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Abstract

This paper is concerned with the robustness analysis and distributed output feedback control of a networked system with
uncertain time-varying communication delays. This system consists of a collection of linear time-invariant subsystems that are
spatially interconnected via an arbitrary directed network. Using a dissipation inequality that incorporates dynamic hard 1QCs
(integral quadratic constraints) for the delay uncertainties, we derive some sufficient robustness conditions in the form of coupled
linear matrix inequalities, in which the coupled parts reflect the interconnection structure of the system. We then provide a

procedure to construct a distributed controller to ensure the robust stability of the closed-loop system and to achieve a prescribed
{>-gain performance. The effectiveness of the proposed approach is demonstrated by some numerical examples.
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1 Introduction

Recently, the rapid developments in computer net-
working technology and control engineering have en-
abled many large-scale networked systems (LSNS), such
as unmanned flight formations, automated highway sys-
tems, satellite constellations, and smart structures. The
common features of these systems are that they usually
consist of numerous subsystems and exhibit complex
dynamic behavior as a whole by exchanging information

*Corresponding author.
E-mail: tzhou@mail.tsinghua.edu.cn.

among the subsystems through the interconnection net-
works. When controlling these systems, it is often nec-
essary to adopt a distributed architecture, in which the
controller is also composed of several interconnected
units, to take advantage of structure information and
reduce the computation or communication complexity.

Great effort has been devoted to investigating the sta-
bility analysis and distributed controller synthesis prob-
lems for special types of systems, including spatially
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invariant systems [1-4], strongly interconnected sys-
tems [5], identical dynamically coupled or decoupled
systems [6, 71, heterogeneous spatially distributed sys-
tems [8, 9]. Most distributed control approaches as-
sume that the communication is ideal. However, due
to the spatially distributed nature of LSNS and the lim-
ited network capacity, the transfer of information among
these subsystems is subjected to communication delays,
which are usually uncertain even time-varying. These
network-induced delays can lead to serious performance
degradation and even destabilization of the system. For
such systems, time-delay robustness must be explic-
itly addressed to ensure that system performance is
achieved.

Some references assumed that signals exchanged by
the subsystems affected by arbitrarily small delays [9]
or one-step delays [10, 11]. By utilizing these assump-
tions, some delay-independent robust stability criteria
were derived. These criteria, however, fail to exploit the
gain or phase properties of the delay, and may be overly
conservative when the upper and lower bounds of the
delay are given. The paper [12] considered an intercon-
nected passive system with time delays in the intercon-
nections, and presented an exact integral quadratic con-
straint (IQC) based delay-dependent stability condition.
However, this condition is only applicable to a special
system with a cyclic interconnection structure and is not
applicable to distributed controller design.

In this paper, we consider the robustness analysis
and distributed output-feedback control of a networked
system (NS) with time-varying communication delays.
The NS adopted here consists of a collection of linear
time-invariant (LTI) subsystems interconnected through
an arbitrary directed network. The objective is to de-
rive some delay-dependent and computationally effi-
cient conditions for robustness analysis, and construct a
distributed controller with the same architecture as the
plant that achieves robust stability and ¢,-gain perfor-
mance against the time-varying communication delays.

To accomplish this, we follow the so-called IQC ap-
proach for capturing the input-output properties of time-
varying delay uncertainties. The first contribution of this
paper is to extend the merging of time-domain 1QC
descriptions of uncertainties with dissipation theory to
networked systems. Inspired by the recent works [8],
we construct a dissipation inequality based on the hard
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factorization of IQCs multipliers for each individual sub-
system via a neutral interconnection constraint, in which
the time-domain IQCs are interpreted as dynamic sup-
ply functions for each subsystem. This paves the way
for the distributed controller design by respecting the
interconnection structure of the system.

Specifically, by separating the delay operators from
the interconnections, we first describe the uncertain NS
by a linear fractional transformation (LFT) model. The
properties of the time-varying delays are captured by
suitable families of dynamic hard 1QCs. Using a dissi-
pation inequality that incorporates the IQCs for delay
uncertainties, we establish sufficient conditions for ro-
bust stability and £,-gain performance of the NS against
delay uncertainties in the form of coupled linear matrix
inequalities (LMI). These conditions depend only on pa-
rameters of each subsystem, IQC multipliers and inter-
connection structure information. This property makes
them computationally attractive for an LSNS with sparse
interconnections.

As the second contribution of this paper, we develop a
method for the distributed controller design by adopting
the dynamic IQC constraints directly to handle the case
when the controller is also affected by communication
delays. On the basis of the dualization lemma and elim-
ination lemma in [13] and [14], the conditions for the
existence of a distributed output-feedback controller are
formulated in terms of several matrix inequalities, which
are non-convex. Then, we show how these conditions
can be convexified.

The remaining of this paper is organized as follows.
Section 2 gives a description of the adopted NS and the
problem formulation. Section 3 develops the robust sta-
bility and performance conditions of the NS with time-
varying communication delays. Section 4 presents the
distributed controller design procedure. Some numeri-
cal results are reported in Section 5. Section 6 concludes
this paper.

Notation Symbols R", Rg, R"™",R*, Z* denote the
sets of n-dimensional real vectors, n-dimensional real
symmetric matrices, m X n real matrices, nonnegative
real numbers and nonnegative integers, respectively.
{5 denotes the set of n-dimensional square summable
signals, while ) represents the extended set of n-
dimensional locally square summable signals. Notation
RLZ" is used to denote the space of proper rational
transfer matrix with no poles on the unit circle. RH:*"
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represents the subspace of RLZ" consisting of func-
tions with no poles outside the open unit disk. The trans-
pose and conjugate transpose of a matrix X are denoted
by X' and X*. The para-Hermitian conjugate of ¥ €
RL™" denoted as W™, is defined by W~(C) := WT(C™)
where C denotes the variable of Z-transformation. The
n X n identity and the m X n zero matrix are denoted by
I, and Oy, respectively, or just I and 0 if dimension
is clear from context. diag{X;| ", } denotes a block diag-
onal matrix, while col{X,-Il.L= } the vector/matrix stacked
by X;|i- ,. Objects that can be inferred by symmetry are
sometimes indicated by . The Kronecker product is de-
noted by ®. The inertia of a symmetric matrix M is de-
fined as in(M) = (in_(M), ing(M), in, (M)) with in_(M),
ing(M), in,(M)) denoting the number of negative, zero,
and positive eigenvalues of M.

Given a time-varying delay 7(t) € Z*. Let D, denote
the time delay operator: (D.v)(t) = v(t — 7(t)), and S;
denote the “delay-difference” operator (D, — I); i.e,,
S:(v) = o(t — (t)) — v(t).

2 Problem formulation

Consider a networked system X consisting of N linear
time invariant dynamic subsystems. Each subsystem L;
is described by the following discrete state-space equa-
tion:

x(t + 1; 1) Axx,i Axv,i Bxd,i x(tl l)
Z(t/ i) = Azx,i sz,i Bzd,i U(t, i) ’ (M)
e(t/ 1) Cex,i Cev,i Ded,i d(t/ l)

wherei=1,2,...,N.tandi stand for the temporal vari-
able and the index number of a subsystem, respectively.
x(t,i) € R™i is the state vector of the ith subsystem L;
at time t. z(t,7) € R"™/o(t,i) € R™ is the output/input
vector of the Z; to/from other subsystems, which is also
called internal output/input vector throughout this pa-
per. e(t, i) € R™/d(t,i) € R": is the performance out-
put/disturbance input of the Z;.

Define Nt (i) as the index set of the subsystems that
have internal outputs to subsystem X; and Ng(i) as
the index set of the subsystems that have internal in-
puts from subsystem Z;. Thus, the internal input v(t, i)
and internal output z(¢, i) can be partitioned as v(t, i) :=
col{vp(t, I)lpenr(y} and z(t, 1) := col{zy(t, i)lzens(i)), respec-
tively.

To adistinct pair of subsystems, indexed by i and j, we

assume j € N(i). The constraint of the interconnection
between L; and L; can be expressed as

vj(t, i) = (D, z)(t, ), j € Nr(i), 2)

where vj(t, i) € R™ and z(t, j) € R"™i.. It is obvious that
Ny, = Nz, Dy, is the delay operator that is defined by
vj(t, i) = zi(t — 7j(t), j), where the delay duration 7;(t)
is uncertain and time-varying. To simplify the notation,
we write 7;(f) as 7;;. The upper bound of 7;; is denoted
by Tu; € Z* such that 7;; € [0, T u;]- Hence, the subsys-
tems are connected through

o(t) = (D P2)(t). 3)

Here, z(t) = coliz(t, )Y} and v(t) = col{v(t, )Y, }. In
addition, D is the delay operator generated via Dy,

D, = diagf{diag{Dx,| e} - (4)

The interconnected structure is illustrated in Fig. 1 for
the case N = 3. It is assumed that every row of the
subsystem connection matrix (SCM) @ has only one
non-zero element which is equal to one. As argued
in [15-17], this assumption explicitly describes the con-
nection between the internal inputs and outputs of dif-
ferent subsystems, and does not introduce any restric-
tions on the structure of the adopted system. Since each
individual subsystem only interact with a small num-
ber neighboring subsystems, the SCM @ usually has a
sparse structure. For the case in Fig.1, the SCM @ is
given by

0 0|6, |0
I, 0 0
O=| " (5)
0 00|,
0 1,00

Introduce the vector 4(t) and let 5(t) = ®z(t). We have
that v(t) = (D.0)(t). For subsystem Z;, the internal in-
put vector v(t, i) can be expressed by v(t, i) = (D, 0)(t, 1),
where D, = diag{D-, |jens()}- Based on these relations
and equation (1), the state-space description of subsys-
tem Z; can be rewritten as

X(t +1, Z) Axx,i Axv,i Bxd,i X(t, l)
Z(t/ 1) = Azx,i sz,i Bzd,i (D’riﬁ)(tr Z) . (6)
e(tl l) Cex,i Cev,i Ded,i d(tl l)
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The interconnections among the subsystems are de-
scribed by

a(t) = Dz(t). 7)

It is obvious that the interconnections described by (7)
are turned to be ideal, that is, the flow of information be-
tween any two subsystems will be instantaneous. More-
over, the internal input of subsystem Z; becomes a de-
layed signal defined by the diagonal delay operators D.,.

Teu,n T“’“/Z)
a1 zz(t,1)|D oi(t,2) dt,2)
] L N L I
Drn |
z(t,1) Uz(t/1)| zi(t,2) v3(t,2)
3 3
v1(t,3) z,(t,3)
L
dit,3
(t,3) le(t/:”

Fig. 1 Networked system with communication delays (N = 3).

To facilitate the robustness analysis, a model trans-
formation will be performed on the original model in
order to separate the delay uncertainties from the nom-
inal LTI subsystems. Specifically, we introduce two vec-
tors w(t,i) and q(t,i). Let w(t,i) = o(¢,i) and q(t,i) =
(D7, 0)(t, 1) — 0(t, i). From equation (6), we have the aug-
mented model of the subsystem Z; described in the
following LFT form:

x(t+1,0)|  |Awxi Axoi Axoi Bxai| |x(t,10)
wti) | |0 0 I 0 [|q¢1)
2(t1) | |Awi Az Ao Baai | [0 ()
e(t, i) Cevi Cevi Cevi Deg| |d(t, 1)

q(t, i) = (Srw)(t, 1),

where S, is a diagonal delay-difference operator, and
it is obvious that S;; = diag{Sr,|jens(h}- Let d(t) =
diag{d(t, )|} and e(f) = diagfe(t, )| }. The defini-
tion of stability of the NS I is adapted to the current
formulation as follows.

Definition 1 The networked system I formulated
by the feedback interconnection subsystem (8) and the
subsystem connection (7) is stable if it is well-posed and
if the mapping from d(t) to e(t) has finite ¢, gain.
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3 Robust stability and performance analy-
sis

IQCs is a powerful tool in robust stability analysis
of uncertain systems. They are extensively applied to
specify a constraint on the input/output signals of the
uncertainty. More precisely, let A denote a bounded,
causal operator. Two signals w € 3! and q € ¢ related
by g = A(w) satisfy the IQC defined by IT if

w(e (u) o ( ]a))
LT e[ e, o

where @ and § are Fourier transforms of w and g, re-
spectively. IT is a bounded LTI self-adjoint operator on
{, space, while I1(e}?) is its frequency response func-
tion. The following definition characterize the IQC in
the time domain.

Definition 2 Let [T € RL"™" he factorized
as V"MW where M € RZ™™ and ¥ € RHX0m+m)
Then (¥, M) is a hard IQC factorization of IT if for any
bounded, causal operator A satisfying the IQC defined
by I1 the following inequality holds:

tio (2 () T™Mzy () > 0 (10)

forall T>0,0€ €, w=A@),and z = WH.
w

A time domain 1QC as in Definition 1 is referred to as
a hard IQC in [18]. In contrast, factorizations for which
the time domain constraint holds only for T = oo are
called soft IQCs. It should be noted that the hard/soft
property depends on the factorization (¥, M) but not be
inherent to the multiplier IT [19]. The distinction is im-
portant because the dissipation inequality is valid only
for hard IQCs. The next lemma provides a sufficient
condition that IT has a hard factorization.

Lemma 1 Let [T € RL"™X0H0 ¢ 1 — w~pMp

Iy Tl

and partition as [ } where II;; € RL™™ and

b x»n
[Ty € RLZ", Assume 111 > 0 and [1; < 0, then IT has
a hard factorization (¥, M).

Assume that the delay-difference operator S, satis-
fies a collection of IQC multipliers {I1;,k =1,2,..., N},

. . Iy Thog| .
which can be partitioned as | with ITy1; >
T3, Mk

0 and IIpr < 0. According to Lemma 1, every [l
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has a J,, », -spectral factorization (W;, My,) using the
methods of [19]. We further assume the factorization
Y11 ki l,bmﬂ and

(Wki, M) has the form of W, =
0 Iy,
Ly,

0 _Inv.

i

My, = [ . As argued in [20], this assumption

is without loss any generality.
Then, the state-space realization of the associated sys-
tem W ; can be described as

, Xy, (t, 1)
Xy (t+1,0) B Alpk,i Bl/qu,i BlPka .
. =l = - qt, i [, A1
zy, (t,1) Cyyi Dyygi Dyyan,i ot )

where xy, (t,i) € R"% denotes the state vector of the
associated system Wy; with x,(0,7) = 0, and zy,(t,i) €
R*"i is the output of W ;. The output matrices have the
following structure forall k =1,2,..., N,

= CL/) %l = Dtp q,i = Dtp w,i
Cypi = Ok » Dyygi = In; ; Dy, = (; .
All {W¥y;, k =1,2,...,N.} are aggregated into a single

system W; with the following state-space realization:

xp(t+1,0) Ay Bygi Bywi | |Xu(t1)
{ 2 | Cyi Dygi Dyw,i|| | at,9) |, (12)
o 0 5, 0 |||ewd

where xy(t, i) = col{xy, (t, )T, } with xy(t,1) € R™:. The
matrix parameters are partitioned as

Ay, = diag{AlPk,ilszTl}/ Byg,i = COl{B‘Ilkq,inV:Tl}/
Blpw,l = COl{Blllkw,llkN:Tl }/ CW,Z = diag{Cq/k,l|kN=T1}l
Dyq,i = col{Dugil X)), Dy = col{Dypail 27, ).

Now, we combine the IQC-induced system (12) to the
augmented system (8). The resulting extended system
can be described in the following formfori =1,2,...,N
andk=1,2,...,N,,

X(t+1,1) Ati Bn,i Br,i Bisi| |X(t 1)

zy(t0) | _ ?k,i Dy1i Droi O | |q(t,0) a3
z(t, 1) Azvi Azvi Azoji Baai| |0, 1)
e(t, 1) Cex,i Cev,i Cevi Degi| |d(t, 1)

where %(t,i) = [xi(t,i) It )T € R™ with ny, =
1y, + ny, and the system matrices given by

Ay B
At,i — Y,i wa
0 Axxr
B:.,bwz
Bp, = , Bi= ,
l [Axv,i l Bxd,i
Cp:= [OnvianY Clpk,i Onvixm,] Onzinﬂxi (1 4)
k,' - 7
’ 0 0
0 D
Du,i = an, , D= ng'l p
zxz = [OnL Xy, Azx,i] sz - [OnL Xy, Cex,i]/

where n, = Z ny., and ng = Z My
c=k+1

In order to establlsh the stability conditions of the NS
against time-varying delays, we will establish the con-
nection between time-domain IQCs and the dissipation
theory. We first introduce the following definition of dis-
sipativity [21].

Definition 3 (Dissipativity) A discrete time system
X is(Q, S, R)-dissipative with respect to the energy sup-
ply rate s(u, y) := y'Qy + 2y Su + u'Ru, if there exists
a non-negative storage function V(x) : R* — R* such

that
y(t)
u(t)} {as)

0,i,j € Z*, and all

STR

. y(®)
v v
(x(7) < V(x(@) + Z [ ( t)l

holds for all x € R”, all times j > i >
inputu € {7,

The energy supply rate function s(u, y) can be defined
according to the quadratic performance criteria of the
system. In this paper, the NS X is required to be finite-
gain £, stable, which is equivalent to that there exists
y > 0 such that it is (I, 0, 2I)-dissipative.

Furthermore, utilizing the neutral interconnection
constraint, we introduce the following quadratic form
as a special energy supply rate for each subsystem

T
o =] o] )
Ql(z(tl Z)/ U(t/ Z)) - lﬁ(t, 1) 77(t, l)l
T
B N Zj(t,l) Xij 0 Zj(tri)

where Ui = diag{Xi,-IjeNF(i)} and Vl' = diag{YijIjeNT(i)}.
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Let the scaling matrix X;; = —Y/;, then
N
Q(z(b), 0(t)) = Y, Qi(z(t, i), 3(t, 1)) = 0. (17)
i=1

The following theorem provides sufficient conditions
for robustness analysis of an NS with time-varying com-
munication delays.

Theorem 1 Consider the networked system L.
Given the upper bound vector 77, = col{7, |jeny ()} Of
the time-varying delay 7; = col{7;;|jen: )} forall i = 1,2,
...,N with 7; and Tu; € Z*, if there exist positive-

Ny, +1y. Nz

¢ "and Xj; € ]RSZ/, and
.. . . . . My, .

positive-definite diagonal matrices Xj; € R." for all i =

1,2,...,N,je Nr(i)) and k =1,2,...,N; such that

definite matrices P; € R

ATP.A;; - P; * u; 0
o + [T " | [Coyi Dol
BI.PAy  BL.PBy 0V,
N:
+ k):l (I ® Xio)[*]"Mi[ Cri Dyl
T
+ [*] _fJ/ZI [Cp,i Dp,i] <0 (1 8)

is satisfied foralli =1,2,..., N with

U; = diag{Xijlienz}, Vi = diaglYijlienry}s
Xij==Yji, Bii=[Bn, Bn, Bl

Cii= On,ixn% Azx,i o Oneixnwi Cex,i
b4 o o o ol
Dq),i _ sz,i sz,i Bzd,i Dpi _ Cev,i Cev,i Ded,i ,
0 I 0 0 0 I

Dy = [Di,i Drail-
(19)

Then, system Z is robustly stable for all the time-varying
communication delay 7;; € [0, T, and the induced ¢,
gain from d to e is no more than a priori given y > 0.

Proof Assume that all the IQC multipliers {II;, k =
1,2,...,N.} for S;, depend on the upper bound vector
T, of the time-varying delay 7;. When the value of 7, is
given, we can construct the [y, ., -spectral factorization
(W, My) of IT;.. From the (1, 1) block of the left-hand side
of (18), we have

N‘[
T
Atl,'PiAt,i — Pl‘ + Z Xk,iCEl.Ck,i + C; iUiC(P,,-
=1 ’ ,

+C,,Cpi <0, (20)
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where P; and U; are positive definite according to hy-
pothesis. This implies that

Al PiA; - P; < 0. (21)

Then, each individual subsystem is stable.

Define the storage function V : R™*™ — R* as
V(%(t, 1)) = X'(t, i)P;%(t, i). Multiplying the left and right
sides of (18) by [%1(t,i) q'(t,i) 0'(t,i) d'(ti)] and its
transpose and summing overi=1,...,N yield

FL(t + 1)PE(t + 1) — £ (HPF(E) + Q(z(t), 3(t))
+ :Iil szik(t)Mkzw(t) +el(t)e(t) —y2dT (Hd(t) < 0,
(22)
in which

x(t) = col{x(t, DI}, P = diag{Pil,},
ZlPk(t) = COI{ZI/Jk(t/ l)lf\il }/ Xk = diag{Xk,ilg\il }/
Mk = diag{Mk,ilfil}.

Furthermore, using the fact that Q(z(t),(t)) = 0 and
summing both sides of the above inequality from t = 0
to t = T with zero initial conditions, we obtain

AT+ DPH(T + 1) + Aﬁ Xk f 2y, (DMizy, (1)
k=1 t=0
+ f el(te(t) — y? i dT(t)yd(t) < 0. (23)
t=0 t=0

Applying the hard IQC condition (10) and non-
negativity of the storage function V, we obtain

i el(te(t) < y? i AT (t)d(t). (24)
t=0 t=0

Now, we conclude that the NS is robustly stable for
all the communication time-varying delay 7;; € [0, 77,1,
and the worst-case ¢, gain from d to e is no more than
V. o

Theorem 1 involves parameter dependent LMI condi-
tions. Note that inequality (22) requires the time-domain
IQC to hold over finite time horizons. Hence the exis-
tence of a hard factorization of IT; permits the merging
of IQC descriptions of delay uncertainties with dissipa-
tion theory. As was shown in [18,22,23], a broad class of
multipliers has a hard factorization. Thus, for the given
Tu; and v, Theorem 1 provides convex conditions on
P;, Xij and X ; that are sufficient to upper bound the £,
gain from d to e.
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Note also that the conditions (18) are coupled LMlIs
through the scaling matrices X;; for all i = 1,2,...,N
and j € Nt(i). This is based on the constraint (16) that
expresses the neutral property of the interconnections in
terms of energy supply. The number of coupled indepen-
dent scaling matrices in (18) is equal to the number of
non-zero blocks of the SCM @. Hence, if @ has a sparse
structure, the sparsity of the interconnection structure
can also be reflected by the number of coupled scaling
matrices.

The classical approach to analyze the robust stability
and performance of the NS is to eliminate the intercon-
nection constraint (8) to describe the entire system as
a lumped system. Then, a robustness condition based
on the lumped formulation of the system can be de-
rived using IQCs and a standard dissipation argument
as in [19, Theorem 3]. Compared with the conditions
based on the lumped formulation of the IQC analysis
problem (LF-IQC), the conditions in Theorem 1 are com-
pletely determined by the parameters of subsystem L;,
the IQC multipliers and the interconnection structure
information of the system.

It should be noted that the conditions in Theorem 1
are more conservative than those in LF-IQC although
both of them are based on the IQC framework, because
we have restricted the quadratic supply rate to a partic-
ular type as in equation (16) when utilizing the neutral
interconnection property of dissipative systems. How-
ever, by considering these supply rates as free parame-
ters, we take advantage of the interconnection informa-
tion of the directed network and give less conservative
analysis conditions than those with fixed supply rates.
Another source of conservatism in Theorem 1 is derived
from the selected IQC multipliers modeling the delay
uncertainties, which can be reduced by exploring more
compact IQCs to bound the delay-difference operators.

4 Robust distributed control design

We extend the subsystem L; with a control input
u(t, i) € R™ and a measurement output y(¢,i) € R™,
which leads to the following state-space description

x(t+1,79)|  |Axi Axoi B Baui| |X(7)
z2(t,0) | _ | Azvi Azoi Baai Baui| |0(t 1) @5
e(t, 1) Cex,i Cevi Dedi Dewji| |d(t,1)
y(t, 1) Cyri Cypoi Dyai 0 | |u(t, i)

We assume that the to-be-designed controller K is
another interconnected system that consists of N con-
troller subsystems. The controller subsystem K; associ-

ated with (25) is described as

K+, |AKG AX BR[|,
i) | =AY, AL, B |05, (26)
u(t, i) Ck CX DE || yti)
Ki

where xX(t,i) € R™, zX(¢,i) € R™ and vX(t,i) € R
withi=1,...,N. Notice that controller subsystems can
communicate via the signals v®(t, 1) and zX(¢, 7). Assume
that the distributed controller shares the same inter-
connection topology with that of the plant. In this way,
the oX(t,i) and zX(t, i) can be partitioned as v¥(t, i) :=
col{vl(t, )lpens(y) and 25t 1) = col{z(t, D)lgenc(), re-
spectively. If we assume that j € Nr(i), the constraint of
the interconnection between K; and K; is described by

vt ) = Dzt ), jENT@),  @7)

K . an K o nzK .
where v; (t,)) € R " and z;*(t, j) € R " with nx = nx.
ij ji
D« is the delay operator, where 'cg is time-varying delay
g
duration. We further assume that 7;; and TII? do not have

to be equal but share the same upper bound 7, € Z*.

The objective here is to design an interconnected
output-feedback controller K such that the closed-loop
system is robustly stable and has finite £, gain in the
face of communication delays. The distributed control
system is depicted in Fig. 2.

A similar model transformation will be performed on
(26) to separate the delay uncertainties from the LTI
part of the controller subsystem. Then, we have the
augmented model of the K; described in the following
LFT form:

xK(t +1, 1) AExi Alx<vi AEvi B,I*fui xK(t’ l)

W) | |00 I 0 ||4C0
Kti) | |AK, AR AR BR | 2% 0| 28)

) | [k ek DR | i)

95t 1) = (SxX)(t, ).

Define the delay vector TS := col{tjj, 15} and the
delay-difference operator S,c := diag{S:,, S.x}. Let S.c
1y ij i

= diag{S cljens(y} denote a diagonal delay-difference

ij

operator associated with the closed-loop subsystem
consisting of K; and L;. We can employ a set of dy-
namic 1QC multipliers {IT;,k = 1,2,...,N;} to char-
acterize the delay-difference operator S.c. Denote a

state-space realization of the IQC-induced system W&
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by (A5, [Bi"'i Biw,,-], Ciﬂ», [Diw Diw,i]) with the same !olaces the' original relation g“(t, 1) = (STicwC)(t, i), which
structure as equation (12). This system essentially re- is shown in Fig. 3.
z (t,1) of(t,2) ¢
Z5(t,1) = D o8 (t,2)
Ky 1o D] 22| K
D
u(t,1) yt,1) u(t,2) y(t,2)

// ----- R ---------‘\\

o) 2t ot 2) ot \

1 r Ty r 1

1 1 Uz(t,1) ,D_l Z1(t/2) 2 1

: (23 1

! dt,1) T elt,1) dt,2) elt,2) i

1
Dex| | [D-, Controlled plant D. ! [Dx
P | o eabli

1

. lae 3 et I

! 1

! ,(t,3) z,(t,3) !

: 1 23 2 ’I

\\\ ,I

""""" wt3) | lwen T
v} (t,3) z(t,3)
1 K3 2

Fig. 2 Closed-loop networked system with N = 3.

w(t,1)

— z,,(t,1)
gt

s,

LSt
() K; (t,i)

u(t,i) y(t,i)

A« p [—a)
e(t,i) <——— ~—d(t,1)

Fig. 3 Robust synthesis interconnection.

By connecting each LFT sub-controller (28) to the sub-
system (8) and absorbing the IQC-induced system (12),
the extended closed-loop subsystem are given by

xXS(t+1,0)| | AF B, B, BS,|[xC(ti)
Crr i =C HC PC Cip i
z, (1) _ Coi Dygi Diwi 0 |95 1) . 29)
L) | |AS, AS, AS, BS, ||C,0)
et,i) | |cS, S, c<, DS, || dd
M;

C

. ,CF . _ . ;
where xC(t,i) € R, 25(t i) e R+, 0°(t,) e R,
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nc
gc(t,i) € R and sz(t, i) € R ¥ with nc = ny, + n,
N = Ny +Mx, Ne = Ny + 1k and ne = (N +1)n ¢ -

i i i i vi vl

Accordingly, we can partition the interconnection vec-
tors vC(t, i) and zC(t, 1) as v<(t, i) = col{v]C(t, Dlienntiy)
and zC(t,1) = col{z].c(t, i)ljen(iy}, respectively, in which

2 n'UC 2 nZC

v](?(t, i) € R “i and z]C(t, i)eR 7.
The state-space matrices of (29) can be described as

Buu,i
M= A B + 0 KilCyri Cyoi Cyoi Dyail, (30)
Ci Di| |Buu,i
Dew,i
where
[Ayi 0 0 0Bygi 0 |Bywi O
0 A%, 0 0 0 BS | 0 B,
0 0 AwiOAw: 0 |Aw; O
0 0 000 O 0 0
g |Coi 0 0 00 0 [Dyy 0
S lock, 000 0|0 DY,
0 0 001 O 0 0
0 0 00 0 I 0 0
0 0 AuiOAzn; 0 |Ani O
L0 0 000 O 0 0
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[ A; 0|By;| By |
00 0|0
=[G}, 0 0 DG, (31)
00 1|0
| Ay O Az i| Ao, |
Bi=[0 0 B, 010 0 0 0B, 0]"
= B}, 0|0 ol BL, I, (32)
=[0 0 Ceyi Ol Ceri O] Ceri 0]
= [Cexi O Cevyi| Cev,il, (33)
D; = Dy, (34)
(00 0 ]
00 0
B, = 00 Bus|’ (35)
70 0
Bzu,i = 00 Bzu,i ’ (36)
071 0 |
00 0
Cuxi=[00 0 0], (37)
00 Cpi O
[0 0
Cpi=| 0 If, (38)
[Cyo,i O
0
Dyai=| 0 |, (39)
Dy,
Dewi = [0 0 Deyil- (40)

Now, we show the conditions for the existence of a
distributed output-feedback controller in the following
theorem.

Theorem 2 Consider the networked system L.
Given the upper bound vector 7, = col{‘]’uwlje,\/T i)
of the time-varying delay & = col{7 |]€NT(1)} for all
i =1,2,...,N with 7% and T, € Z+ if there ex-

Ny +nwc

ist positive- deflnlte matrices PS¢, P% € R, " and

XS XS € ]RS ”, and diagonal positive-definite matri-
ces XC, XC, e R™ forall i =1,2,...,N, j € Ng(i) and
k=1,2,...,N; such that (41a)-(41f) are satisfied for all
i=1,2,...,N.Then, there exists a distributed controller

with the same structure as X such that the closed-loop

system (29) is robustly stable for all the communication
time-varying delay TZ,C], e [0, Tu,.]], and the induced ¢, gain

from d to e is no more than a priori given y > 0.

—51/,‘ *x ok
T I'xil0
x| Yii-1 % . <0, (41a)
| 01,0 A
ETEEE
[x]T| T2 ! N * Tg(l)} >0, (41b)
Q2 0 ¥ X,
L k=1 "
PiG ! > (41¢)
A PAY C
I Pl.G
XC ! (41d)
I X
ol
XX = Inc, (41e)
XpXe, = In o (41f)
where
0, 0|0 I, 01,20
Iy; =ker| " " " , (42)
0 ny,i Cyv,i 0 Cyv,i 0 Dyd,i
Ouyine O |Ouysanc| O Ly, | 0
Fy,i = ker w’ (43)
0 BEMZ 0 Bguz 0 DZHZ
s ]T GSollT 0 0 O
0 PG A;B1; By, B3,
+[*]T ulC Azx,i sz,i sz,i Bzd,i
0 Ve 0 I 0
N
-Y X 0 Jl0I 00O
P e l (44)
i 0 _7/21 0001
5‘21 — [*] _plG AT CT Ale CETXI
0 PS||-I o 0 0
acoffo o -1 o0
+[*]T 1 C T T AT C l
0 V B Dtpwz Zu,i ev,i
A; 0[l0 -T0 0
+ [T , (45)
0 I1|l0 0 0 —I
Yli = [Cexi Cevi Cevi Ded,i]r (46)
Y2 =[B3; 0 Bl,; D}, ], (47)
Q1 =1[Cy,; 0 Dy, 0], (48)
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(2, =[Bf; 0 AL, C, ], (49)
A; = diag{Xg [, (50)
A; = diag{Xg %), (51)

[ diag{Xijljenr)

ue =
_dlag(

diag{XH|jeny
g{ |j€NF } ) (52)
D jensy) diag{X5 |]€Np(1)}

Ve = _diag{ifljem o) diaglYlieno) (53)
| diag{(Y}) ljem) diaglYilienma} |’

[ v.. yH
xo=| 20 R (54)
TlxEyT XK
[\ i
Be YH
Y€ = (55)
D) (YH)T K
i ij
_ _\C
=-Y§, (56)
0c - diag{?ijlje/vp(i)} diag{):(ll'}l'jeNp(i)} , 57)
1 _diag{(Xﬁ)leeNF<i>} diag{XK'UeNp(i)}
C - diag{Yjliens i} dlag{Y ez} ’ 8
7 | diag{ (Y ) jenn () d1ag{Y |]€NT }
o | X XU
Re=| i, (59)
1 (XZI;I)T lej
. Vi YH
j
Yicj - (YH)T yK |’ (60)
i) i
XS —?]Cl (61)

Proof Applying our robustness analysis results to
the extended closed-loop subsystems (29), we derive
the following LMI condition foralli=1,2,...,N,

WIeW; <0, (62)
where
[ 1 0 0 0|
AC BS. BS. BS
~C C C
CS, DS, D5, 0
0 I 0 0
le ’ (63)
AC . AC A€
ZXI zvz ZUI
0 0 I 0
Cerz Cevz Cecvi DC i
, ed,i
0 0 0 I |
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[-P€0j0 0 |0 0J0 0
0 P50 0 |0 000
0 0lAF 0 |0 00 0
000—%)@0000
O; = k=1 (64)
0 0/0 0 USO0 0
0 0/0 0 |0V 0
0 00 0 |0 O 0
| 0 0[O0 0 |0 00—

Notice that the state-space matrices of the extended
closed-loop subsystem depends affinely on %;. Thus,
we would like to derive equivalent conditions that do
not involve the controller’s data ‘K;,i=1,2,...,N.

We first discuss the inertia of the matrix ®;. Because
every (W ;, My ) is the Jie, e, -spectral factorization of Iy ;
and Xkc,z > 0, thus

A0
in( 0 % %, ) = (10, + 15, 0, Nig X (11, + 110).
k=1

(65)

Since Xl(; > 0 and XS = —Yﬁ, we have ini(Xl.C].) =
in;(Y%). Hence

. UZC 0
1r1( 0 VZ.C ) = (ny, + Mok, 0,1z, + nz§<). (66)
n C+n
Since PC € ]RS , thus
P 0

in(

If we take PS, PS to be the top-left blocks of PS,
(P$)™!, respectively. By applying the elimination lemma
from [13] to LMIs (62) , we obtain (41c)—(41f) and the
following LMIs

) = (Tlxic + lelc,o, I’lxlc + leic). (67)

0 PC

F;i['—::l,i + YLYU + Q{iAiQLi]FX,i < 0, (68)
N’r
I T CI EY R Q;r,i(kgl X)) Qa1lyi > 0,

(69)

which lead to (41a) and (41b) by taking the Shur-

complement.
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If the conditions (41a)—(41f) are feasible, we can fol-
low the similar techniques as in [8] to construct the
extended scales P by taking Mok = My + Myc such that
LMI (62) is satisfied foralli=1,2,...,N.

Note that the conditions (41a)—(41f) are LMls, but
the conditions (41e) and (41f) are non-convex. To ad-
dress this problem, we transform the original feasibility
problem into a so-called cone complementarity problem
(CCP)

N A N'[ A
min Y ( ¥ Tr(XSE9) + X Tr(XEXE))
i=1 jeNk(i) k=1 t

s.t. (41a)—(41d). (70)

The global minimum of optimization problem (70) is re-
quired to be n,c + N; X n,c. A linearization method pro-
posed in [24] can be employed to solve such a problem.
Given a set of feasible solutions (XS)O; (Xicj)o, (Xt Jos

()A(ISI.)O that solve the LMIs (41a)-(41d), a linear approxi-
mation of (70) has the form of

N A A
min ).( Y Tr((XiCj)oX,-C]*(ij)oXS)
i=1 jeNg(i)

N N N
+ kgl Tr((Xg )oX; + (X Do X))
s.t. (41a)-(41d). (71)

Hence the non-convex conditions (41a)—(41f) in Theo-
rem 1 can be verified by solving a standard semi-definite
program. For more details of the linearization algorithm
we refer the reader to [24] and the references therein.

Once the optimization problem (71) has global op-
timal solutions, it is sketched in [8] and [14] how to
construct the distributed controller K such that (62) is
feasible, which implies that the distributed controller K
achieves the desired goal of stabilizing the NS Z.

Note also that the dimensions of the interconnection
signals vi‘(t, i) and z{(t, j) between K; and K; are with-
out any constraints in this paper. This is because each
of the closed-loop scales YS (or Xﬁ) is directly calcu-
lated according to the optimization problem (71), which
is different from the reconstruction methods adopted
in [8,9].

5 Numerical examples

In this section, three numerical examples are given to
demonstrated the efficacy of the proposed robust sta-

bility analysis and distributed control design methods of
this paper.

For all the examples in the sequel, two IQC multipliers
from [23] are employed to characterize the associated
delay-difference operator S;, which are

T.,+1DX; 0 I, 0
= 1 || = l (72)
0 =X1| |1, I,
72X, 0 | [a-cMHI, 0
=[x | “"? -7 l (73)
-X5 0 I,

where X; = XI > 0 and X, = X7 > 0. 7, is the upper
bound of delay duration. It can be proved that both of
them are hard factorizations.

Example 1 Consider a network system X with time-
varying communication delays. The system consists of
N subsystems, each of them modeled as (1) and the in-
terconnections among them are represented by (3). The
following properties are satisfied:

. Let ny, = ny, = ny, =2 and ny, = n,, = 1.

. Every parameter of the subsystems is independently
and randomly generated from a continuous uniform dis-
tribution over the interval [-0.5,0.5].

. Each row of the SCM @ is generated randomly and
independently, in which the non-zero element is se-
lected according to a discrete uniform distribution over
all the possible locations.

- The upper bound 77, of each time-varying delay 7;; is
independently and generated randomly from a discrete
uniform distribution on the set [0, 10].

. The induced ¢, gain from d to e is set to y = 1.

Two approaches are utilized in verifying the robust
stability of the generated system. One is based on LF-
IQC by [19, Theorem 3], the other is on Theorem 1.

First, we give a general comment using the number of
variables and the number of LMIs as measures of com-
putational burden. Table 1 summarizes the number of
independent variables for each approach. It is obvious
that N, = 2 because we have used two 1QC multipliers
(72) and (73) to describe the associated delay-difference
operators. For simplicity, let n,,, = 1 forall j € N1(i) and
i =1,...,N. The numbers of variables are calculated
and plotted in Fig.4 for N = 1,2,...,30. The numbers
of variables for Theorem 1 do not grow much with N
when compared with LF-IQC. However, note that The-
orem 1 involves an LMI condition for each subsystem,
and all the LMIs are partly coupled. Thus, it is hard to
analyze theoretically which approach is computation-
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ally more demanding for a given N. Next, we will carry
out specific robust stability verifications for the two ap-
proaches.

Table 1 Number of variables for each approach.

Method Number of variables
LF-IQC N(ny, +ny,)(N(ny, +ny,) +1)/2
N
+N‘( Z Z [nv"/'(nvil' + 1)/2]
i=1 jeNy(i)
Theorem 1 N(ny, +ny,)[(ny, +ny,) +1]/2
N
+(Ne+1D) Y Y [, (o, +1)/2]
=1 jenry
10—
==-LF-IQC i niise
—Theorem 1 e
10°} T

Number of variables N

1

10 s s

2 4 6 810 12 14 16 18 20 22 24 26 28 30
Subsystem number N

Fig. 4 Number of variables as a function of N.

For each subsystem number N, one hundred systems
are generated. Feasibility of the corresponding LMIs is
verified using Matlab’s LMILab toolbox, and computa-
tions are performed with a personal computer with an
Intel(R) Core(TM) i5-8250U CPU. According to these
computations, the average CPU time for each approach
is plotted in Fig. 5 as a function of N.

10° __LFIQC TEET
—Theorem 1 e

2 -

10°} e

Computation time (s)

2 46 81012141618 202224262830
Subsystem number N
Fig. 5 Average CPU computation time versus N.

This figure shows that the growth rate in the average
CPU time with respect to N is smaller for Theorem 1
than LF-IQC. It is also clear that for the NS with small
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size (less than approximately 5) LF-IQC is more efficient
than Theorem 1. This is because in Theorem 1, even
if the variables are less than those in LF-IQC, the LMI
(18) is required to be verified for all i = 1,2,...,N in
a partly coupled manner, which makes the algorithmic
complexity of Theorem 1 more costly from computation
time point of view. However, According to Table 1, the
numbers of variables in LF-IQC grow with the order of
N2, while Theorem 1 has the growth order of N. As the
numbers of subsystem grow, LF-IQC is computationally
more demanding because of the dramatic increase in
the numbers of variables.

Example 2 In this example, we compare our ap-
proach with the existing approach based on the lumped
formulations in terms of the degree of conservatism.
The NS consists of two subsystems whose state-space
model are given below.

[x(t+1,1)] [0.72 -0.16 0.40 0.20] [x(t, 1)
2(t,1) |_[045 0 030 0.10| |o(t,1) o
e(t, 1) 002 0 0 0.10]|d(1)

oyt | |1 010 140 0 | [u(t1)]

[x(t+1,2)] [0.81 =0.28 0.60 0.20] [x(t,2)]
2(62) | _[037 0 040 00| |o(t,2)| 75)
e(t,2) 001 0 0 0.10]|d(2)
yt,2) | |1 010 1.60 0 | |u(t?2)]

These subsystems are connected through

D, 0 |lo1
o(t) = ([ . DTZH1 0} z)(8). (76)

We are interested in computing the upper bounds of
71 and 7, such that the above system is robustly stable
for all 7; € [0,7,],i = 1,2 and the ¢, gain from d to e
is no more than 1. Fig. 6 shows the estimated stability
boundary as a function of delays 7; and 7, for each ap-
proach. The upper dot dash curve is for the approach
LF-1QC and the lower solid curve is for Theorem 1. The
areas to the lower left of the curves represent the cor-
responding stability regions. Evidently, using the same
IQC multipliers to describe the delay-difference opera-
tor, Theorem 1 presents the more conservative results
compared to LF-IQC. This is not a surprise, as Theo-
rem 1 is only a sufficient condition for the robustness
of the NS and utilizes less structural information of the
NS than the approach of LF-IQC. However, when an NS
has a very large scale, Theorem 1 provides a tradeoff
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between computation time and conservatism.

55 : : : -
50 ——— LFIQC

45 —— Theorem 1
40
35
30
25
20
15
10

Time delay 7,

Time delay 7,

Fig. 6 Estimated boundary for the stability region in 7,-7,
plain.

Example 3 Consider the same model as in Exam-
ple 2. When the upper bound of 7; and 7, are set to
Tuw, =4 and 7, = 8, respectively, it can be verified
that the robustness analysis conditions in Theorem 1
are not satisfied (note that this does not imply that the
system is unstable, since the analysis LMIs in Theorem 1
is sufficient, but not necessary, conditions). The objec-
tive is to design a distributed, interconnected controller
such that the closed-loop system is robustly stable for
all 7;, Tf € [0,7,],i = 1,2 and the £, gain from d to e
is no more than 1. To this end, we first confirm the ex-
istence of such a controller by verifying the conditions
presented in Theorem 2. Then, a standard algorism is
employed to reconstruct the distributed controller. The
results are given in (77) and (78).

[ —0.1564 —0.0017 0.0009| 0.0014|—0.1201 ]
0.0001 —0.0175 —0.0012|—0.0879| 0.0001
0.0015 0.0000 0.0000| 0.0000| 0.0015 |,
0.0000 0.0000 0.0000| 0.0000| 0.0000
0.0770 —0.0147  0.0085| 0.0019|-2.7602 |

I =

[ -0.0583 —0.0021 0.0038|-0.0003|-0.1072 |
0.0000 —0.0067 0.0009|—0.0641
0.0042 0.0002 —0.0003| 0.0000{ 0.0084 |.
0.0000 0.0000 0.0000{ 0.0000{ 0.0000
0.0026 —0.0122  0.0143| 0.0010|-2.7217 |

(78)

%, =

Note that both of the controller subsystems have the

order of 3, which is equal to the sum of the order of the
associated subsystem and the order of the IQC-induced
system. This achieves the design objective.

6 Conclusions

In this paper, we investigated the robustness and dis-
tributed control of a networked system with uncertain
time-varying communication delays. By merging the dy-
namic IQC technique with the dissipation theory, we
gave some sufficient conditions for the robust stability
and performance of the NS against delay uncertainties.
Furthermore, we derived some conditions for the exis-
tence of a distributed controller and employed an exist
method to construct the controller parameters. Finally,
we illustrated the usefulness of the analysis and synthe-
sis results by several numerical examples. In a future
research, we will consider the extension of this work
using more general and tighten 1QCs to cover the de-
lay for the reduction of conservatism of the robustness
analysis problem.
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