+1

X Cip(1) + Cl, (P — (N7 ]! NIH]

I+1 X (14)
N
+ 2By — Y 5 T, +2 Z g
k=0 k=0
N
+ Y TP, 0,1,
k=0
where
2 = DR @y + P, )+ D OP, 7, (15)

while P;(, Ni, £, satisfy the coupled equations (7)—(10).
Proof The proof of Theorem 1 is in Appendix B. O

Remark 3 Different from the existing work [19], the diffi-
culties caused by the additive noise are mainly as follows.
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First, this paper considers the optimal LQG control problem
with both multiplicative noise and correlated additive noise,
which is more challenging than [19]. Second, due to the
existence of the additive noise, the key technique to this opti-
mal control problem, i.e., the solution to the FBSDEs (11)
is quite more difficult than that of [19]. Besides, the optimal
controller u, satisfying (13) and the associated optimal cost
(14) are more difficult to obtain, and the expression of u; and
J;} are more complicated than [19].

Remark 4 For a stochastic discrete-time system with no state
delays, i.e., d = 0 in system (3), it is obviously obtained that
the coupled Riccati difference equations:

P = Cy (P, Colk) + yCo (P, Colk)
- (NYQ'N? + 0,
where
Q, =R+ D' (P, DK+ yD (P, Dk,

N? =D (k)P°

0 Co) +yD ()P, Colh).
The optimal controller reduces to
u, = —.Q,:lN]?xk - Q;lzk,

where X as (15). In this context, the solution to the FBSDEs
is as

Giot = Phx + @
with
@, = (Ch(k) — (N 7' D' (0)) (Pyyy + L, )

+ (G = VYD )Py + (P
Remark 5 From Theorem 1, when the disturbance term
and the multiplicative noise v, are independent, i.e., 7 = 0,
and when the additive noise is Gaussian white noise, i.e.,

i, = 0, the Riccati difference equations are as (7)—(10), and
the matrices can be rewritten as

d

D= Y (Clk+ ) = N QLD (kD) Piyiyy, (16)
i=0

5 =D 0D, an

As the terminal value @, =0, it is obviously obtained
that X, and @, in (16), (17) always equal to be zero for
k=0,...,N. Then, the optimal controller reduces to

d

—_ _ 01 J
u, = .Qk Zkak—-f’
Jj=0

and the solution to the FBSDEs is as

d
Cpm1 = Z 7);{xk—j-

Jj=0
In this case, the associated optimal cost is given by

x . [C;+l(l)

d
% ! ’ j
Jy —xO”ngO + 2x;, Z Psx_j +
J=1 J

X P CiniD + J/CJ,'+I(1)7D?+1CI‘+1(1) + (P

I+1

X CpaaD) + C (P = VY Q7N

N
+ X TP,
k=0

d d-1
=1

13

d
=1 =

In view of obtaining the scalar case of optimal LQG
control system (3), we derive the results to the general
system with multiple delays and multiplicative noise.

Consider the following case of discrete time-varying
system:

d f
Xy = Z [Ci(k) + Z Vk(m)@i,m(k)]xk—i
i=0 m=1

P (13)
+ [D(k) +y vk(m)Dm(k)] W+ e

m=1

where V, = (v, (1) ... v, (f))' is a f~dimensional white noise
defined on a complete probability {2, P, F}. V, satisfies the
variance y, i.e.,

Yir Yy

EVV]I=r= eERY, y>0.

yfl “oe yﬁ
Here F, is the natural filtration generated by V, and y,, i.e.,
F, is the o-algebra generated by {Vy, ..., Vi, Ho, ---» My}

Then, the general case of discrete time-varying LQG control
problem is stated as follows.

Problem 2 Find the unique F,_;-measurable state feedback
controller u,, k = 0, ..., N, for system (18) such that the cost

function (2) is minimized.

To solve Problem 2, we derive the definition as

S
CLl) = C(k) + Y vi(m)C, (R,

m=1

f
Dy(k) = D) + Y v(m)D,, (),

m=1
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and the coupled difference Riccati equations (7)—(9) extend
to

dj
ﬂ=2qmwmmwww+22m

i=0 a=1 b=

X G+ 0P, Coagpli + )+ L+ ) (19)

xﬂ$$+@mﬂﬂaw+m (N,

J+i
X 'Ql+th+k] Hj-o Qk’

ff
Q=R +D WP, DK+ Y, Y YD (0P, Dy(k),
a=1 b=1

(20)
=D (P + D WP, Cilk) + Z Z Yab
a=1 b= 2D
XD, k)P, ,Cpk), k=0,....N

Based on the above definitions, the solution to Problem 2 is
derived in the following theorem.

Theorem 2 Problem 2 has a unique F,_,- measurable u, if
and only if 2, fork =0, ... ,N, are positive definite. In this
case, the optimal controller uy is given by

d
- -1 U -1
wo=—-27" Y Nix,_ - '3,
j=0

and the associated optimal cost function is as

d d-1

_x0730x0+2x027jx_J + Z Z Zx’ [ (D

j=1 i=1 =0

fof
X P CictD + 2, Y YasCiat s D Py Cirp (D
b=1

a=1

+ (P CL O + Cl (P -

d+INr

1+1 I+1 (Nl )
N

X Q;IN;'“] X+ 220D = ) T2 5,
k=0

N N
+2 ) @y + ) THP,
k=0 k=0
where 79;{, Nf;, £, satisfy the coupled equations (19)—(21).

Remark 6 1t is obviously that the multiplicative noise V), in
the general LQG control system (18) is expanded by mul-
tiple dimensions of white noises. The existence of multi-
dimensional white noise has no essential influence on the
optimal control problem, and we can treat it as a whole.
Then, the approach of Theorem 1 is also applied to the

& Springer T

general situation. Thus, combining the mathematical char-
acteristics of V,, Theorem 2 is derived as the above.

4 Numerical examples

Example 1 Consider the scalar case of time-varying LQG
control system (3) in Theorem 1, as the additive noise y;
correlated with v,. Let the associated parameters be as

Co(0) =1, C,(0)=—1, C,(0) =1,

Co(0) = —4, C,(0)=3, C,)(0)=2

Co() =2, C(1)=3, Cy(D)=~-

Co() =2, (1) =-2, Cy() =1,

D) =4, 25(0):1, D(1) = -1, T)(l):—l,
y=11=1,0, =10, =1, =02,

and the cost function (2) with

d=2, N=1, P =1, O, =1, R =1.

N+1

By direct calculation , it yields

P)=64.55 PN =-48.73, P)=-2593,
NJ =267, N} =-633, Ny =22,

Py =3.67, P, =067, Py=-0.67,
Ny=-4, Ny=-1, N, =1

) =66, X =-12, Q,=6333,  =3.

It is obviously known that £2, is positive definite for k = 0, 1.
Thus, from Theorem 1, there exists a unique u;, which is
given by

wh = —0.0421 X xo + 0.1 X x_; — 03474 X x_, — 0.1042;

uy = 0.0632 x x; +0.0158 x x5 — 0.0158 X x_; + 0.0189.

Second, we shall illustrate that u;f can minimize the cost
function (2). Let the controller be arbitrary. For example,

fig =034 Xxy+2Xx_1 +0.8xx_,—02;

itl = 2)()61 + 1 X.xO _0.2 Xx_l - 1.

Compare the cost function under u; and &, with different
initial values as follows:
Dxy=1,x_,=1,x,=2J"=3.56, ] =2188;

D xg=—1,x_; =2, x,=2,J"=6165, J=141.16;
Nxy=0,x,=—1, x_,=-3,J*=2299, J =36.79;
Yxg=2,x_, =1, x_,=-2,J"=23.16, J = 42.09.

Hence, u; and J* are optimal. This demonstrates the correct-
ness of our results.
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Example 2 Consider LQG control system (3) with x, € R?,
w, €R%, d=1, y=1, =[1,1], and the coefficient
matrixes are time-invariant with

[—1 1.2] - -02 0 -12
CO__0.8 1]’60‘[1 —0.5]’61‘[0 1]’
_ (02 -2 -1 2 ~ 06 —2
Cl_»l 1]’62‘[—2—0.4]’62‘[1 0]’

[ 0 15] - 08 —13 03 0
0.7 1]’C3_[1 0.4]’D‘[—1 0.2]’

C3=
= 1 1.2
D_[O3 _1:|7QV_I’QM_I7

and the cost function (2) with

N=3, 0=1, R=1, P’  =0.

N+1

Then by direct calculation, the solution to coupled difference
Riccati equations is yielded as

il it o M B et
7= m s ) Bl i)
Pi=[aos Jous|” P=lots Zas0)
7= Yo o | =10 o
M=los sl M= 50 E
Ny = _—I})S _0?579_ Ny = _8 8_ ’

Rl Py vid BRVES peiery
M=% 252 m=[o )

% =105 159 @[22 53]

= _36.178 3().;l78]’ @ = [é (1)] '

Obviously, £, > 0 for k =0, ..., N, therefore, there exist
a optimal controller for Problem 1. In addition, when the
initial values are

[-0.5 L |03
(08 [>T [-0.7”

the optimal controller can be calculated as

s f252] e [-3e8] . _[-389] . _[0
07 |—136[ 1T 158 " 2T | 46| T (0|

148.8.

)CO:

Accordingly, the associated cost function is J* =

5 Conclusions

In this paper, the discrete time-varying LQG control problem
with both multiplicative noise and multiple state delays has
been studied. We obtain the solution to the FBSDE:s for the
discrete time-varying systems. A necessary and sufficient con-
dition for the existence of a unique optimal controller is pro-
posed. The basis of this approach is the stochastic maximum
principle and the key is the relationship between the state and
costate. In the future works, we expect that the results in this
paper shall pave new ways for networked control system with
both state delays and packet dropout.

Appendix A

With the stochastic maximum principle (4)—(6) to LQG con-
trol system (3) involving multiple state delays and multipli-
cative noise, we can obtain for k = N,

d
0=y (DN, ,C:(N) +yD (NP

N+1

Ci(N) ) xy_;

=

0
+ (D' WP, DIN) + rb’(N)P?m

X uy + D' NP, iy + DN, 7

D(N) + Ry)

Using Egs. (8) and (9), the optimal controller u, is as
d

Uy =— .Q;,l ZN;;]xN_i - .QI:,IZN,
i=0

where X, = D'(N)P,, iy + D' (NP,

w417+ From (4) and (5),
we also have

& Springer
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oy = E[(Cg),(NﬂD?VHxNH |7:N—1] + Onxy

d

=E [( €Y NP, Cy(N) — (NZ)’QWQ)
=0

X xy_; — (N9 Q' Dy N)PR, py + (C3) (N)

X N+1MN|‘7:N—1 + QN.xN.

Substituting (7), {_; yields

d
Cyo1 = Z ,Plllva—i + P,'i,xN + GV ),P?VHIZN
i=1

+Co NP, T = (NS Q5 D (NP,
X iy = (NgY Q7' D' )R, o)
d
= Z Py + Py,
j=0

where @, satisfied (12) with the terminal values being zero.

Now, we have verified (11) for k = N. Supposing that
are as (11) forall k > n + 1, we will show that (11) also holds
for k = n. For k = n + 1, with (3) and (11), ¢, can be calcu-
lated as

d
G = Z 7jn+1xn+1—j +P,,

J=0

d d
/ - (22)
= 2 7)11+1xn+1—j + ,PO,H_] Z (C;(n)xn_i + D(n)u,
=1 i=0

+ 1) + Dy

Inserting ¢, to (6), (6) will become

d

0=E [ Z (D;(n)ﬂ:l + D, (P, O (n))x,_; + D,(n)

J=0

<P,

d
=) Nx, ;+Qu,+Dm) (P, 4, +®P,,)
j=0

+ @,(n)PO T.

n+l

Dy, +D (P, 1, + D (D, | F,_y | +R,u,

Thus, the optimal controller is given by

d
—_0! U
u, = - Nx,_;

=0

-1
-Q'o,. (23)

In virtue of equations (3), (5) and (23), ¢,_, yields that

& Springer T

Cn—l

d-1
-E [ DY @+ mi,,, + €LY 0+ d)

m=0

d d
X ( 2 7);z+d+1xn+ﬂl+1—j + 7Don+d+l ( Z C;1+d(n + d)xn+d—i
j=1 i=0
+ Hn+a + Dn+d(n + d)un+d) + ¢n+d+l > |‘7:n—l] + ann

d—1 d
~ | Tl 0+ Y, (€ P
m=0 Jj=0

+( )+ P

n+d+1

c.m+d)— N,y

n n+d

XN Vg = (N2 2Ly Z g + (CL Y (n+ d)

n n

X (Pg+d+1/"n+d + ‘pn+d+1)|-7:n—1] +0,x,

d-2 d
=E [ Z(CZLm)/(n + m)Cn+m + ((Cz;;_l),(n +d-1)
m:O =0

J

% ,Pi+l

n+d
+(C, ) (n+ d)Pfjjm
X O+ d) = (N3, ) QNI
X C{z+d—1(n +d = D)X+ N Uy
— (N ) QL B + (€LY 1+ P,y g

+ @, )+ CLL )+ d = D(P, 8t + Py

d—1
+ (Cn+d—l

Y(n+d-DP,C., (n+d—1)

n+d'n

+(C )+ P

n+d+1

+ (Prd)

+ (PZ+d),Mn+d— 1 Lﬂ—l] +0,.x,

d-3 d d
—E [ D, mEme,, + Y Y (€LY n+i)
m=0

Jj=0 i=d-2
X PP C L iy 4+ (CLY (n+ P

n+i+1"n+i n+i n+i+1
i+1 1 A+1 . i\ =1 nriH—d+2
+ (7);:+i+l) Cn+i(n +i) - (Nn+i) ‘Qn+iNn+i )
d
1 1 -1 [ ! .
X Xnyd—2-j ~ Z <(erz+i) ‘Qn+i2n+i + (Ciz+i) (n+19)
i=d—1

i+1
X (P2+i+1ﬂn+i + clz’n+i+l) + (P;,:,‘+1)/Mn+i) |fn—]

+ 0,x,.

Plugging (3) and (23) into the above equation for times d,
we can calculate §,_, as follows:
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gn—l
d d 4 .
=E [ D <(C;+,-)’(n + )P, CH(n+i)
j=0 i=0

+(C Yn+iPY

n+i n+i+1

+ (P YA+ i)

n+i+1 n+i
d
i —1 a7t i -1
- (N;:+i)"Qn+iNn+i>xﬂ+l—j + Z <(_N;:+i)/‘Qn+iZn+i
i=0
+ (Co ) 1+ DPy i i + Prgig)

n+i n

+ (7)i:rli+l),/‘n+i> I"Tn—1:| + 0, %,

where P;:fl = 0 fori+j > d from Remark 1, and then
Cn—l
d d—j
=2 2 (Clon+ P, Ciyyr + )
j=0 i=0
+yCn+ )P, Cojn+ i)+ Cin+ P
(P Cogn+ D) = N, ) QLN ),

d
; _1 o -
+ Z ((_N}l’l+i)/Qll+iZ"+i + C:(n + l)(P(r)L+i+1”n+i
i=0

=/ . i+1 _
+ @) +C(n+ ’)(Pg+i+17 + (Pie) Ainsi) + Qo
After inserting (7), we can summarize that

d

Lot = ) P, + @,

J=0

This completes the proof of the lemma.

Appendix B

(Necessity) Suppose that there exists the unique F,_-meas-
urable i, to make the cost function (2) minimized. We will
show that £2,,k =0, ..., N are positive definite by induction
and the optimal controller can be designed as (13). Define

N
J(k) = E[le’.Qix,- +URw; + X P e |-
ik

When k = N, J(N) is presented as

J(N) = )\ Qyuy + 2uy(DINYPY,,  fiy + DNPY,, 7)
+Ti[Py,, 0, 1

where xy = 0and xy_; = Ofor j =0, ..., d as the uniqueness
of the optimal controller is unrelated with x;,.

As J(N) can be expressed as a quadratic function of u,, and
the performance index must be positive, it can be obviously

know that £2,, > 0, i.e., £, is positive definite for k = N.
Assuming 2, > Oforallk > n + 1, we will prove that £2, > 0.
With (3), (5) and (6), for k > n + 1, we construct that

E [x//(é’k—l - x/,c+1Ck]
d
=E [x]'{E[Z Cromk + M) | Fii] + xliQkxk
m=0

d /
- < Y Ctox_; + Dy(ku + ﬂk> gk] 24)
i=0
-E [x,ngxk ~ WE[D ()| Fiy ] - M;gk]

To obtain the form of J(N), we add both sides of (24) from
k=n+1tok =N, we have

N
B, 6 = Xy lnl = Y, B[O + Ry — ).
k=n+1
Then,
N
E[ Z <x]’(Qkxk + qukuk> + x;v+17j?v+1xN+1]
k=n+1

N
=E 'x:l+lé:ﬂ - Z Mllcgk]'
k=n

Compared with (2), it yields that

N
J0) = [0, + W R ] +E|x 8+ Y wa] @)

k=n+1

Setting x, =0 and x,_; =0, fori =0, ... ,d as the same as

the condition k = N, and plugging (11) into (25), we obtain

N
Jn)=E [u;Rnun +u! D! (n)¢, + Z ﬂ,/cé’k]
k=n

=E[u/R,u, + u. D, ()P, D, (mu, + u,)

n+l1
N

+U DL MD,, + Y 1]
k=n

=, Qu, +u (D'W)(P, i, + D,.)

N
+Y_)/(n)732+17)+ Z 1,
k

=n+1

Similarly to the case £2); > 0 above, we obviously get £, > 0
forall k =0, ..., N. This completes the proof of necessity.
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(Sufficiency) Suppose that 2, > Ofork =0, ..., Nis ture,
we will show the existence of the unique F,_,-measurable i,
to minimize (2). Make the definition:

d—1

2 Xy [C;+Z(k + DPy ey Crnak + )

k+1+1 k+1+1

0
+7C., k+DP), , Coui(k + 1) +C., (k+ DP

+ (P Y C e+ D) — (N Y Qp L N

k1 ket et | K

+ 20D,

First, as k = k + 1, using the equivalent substitution/ = [ + 1,
j=j—1,andi=i- linturn, the V(x;, ) can be calculated
as

V(xis1)

k+17k

=E [x,’( (@Y ®P, ,Clk) + (C) (P,

d

A G IACIEE A WCAOLAMAL

J=1

+ (@ WP+ (PL ) C0)x,

k+1

d d
+ 2 2 (CY RPL ) + () P

j=1 i=1

d
+ (P CLR))x, + 2u z Nix,_; + (2 — Ry
=0
d-1d-1 d
+ Z Z Z x;c—j[cj/‘+l(k + Z)P2+l+1ci+l(k +1)
=0 i=0 1=1
7 Gk DY, ok + D) + Cly (ke + D
ey kel i+ ke++1
1 W
+ (P;c++1:1),ci+z(k +0D - (Ni:,)’lelNk:ll]xk_i

d
+ 21, P Coox, s + 20 P, DeRuy + 1Py,
=0

d
1 i+l ’
+ Z ”k7);<+1xk—j + 22, Prya |-
j=0

Constructing the form V(x;) — V(x;,;), we have

& Springer T

Vix,) — V(xk+1)

d !
J=0

d d
+2;' ) Ngxk_j> =2 3 + 2D =2 ) X,
j=0 j=0

X <(Cj;;)’(k)<732+1ﬂk + ‘Dk+1> + 7);:1%) = 2U Dy
- ﬂ£7’°/i+lﬂk] :

Denote

¢, = (Ci) = N 2" D'(0) (P iy + Py
+(Cltk) = N "D (k) PR, + (P .

d
We can obviously know that @, = ¥ ¢/, .. Then,
i=0

d
E [2xkd5k =23 X (€Y WP, 1+ Di) + Pl
=0

d d
=2) X -2 (4 + VYRS
=0

j=0 J
d .
= -2 ) X (N Q' 5
j=0

(26)
By virtue of (26), the following equation becomes

V() = V)

d
=E [x;CQkxk + U R, — (u + 2 Z Nixk_j),Qk(uk

=0
d 4 |
+ .Q;l ZN;(xk_j) — Zullzk -2 Zx;—j(Ni)l'lelzk
Jj=0 j=0
- 2'“llcdjkﬂ - M;/cpzﬂl/lk]
d
_ i ’
= B[ Qune + ufRyan = (uy + 2" Z Nixi ) (g
=0
4 d
-1 J , ) ottt
+ QY Ny ) -2, 5 -2 ) X (VY2 S,
J=0 j=0
-1 1
— X T+ X -2 Dy — 1P ]
d .
= X,05 + u Ry — (1 + 2 Y N+ 27 5,)'
=0
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d
X (u+ 27 Y Ny + 23 + 2 5,
=0

= 2Dy — TH( P, 0,1

Adding from k=0 to k = N, the following equation is
obtained:

Vixg) = Vxyer)
d

N

_ ' ' -1 J

= Z [kukxk + u Ry — <uk + 0, Z N X
k=0 Jj=0

’ d
+ _Q;‘Zk> .Qk<uk + 0! ZNixk_j + Q;‘zk>
=0

+ 502, 5 - 2By - Tr[PQHQm]]'

Then, the cost function (2) becomes

N d !
JN = V(.XO) + Z [(”k + Q;l ZNixk_j + Q;lzk>
k=0 Jj=0

d
X Q <uk + Q) N+ Q,;lzk>
j=0

- Q'S 2D, + Tr[PQHQm]] )
As Q, > 0, the unique optimal controller is

d
w = —07! Zfo Q7>
k= k k7 k—j k k>
=0

which minimized the cost function (2), and the optimal cost
is

N
Jy = Vixg) + Z <2ﬁ,’(¢>k+1 - Z]i!);lzk + Tr[PQHng]).

k=0

Now, the proof of Theorem 1 is completed.
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