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Abstract
In this paper, the control problem for a quadrotor helicopter which is subjected to modeling uncertainties and unknown

external disturbance is investigated. A new nonlinear robust control strategy is proposed. First, a nonlinear complementary filter is
developed to fuse the raw data from the onboard barometer and the accelerometer to decrease the negative effects from the noise
associated with the low-cost onboard sensors Then the adaptive super-twisting methodology is combined with a backstepping
method to formulate the nonlinear robust controller for the quadrotor’s attitude angles and the altitude position. Lyapunov based
stability analysis shows that finite time convergence is ensured for the closed-loop operation of the quadrotor’s roll angle, pitch
angle, row angle and the altitude position. Real-time flight experimental results, which are performed on a quadrotor flight testbed,
are included to demonstrate the good control performance of the proposed control methodology.
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1 Introduction

The navigation and control of unmanned aerial ve-
hicles (UAVs), also known as drones, has become an
important research area over the past decades [1,2]. As
a micro helicopter, the quadrotor UAV attracts great at-
tention from military and civil applications due to its
special advantages such as simple structure, vertical
taking off and landing (VTOL), and rapid maneuvering.

It has been widely used in a variety of situations in-
cluding surveillance, fire flighting, environmental mon-
itoring, etc. [3–5]. Comparing to the flapping-wing air-
craft and other configurations, quadrotor UAV is sim-
ple in mechanism, and its four identical rotors are the
only moving parts onboard. The simplicity in mecha-
nism is a trade-off with the dependency of sophisti-
cated flight controller [6, 7]. However, the quadrotor
is a highly nonlinear and time-varying system, and it has
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an unstable open-loop dynamics [8]. Additionally, due
to its small size and weight, the quadrotor is very sensi-
tive to external aerodynamic disturbances such as wind
gusts and ground effect. Therefore, the design of high-
performance nonlinear control mechanisms for quadro-
tors in the presence of structural uncertainties and un-
known external disturbances is still a challenging task.

To guarantee a safe and steady flight against exter-
nal disturbances, various control methods have been
developed for quadrotors in recent years. In [9], the
authors developed an H∞ based attitude controller for
the quadrotor’s attitude subsystem. In [10], the time-
varying disturbance was treated as a new unknown state
and estimated by an extended observer. Then, a sliding
mode based feedback controller was employed for the
attitude stabilization, and numerical simulation results
were included. An integral sliding mode based robust
controller is proposed for the control of a quadrotor
in [11], though the proof of the stability and numeri-
cal simulation results were presented, the control gains
were not very easy to be tuned. In [12], the authors
developed a nonlinear robust attitude control algorithm
for a quadrotor with uncertain dynamics by combing
a PD controller with a robust compensator, and ulti-
mately bounded attitude tracking result was proven.
Based on these works in [12], the authors former extend
the control strategy in [13], where both position and
attitude controllers were developed, the tracking error
were proven to be kept within a known neighborhood
of the origin ultimately. A nonlinear robust adaptive was
developed in [14] for a quadrotor with linear parame-
terized (LP) uncertain-ties and bounded disturbances,
semiglobally asymptotic tracking of a time-varying posi-
tion trajectory and yaw angle trajectory was proved via
a Lyapunov-based stability analysis. In [15], authors de-
signed an attitude controller by using exponential coor-
dinates to avoid singuarlities, and trajectory linearization
method was employed to facilitate the control design
procedure.

Though a lot of controller have been developed for
the control of quadrotors, most of them can not guar-
antee the convergence time for the quadrotor’s outputs.
The super twisting algorithm, which is a second order
continuous sliding mode control technique that ensures
robustness in the presence of the smooth matched dis-
turbance with bounded gradient, is implemented for at-
titude control of a quadrotor in [16] with known knowl-
edge of the boundary of the disturbance gradient.

Motivated by the control methodology presented in

[17], we develop a new nonlinear robust controller for
the quadrotor with the attitude angles and altitude po-
sition selected as the system’s outputs. An adaptive
super-twisting algorithm is combined with backstep-
ping method to formulate the controller. The proposed
controller does not require the exact knowledge of the
boundary of the disturbance or its gradient. By using
the super-twisting algorithm, the control inputs to the
quadrotor suffers little from the chattering phenomenon,
and the adaptive laws ensure that the control gains will
be easy to be tuned. Lyapunov based stability analysis is
employed to show that the closed-loop operation is sta-
ble, and the tracking errors converges to a neighborhood
of the origin with finite convergence time. Moreover,
to increase the measurement accuracy for the altitude
channel where low-cost onboard sensor were very sen-
sitive to noise, a nonlinear complementary filter is devel-
oped to fuse the raw data from the onboard accelerome-
ter and barometer. The stability and convergence of the
filter is also proven via Lyapunov based analysis. Real-
time experimental results are implemented on a self-
made quadrotor helicopter testbed, the results show
that the proposed control strategy has achieved good
control performance for the quadrotor.

Therefore, the contribution of the proposed design
includes that: 1) a nonlinear complementary filter is de-
signed to provide accurate estimation for the quadrotor
helicopter’s altitude based on raw data from the onboard
low cost sensors; 2) the super-twisting based nonlinear
controller can achieve finite time convergence of the
attitude tracking error under the effects of unknown
external disturbances without exact knowledge of the
disturbances’ upper bound; and 3) real-time flight ex-
perimental results have testified the good performance
of the proposed methodology.

This paper is organized as follows: The dynamics
model of the quadrotor helicopter and control objec-
tive are described in Section 2. Section 3 presents the
design of the nonlinear complementary filter design for
the altitude channel. Section 4 provides details of the
control development and stability analysis. Real-time ex-
perimental results are included in Section 5 to validate
the controller’s performance. Finally, some conclusion
remarks are included in Section 6.

2 Dynamic model of the quadrotor

The quadrotor UAV can be considered as a rigid body
with 6 degree-of-freedom (DOF): three translational
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motions and three rotational motions As illustrated in
Fig. 1, two frames are utilized to represent the motion
of the quadrotor. Let I = {xI, yI, zI} denote the right-hand
inertia reference frame, and B = {xB, yB, zB} denote the
right-hand body-fixed reference frame. The altitude of
the UAV with respect to I is denoted by z(t) ∈ R, and
Euler angle vector of the UAV with respect to I is de-
noted by η(t) = [φ(t) θ(t) ψ(t) ]T ∈ R3 where φ(t), θ(t)
and ψ(t) are the quadrotor’s roll angle, pitch angle, and
yaw angle, respectively. The rotation matrix from B to I
is presented as follows [18]:

R(η) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

cθcψ −cφsψ + sφsθcψ sφsψ + cφsθcψ

cθsψ cφcψ + sφsθsψ −sφcψ + cφsθsψ

−sθ sφcθ cφcθ

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

(1)

where c( · ) is the abbreviation for cos( · ), and s( · ) is the
abbreviation for sin( · ). In Fig. 1, fi for i = 1, . . . , 4, rep-
resents the independent thrust force generated by the
four rotors of the quadrotor.

Fig. 1 Schematic of a quadrotor UAV.

The attitude dynamics of the quadrotor considered in
this paper can be modeled via the following differential
equations [18]:

⎧⎪⎪⎨⎪⎪⎩
JΩ̇ +Ω × (JΩ) = τ + d,

η̇ = Φ(η)Ω,
(2)

where Ω(t) = [p(t) q(t) r(t) ]T represents the angular
velocity vector of the quadrotor with respect to B, τ(t) =
[τφ(t) τθ(t) τψ(t) ]T ∈ R3 denotes the control torque
input vector, d(t) = [dφ(t) dθ(t) dψ(t) ]T ∈ R3 is the un-
known external disturbance moment vector. In (2), J =
diag{[ Jφ Jθ Jψ ]} ∈ R3×3 denotes the inertia matrix with
Jφ, Jθ, and Jψ being some positive constants, the matrix
Φ(η) ∈ R3×3 represents the rotational velocity transfer

matrix from B to I which has the following form [4]

Φ(η) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 sφsθ/cθ cφsφ/cφ

0 cφ −sφ

0 sφ/cθ cφ/cθ

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (3)

The following assumption will be employed in the
subsequent control development.

Assumption 1 The disturbance term d and its time
derivative ḋ are bounded such that ||d||∞ � δ1, ||ḋ||∞ � δ2

where δ1 and δ2 are some unknown positive constants.

The dynamic model for the altitude channel of the
quadrotor is shown as follows [18]:

mz̈ = −ut cosφ cosθ +mg + dt, (4)

where m ∈ R represents the mass of the quadrotor,
ut ∈ R is the total thrust in the z-direction, g is the
acceleration of gravity, and dt(t) ∈ R denotes the un-
known external disturbance force in the z-direction. The
following assumption will be utilized in the subsequent
control development.

Assumption 2 The disturbance item dt and its time
derivative ḋt are bounded such that ||dt||∞ � δz1, ||ḋt||∞ �
δz2 where δz1 and δz2 are some unknown positive con-
stants.

Assumption 3 The roll angleφ(t) and the pitch angle
θ(t) satisfy the following inequalities:

φ(t) � π/2, θ(t) � π/2. (5)

This assumption has also been employed in [13].

The relationship between the control inputs [τφ τθ τψ
ut]T and the rotor thrusts force [ f1 f2 f3 f ]T is given
by

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

τφ = lf( f2 + f3 − f1 − f4),

τθ = lf( f1 + f3 − f2 − f4),

τψ = pf( f1 + f2 − f3 − f4),

ut = f1 + f2 + f3 + f4,

(6)

where lf is the distance from each rotor to the center
of the quadrotor, and pf is the force-to-moment scaling
factor.

The main control objective is to design control inputs
(τ, ut) to drive the quadrotor’s outputs (η(t), z(t)) to track
some pre-defined reference trajectory (ηd(t), zd(t)).
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3 Nonlinear complementary filter for the
altitude measurement

In this paper, two low cost and light weight onboard
sensors are employed to provide altitude measurements
for the quadrotor, the first one is the barometer, and the
other one is the accelerometer. The onboard barome-
ter can provide a rough relative altitude measurement
with an accuracy of about ±0.5 m which is not good
enough for accurate hovering control of the quadrotor,
and the onboard accelerometer returns an acceleration
measurement in the altitude direction which is char-
acterized with high noise levels and biases. A nonlin-
ear complementary filter is introduced to deal with the
misalignment of the accelerometer axes and factitious
placement failure as well as some other nonlinearities,
thus good altitude estimation can be obtained via the
raw outputs from the barometer and the accelerometer.

To implement the nonlinear altitude fusion algorithm,
an altitude measurement dynamics model with consid-
eration of the proposed nonlinearities is introduced as
follows:

z̈ = Y(PAm −Q) + g, (7)

where z(t) is defined in (4) and denotes the real alti-
tude value of the quadrotor, P ∈ R3×3 denote a ma-
trix relevant to the misalignment of the sensor axes
and measuring sensitivity differences among each axis,
Y = eT

3 R ∈ R1×3 denotes the transpose of the third col-
umn of the rotation matrix R defined in (1), Q ∈ R3

denote the bias vector, and Am ∈ R3 denotes the out-
puts from the accelerometer.

Remark 1 In an ideal circumstance where the ac-
celerometer’s outputs reflect the real acceleration value
of the quadrotor, P will equal to an identity matrix I3,
and Q will be a zero vector.

Assumption 4 The matrix P and Q in (7) are un-
known constant terms such that Ṗ = 03×3, Q̇ = 03×1.
And the altitude channel is assumed to be measurable
for low frequency such that zm(t) ≈ z(t) where zm(t)
denotes a reconstructed altitude measurement [22].

Let the auxiliary estimation errors em(t), σm(t) ∈ R be
defined as follows:

⎧⎪⎪⎨⎪⎪⎩
em = zm − ẑ,

σm = ėm + λzem,
(8)

where ẑ(t) ∈ R is the output of the following nonlinear
complementary filter, and λz is a positive constant. The

nonlinear complementary filter for the altitude channel
is designed as follows:

⎧⎪⎪⎨⎪⎪⎩
˙̂z = v̂ + (αz + λz)em,
˙̂v = Y(P̂Am − Q̂) + g + αzλzem,

(9)

where αz is a positive constant, v̂(t) denotes the estima-
tion for the vertical speed. The adaptive laws of P̂(t) and
Q̂(t) are designed as

⎧⎪⎪⎨⎪⎪⎩
˙̂Q = −k1σmYT,
˙̂P = k2σm(AmY)T.

(10)

Let the auxiliary error signals ez(t) ∈ R, σz ∈ R,
P̃(t) ∈ R3×3, and Q̃ ∈ R3 be defined as follows:

⎧⎪⎪⎨⎪⎪⎩
ez = z − ẑ, σz = ėz + λzez,

P̃ = P − P̂, Q̃ = Q − Q̂.
(11)

Taking Assumption 2 into account, (9) and (10) can be
rewritten as

⎧⎪⎪⎨⎪⎪⎩
˙̂z = v̂ + (αz + λz)ez,
˙̂v = Y(P̂Am − Q̂) + g + αzλze

(12)

and
⎧⎪⎪⎨⎪⎪⎩

˙̂Q = −k1σzYT,
˙̂P = k2σz(AmY)T.

(13)

Theorem 1 The proposed filter in (9) and (10) en-
sures an accurate estimation for the altitude and vertical
speed such that ẑ(t)→ z(t) and v̂(t)→ ż(t) as t→∞.

Proof After taking the time derivative of (12) and
substituting (13) into the result, the following dynamics
for ẑ(t) can be obtained

¨̂z = Y(P̂Am − Q̂) + g + λzėz + αzσz. (14)

Let the Lyapunov function candidate Vez(t) ∈ R be de-
fined as

Vez =
1
2
σ2

z +
1
2

k−1
2 tr(P̃TP̃) +

1
2

k−1
1 Q̃TQ̃. (15)

By taking the time derivative of Vez(t) and substituting
(8), (11) and (14) into the result, it can be obtained that

V̇ez =
3∑

i=1

3∑
j=1

p̃i j(σzyiaj − k−1
2

˙̂pij)

− Q̃T(σzYT + k−1
1

˙̂Q) − αzσ
2
z (16)
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considering that P, Am and Y in (15) can be denoted by
P = {pij}3×3, Y = {yi}1×3, and Am = {aj}3×1. By substitut-
ing (13) into (16), it can be obtained that

V̇ez = −αzσ
2
z . (17)

From (17) and (15), it is not difficult to show that
σz(t) converges to zero asymptotically. Recalling that
σz = ėz + λzez with λz being a positive constant, then it
can be shown that ez(t), ėz(t) → 0 as t → ∞. Thus, it
can be shown that ẑ(t)→ z(t) and ˙̂z(t)→ ż(t) as t→∞
via (11). Finally, since ez(t)→ 0 as t→ 0, we know that
v̂(t)→ ż(t) as t→∞ based on the first entry of (12). �

4 Control development

This section presents the control design procedure
for attitude angles and altitude position of the quadro-
tor under modeling uncertainties and unknown external
disturbances.

4.1 Design of the attitude controller

A modified backstepping method is combined with
the adaptive super-twisting algorithm to formulate the
proposed control strategy. Before presenting the control
laws, we introduce the following error signals:

⎧⎪⎪⎨⎪⎪⎩
e1 = ηd − η,
e2 = Φ−1(η)(η̇d − η̇),

(18)

where ηd(t) ∈ R3 denotes the desired attitude trajec-
tory vector. The stabilization of e1 can be obtained by
introducing a virtual control input for e2 as follows:

e2d = −Φ−1(η)Ke1, (19)

where K = diag{ki} ∈ R3×3 with ki > 0, i = φ, θ, ψ rep-
resent a gain matrix. By defining σ = e2d − e2, the time
derivative of (18) can be obtained as

⎧⎪⎪⎨⎪⎪⎩
ė1 = −Ke1 −Φ(η)σ,

σ̇ = J−1(τ + d) + ė2d − c.
(20)

It is worth noting that if σ = 0, then e1 converges asymp-
totically to zero. Our control objective is to force σ to
stay in a bounded domain, and, therefore, e1 is also
bounded in a domain.

The attitude controller is designed as follows:
⎧⎪⎪⎪⎨⎪⎪⎪⎩

τ = J(−α|σ| 12 sgn σ − ė2d + c) + J(ν +H),

ν̇ = −β
2

sgn σ +Π,
(21)

where α and β denote some diagonal positive-definite
adaptive gain matrixes such that α = diag{αi} and β =
diag{βi} for (i = φ, θ, ψ), sgn( · ) denotes the standard
signum function. The gains αi and βi have the following
adaptive laws

α̇i =

⎧⎪⎪⎨⎪⎪⎩

√
γi1sgn(|σi| − μi), αi > αim,

pi, αi � αim,
(22)

βi = εiαi, (23)

where εi, γi1, μi and pi are some positive constants.
The parameter αim represents an arbitrary small posi-
tive constant which is used as the switching threshold
value. In (21), the auxiliary function vectors Π ∈ R3×1

and H ∈ R3×1 are defined as follows:

Πi =

⎧⎪⎪⎨⎪⎪⎩
εiK(e1iΦi(η)σ)/2λi|σi| 12 sgn σi, |σi| > μi,

0, |σi| � μi,
(24)

hi =
2
εi
|σi| 12Πi, (25)

where the defined function K(x) = 0 for x � 0 and
K(x) = x for x < 0, e1i denotes the ith element of e1 and
Φi(η) represents the ith row of Φ(η).

The main stability result of the adaptive attitude con-
troller proposed in (21) is stated by the following theo-
rem.

Theorem 2 The proposed attitude controller in (21)
can drive e1(t) and its time derivative ė1(t) to the domain
W in finite time where W is defined as

W = {e1, ė1 : ||e1||∞ � ζ1, ||ė1||∞ � ζ2} (26)

with ζ1 and ζ2 being some positive constants.

Proof By substituting from (21) and defining ω =
ν + J−1d = {ωi}3×1, the closed-loop system dynamics
(20) can be rewritten as follows:

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ė1 = −Ke1 −Φ(η)σ,

σ̇ = −α|σ| 12 sgn σ + ω +H,

ω̇ = −β
2

sgn σ +
d(J−1d)

dt
+Π.

(27)

�
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To facilitate Lyapunov based stability analysis, we will
present the dynamics listed in (27) into a state-space
form. To this end, the following state vector is intro-
duced

xi = [xi1 xi2 ]T = [ |σi| 12 sgn σi ωi ]T, (28)

where σi and ωi denote the ith element of σ and ω,
respectively. Taking the time derivative of xi, it can be
obtained that

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

ẋi1 =
1

2|xi1| (−αixi1 + xi2 + hi),

ẋi2 = − βi

2|xi1|xi1 +Di +Πi,

(29)

where Di =
d(J−1

i di)

dt
. Due to Assumption 1, we can

have the upper bound of Di as |Di| � δ3 where δ3 =
1
2

max
i=φ,θ,ψ

{ 1
Ji
}δ2 with δ2 being defined in Assumption 2.

Hence, we have

Di =
ρi

2
sgn σi =

ρi

2
xi1

|xi1| , (30)

where ρi is some bounded functions that 0 � |ρi| � 2δ3.
Substituting from (30), (29) can be rewritten in a vector-
matrix format

ẋi = Aixi + Bi, (31)

where

Ai =
1

2|xi1|

⎡
⎢⎢⎢⎢⎢⎣
−αi 1

−βi + ρi 0

⎤
⎥⎥⎥⎥⎥⎦ (32)

and

Bi =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

hi

2|xi1|
Πi

⎤
⎥⎥⎥⎥⎥⎥⎥⎦ . (33)

Note that if xi1 → 0, then σi → 0 (for i = φ, θ, ψ),
since Φi(η) is bounded (due to Assumption 3), then
Φi(η)σ → 0. In view of (27), the convergence of e1i is
guaranteed as well. Thus, the Lyapunov’s direct method
is employed for the convergence of xi. After that, the sta-
bility analysis for e1i is presented. The Lyapunov function
candidate Vi is defined as

Vi = Vi1 + Vi2, (34)

where Vi1 =
1
2

e2
1i and the function Vi2 is defined as

Vi2 = Vio +
1
γi1

(αi − α∗i )2 +
1
γi2

(βi − β∗i )2 (35)

with α∗i , β
∗
i being some positive constants. The non-

negative function Vio in (35) is defined as Vio := xT
i Pixi

where

Pi =

⎡
⎢⎢⎢⎢⎢⎣
λi + ε2

i −εi

−εi 1

⎤
⎥⎥⎥⎥⎥⎦ (36)

is positive definite if λi > 0 and εi are real number.
Substituting from (31), the time derivative of Vio can be
obtained as

V̇io = xT
i (AT

i Pi + PiAi)xi + 2xT
i PiBi. (37)

By substituting from (25), (33), (36), V̇io in (37) can be
rewritten as

V̇io = − 1
2|xi1|x

T
i Qixi +

2λi

εi
xi1Πi, (38)

where

Qi =

⎡
⎢⎢⎢⎢⎢⎣

qi
11 qi

12

qi
21 2εi

⎤
⎥⎥⎥⎥⎥⎦ (39)

with
⎧⎪⎪⎨⎪⎪⎩

qi
11 = 2αi(ε2

i + λi) − 2εi(βi − ρi),

qi
21 = qi

12 = −ε2
i − αiεi + βi − λi − ρi.

(40)

Substituting from (23), The matrix Qi will be positive
definite with a minimal eigenvalue λmin(Qi) � εi if

αi >
−εi(4δ3 + 1)

2λi
+

(2δ3 + λi + ε2
i )2

6εiλi
. (41)

The right hand side of (41) is a bounded unknown con-
stant. If we assume (41) holds, then from (38), we can
obtain

V̇io � −riV
1
2
io +

2λi

εi
xi1Π, (42)

where ri = εiλ
1
2
min(Pi)/2λmax(Pi) (see proof in [17]).

Taking the time derivative of Vi1 and substituting from
(27) yields

V̇i1 = −2kiVi1 − e1iΦi(η)σ. (43)
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By substituting from (35), (42), (43), V̇i can be rewritten
as follows:

V̇i =V̇io + V̇i1 +
1
γi1
εi
αα̇i +

1
γi2
εi
ββ̇i

� − 2kiVi1 − riV
1
2
io −

|εi
α|√
γi1
−
|εi
β|√
γi2

+
1
γi1
εi
αα̇i +

1
γi2
εi
ββ̇i +

|εi
α|√
γi1
+
|εi
β|√
γi2
+ Fi

� − 2kiVi1 − ηi

√
Vi2 + χi, (44)

where εi
α = αi−α∗i , εi

β = βi−β∗i , Fi =
2λi

εi
xi1Πi−e1iΦi(η)σ

and χi = −|εi
α|
( 1
γi1
α̇i − 1√

γi1

)
− |εi

β|
( 1
γi2
β̇i − 1√

γi2

)
+ Fi.

The following two cases will be considered to ob-
tained the result listed in Theorem 2.

Case 1 Suppose that |σi| > μi and αi(t) > αim,
∀t � 0. Then, in view of (22), we have

α̇i =
√
γi1. (45)

Selecting γi2 = ε2
i γi1 and differentiating (23), we obtain

β̇i = εiα̇i =
√
γi2. (46)

Substituting from (24), Fi is computed such that Fi � 0.
Substituting from (45), (46), the first two terms on the
right hand side of (44) are cancelled. Thus, it is easy to
have χi � 0 and

V̇i � −2kiVi1 − ηi

√
Vi2. (47)

As soon as (41) is satisfied, σi converges to the do-
main |σi| � μi in finite time tFi (see Lemma 1 in the
appendix).

Case 2 Suppose that |σi| < μi, then the control gain
αi(t) is reducing in accordance with (22) such that

α̇i =

⎧⎪⎪⎨⎪⎪⎩
−√γi1, αi > αim,

pi, αi � αim.
(48)

Note the term Fi included in χi becomes−e1iΦi(η)σ, and
in view of the structure of χi when substituting from
(48), χi becomes sign indefinite as well as V̇i which
comprises χi.

Thus, the above two cases for V̇i ensure that after a
finite time tFi, σi will always stay in a domain |σi| � ρi

with ρi > μi (See the discussion presented in [17]).

In other words, σ converges to the domain Wσ in finite
time tF = max{tFi} (for i = φ, θ, ψ) where

Wσ = {σ : ||σ||∞ � ρ} (49)

with || · ||∞ denoting infinity norm, ρ being defined as
ρ = max{ρi} (for i = φ, θ, ψ).

Notice that Φ(η) = {ϕi}3×3 is bounded due to As-
sumption 3 such that |ϕi| � ξ, ξ > 0, we have the
second term on the right side of (27) bounded such that
|Φi(η)σ| � 3ξρ. Then, according to (27), we can con-
clude that e1i converges to the domain |e1i| � 6ξρ/ki as
well as its time derivative ė1i to the domain |ė1i| � 9ξρ in
finite time tHi (see Lemma 2 in the appendix). In other
words, the finite time convergence of e1 and its time
derivative ė1 to the domain W is guaranteed where

W = {e1, ė1 : ||e1||∞ � ζ1, ||ė1||∞ � ζ2}, (50)

where ζ1 = 6ξρ/k, k = min{ki} for i = φ, θ, ψ, and ζ2 =

9ξρ.

4.2 Design of the altitude controller

To facilitate the control objective for the altitude chan-
nel of the quadrotor, the altitude tracking error signal
ez(t) and its sliding mode manifold σz(t) are introduced
as follows:

⎧⎪⎪⎨⎪⎪⎩
ez = zd − z,

σz = ėz + λez,
(51)

where λ is a positive gain.
By taking the time derivative of σz(t) and substituting

(4) into the result, it can be obtained that

σ̇z = ut cosφ cosθ/m − dt + cz, (52)

where cz = z̈d − g + λėz. Similar as the control devel-
opment for the attitude controller τ(t), the altitude con-
troller is designed as follows:

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ut =
m

cosφ cosθ
(−αz|σz| 12 sgn σz − cz + νz),

ν̇z = −βz

2
sgn σz,

(53)

where αz and βz are the adaptive gains with the following
updating laws:

α̇z =

⎧⎪⎪⎨⎪⎪⎩

√
γz1sgn(|σz| − μz), αz > αzm,

pz, αz � αzm,
(54)
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βz = εzαz (55)

with εz, γz1, μz and pz being some positive constants.
The parameter αzm denotes an arbitrary small positive
constant which is employed as the switching threshold
value.

The main stability result of the adaptive altitude con-
troller proposed in (53) is stated by the following theo-
rem.

Theorem 3 The proposed controller can drive ez(t)
and its time derivative ėz1 to the domain Wz in finite time
where Wz is defined as follows:

Wz = {ez, ėz : ||ez||∞ � ζz1, ||ėz||∞ � ζz2} (56)

with ζz1 and ζz2 being some positive constants.

Proof The proof of Theorem 3 can be completed by
the following the similar steps for the proof of Theo-
rem 2.

5 Experimental results

In this section, the proposed control strategy in Sec-
tions 3 and 4 is implemented on a self-built quadrotor
helicopter flying testbed in an indoor environment to
validate its performance as shown in Fig. 2. The physi-
cal parameters of the quadrotor helicopter are listed in
Table 1. The control loop runs at a frequency of 1 kHz
to ensure high performance of real-time response.

The nonlinear complementary filter proposed in Sec-
tion 3 provides the altitude estimation information for
the closed-loop operation. Its reliability is validated by
a comparison between the estimated value and true
value as shown in Fig. 3. A OptiTrack motion capture
system is employed to provide ground truth values for
the quadrotor helicopter during the flighting test, these
ground truth information is used only for the purpose of
comparison, but not utilized in the closed-loop control.
In Fig. 3, ẑ(t) and v̂(t) represent the altitude estimation
and vertical velocity estimation values obtained from the
nonlinear complementary filter in (12), zr(t) and vr(t)
represent the real altitude and vertical velocity values
obtained from the motion capture system. From Fig. 3,
it can be seen that the maximum estimation error for
the quadrotor’s altitude position is less than ±0.2 m, and
the maximum estimation error for the quadrotor’s ver-
tical velocity is less than ±0.18 m/s. Considering about
the fact that the accuracy for the direct altitude mea-
surement from the onboard barometer is about ±0.5 m,

the nonlinear complementary filter proposed in (12) has
achieved a good accuracy for the altitude position and
vertical velocity measurement.

Fig. 2 Quadrotor helicopter flight testbed.

Table 1 Parameters for the quadrotor helicopter
testbed.

Parameter Description Value Units

m Mass 0.944 kg
Jφ Roll inertia 6.6 × 10−3 kg ·m2

Jθ Pitch inertia 6.6 × 10−3 kg ·m2

Jψ Yaw inertia 1.19 × 10−2 kg ·m2

Fig. 3 Comparision between the estimation values (z(t), v(t))
and real values (zr(t), vr(t)).

To validate the performance for the attitude and al-
titude controllers proposed in Section 4, a stabiliza-
tion flight test is implemented on the quadrotor he-
licopter testbed. The control objective is to stabilize
the quadrotor’s attitude angle (φ(t), θ(t), ψ(t)) to be
[φd θd ψd ]T = [0 0 0]T, and the quadrotor’s alti-
tude z(t) to be some desired value as zd = 1.94 m. The
quadrotor is first taken off manually to a proper position,
and then the pilot flips the switcher on the RC controller
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to turn the quadrotor into automatic stabilizing control
procedure, and the automatic control period lasts about
60 seconds. The control gains for attitude and altitude
controllers are selected as follows for the best control
performance:
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

kφ,θ = 4.5, kψ = 4.8, λφ,θ = 0.013, λψ = 0.038,

λz = 1.3, μφ,θ = 0.064, μψ = 0.058, μz = 0.02,

αφm = 7.90, αθm = 7.90, αψm = 5.85, αzm = 0.1,

εφ,θ,ψ = 0.396, γφ,θ = 9.24, γψ = 8.41, γz = 1.59.
(57)

Fig. 4 shows the actual attitude response and its de-
sired value. It can be seen that maximum stabilization
error for the roll channel is about ±1.1◦, the maximum
stabilization error for the pitch channel is about ±0.8◦,
the maximum stabilization error for the yaw channel
is about ±1.2◦, thus the proposed control strategy has
shown good attitude control performance. The stabiliza-
tion performance for the altitude channel is shown in
Fig. 5 where ẑ(t) is used as the closed-loop response for
the quadrotor’s altitude position. It can be seen that the
maximum altitude stabilization error is about ±0.12 m,
and the maximum vertical velocity stabilization error is
less than ±0.12 m/s, thus the proposed control strategy
has achieve good altitude control performance for the
quadrotor. From both Fig. 4 and Fig. 5, it can be seen
that the quadrotor’s outputs (φ(t), θ(t), ψ(t), z(t)) con-
verge to their desired values very quickly. The adaptive
control gains (αφ, αθ, αψ, αz) designed in (22) and (54)
are depicted in Fig. 6, they are all bounded. The control
inputs (τφ, τθ, τψ, ut) are illustrated in Fig. 7, they all
stay with some reasonable values.

Fig. 4 Actual attitude angles (φ(t), θ(t), ψ(t)) and their desired
values.

Fig. 5 Actural altitude ẑ(t), vertical velocity v̂(t) and their de-
sired value (zd, vd).

Fig. 6 Adaptive gains (αφ, αθ, αψ, αz).
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Fig. 7 Control inputs (τφ, τθ, τψ, ut).

6 Conclusions

This paper considers the control problem for a
quadrotor helicopter which is subjected to modeling
uncertainties and unknown nonvanishing external dis-
turbances. The quadrotor’s roll angle, pitch angle, yaw
angle, and altitude are selected as the system’s outputs.
To improve the measurement accuracy for the altitude
channel, a nonlinear complementary is developed and

its convergence is proven. Based on the adaptive super-
twisting scheme, a nonlinear adaptive controller for the
quadrotor is developed and its finite time convergence
is proven via the Lyapunov-based stability analysis. Real-
time flight experimental results are presented to validate
the performance of the proposed control strategy. Fu-
ture work will focus on developing position controller
together with the attitude controller for the quadrotor
helicopter to achieve finite time convergence of the po-
sition tracking error under effects of parametric uncer-
tainties and external disturbances.
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Appendix
Lemma 1 As soon as (41) is fulfilled in finite time t0i, σi(t)

converges to the domain |σi| � μi in finite time tFi.

Proof In view of (34), (35), it is easy to obtain

Vi � Vi2 � xT
i Pixi � λmin(Pi)||xi||2 � λmin(Pi)|σi|, (a1)

Now, all we need to do is to find tFi that ensures Vi(t) �
λmin(Pi)μi, ∀t � tFi + t0i. Note that the (41) is satisfied and
Case 1 holds, in view of (47) we have the time derivative of Vi

V̇i � −ci(Vi1 +
√

Vi2), (a2)

where ci = min{2ki, ηi}. The following two cases are investi-
gated.

Case a) Vi1 � 1 or Vi2 �
1
4

, we can derive

Vi1 +
√

Vi2 �
√

Vi1 + Vi2, (a3)

then finite time convergence of Vi is guaranteed such that

V̇i � −ci

√
Vi. (a4)

Case b) Vi1 < 1 and Vi2 <
1
4

, we have

Vi1 +
√

Vi2 � Vi1 + Vi2, (a5)

then exponential convergence of Vi is guaranteed such that

V̇i � −ciVi. (a6)

It can be observed that Case a) holds when Vi �
5
4

and Case b)

holds when Vi <
1
4

. When 1 < Vi <
5
4

, either of the two cases
holds so that

V̇i � −ci min{√Vi,Vi} = −ci

√
Vi, (a7)

whereas we have V̇i � −ciVi when 1
4
� Vi � 1. Thus, Vi

decreases from its initial condition Vi(t0i) with decreasing rate
satisfying

V̇i �

⎧⎪⎪⎨⎪⎪⎩
−ci
√

Vi, Vi > 1,

−ciVi, Vi � 1,
(a8)

and converges to the domain |Vi| � λmin(Pi)μi with conver-
gence time tFi satisfying

tFi �
2V

1
2
i (t0i)
ci

+
1
ci

ln(
Vi(t0i)

λmin(Pi)μi
), (a9)

Then, in view of (a1), |σi(t)| � μi is guaranteed for ∀t � tFi+ t0i.
Thus the result listed in Lemma 1 is proved. �

Lemma 2 The error signal e1i(t) converges to the domain
|e1i| � 6ξρ/ki as well as its time derivative ė1i to the domain
|ė1i| � 9ξρ/2 in finite time tHi.

Proof Recalling (27), where the term Φi(η)σ is bounded
such that |Φi(η)σ| � 3ξρ, it is obvious that |e1i| < 3ξρ/ki, as
t → ∞. Now, we assume that |e1i(tFi)| > 6ξρ/ki. In view of
(27), it is easy to have |e1i(t)| � 6ξρ/ki, for ∀t � tHi, where

tHi = tFi +
1
ki

ln
kie(tFi) − 3ξρ

3ξρ
. (a10)

Furthermore, we have the time derivative of e1i

|ė1i| � | − kie1i +Φi(ησ)|
� | − kie1i| + |Φi(η)σ|
� 9ξρ. (a11)

Thus the result listed in Lemma 2 is proved. �
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