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Abstract

This paper studies the leader-following consensus problem for a class of second-order nonlinear multi-agent systems subject
to linearly parameterized uncertainty and disturbance. The problem is solved by integrating the adaptive control technique and the
adaptive distributed observer method. The design procedure is illustrated by an example with a group of Van der Pol oscillators

as the followers and a harmonic system as the leader.
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1 Introduction

In the past few years, the cooperative control prob-
lems for multi-agent systems have attracted extensive
attention due to their applications in sensor networks,
robotic teams, satellite clusters, unmanned air vehicle
formations and so on. The consensus problem is one of
the basic cooperative control problems, whose objec-
tive is to design a distributed control law for each agent
such that the states (or outputs) of all agents synchronize
to a common trajectory [1-4]. Depending on whether
or not a multi-agent system has a leader, the consen-
sus problem can be divided into two classes: leaderless
and leader-following. The leaderless consensus problem
does not specify the common trajectory [2, 3], while the
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leader-following consensus problem requires the states
(or outputs) of all agents to track a desired trajectory
generated by a so-called leader system [4-71].

An important class of multi-agent systems is the
second-order nonlinear multi-agent systems. Recently,
considerable efforts have been made to handle the
leader-following consensus problem for various second-
order nonlinear multi-agent systems [8-13]. For exam-
ple, references [8-10] studied the leader-following con-
sensus problem for some second-order nonlinear multi-
agent systems under the assumption that the nonlinear
functions satisfy the global Lipschitz condition or global
Lipschitz-like condition. The system studied in refer-
ence [11] contains disturbance but no uncertainty. The
systems considered in [12,13] allow both disturbance
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and uncertainty, but the boundary of the uncertainty is
known.

In this paper, we will further consider the leader-
following consensus problem for a class of second-
order nonlinear multi-agent systems subject to linearly
parameterized uncertainty and disturbance. Compared
with [8-10], we do not impose the global Lipschitz con-
dition or the global Lipschitz-like condition on the non-
linear functions. Compared with [8-11], the nonlinear
multi-agent system here contains both linearly parame-
terized uncertainty and disturbance. Finally, compared
with [12,13], our uncertainty can be arbitrarily large,
and we do not assume the uncontrolled system has an
equilibrium point at the origin.

Our distributed control law is based on a combina-
tion of the adaptive control technique and the adaptive
distributed observer method developed in [14]. It turns
out that such a control law is quite effective in dealing
with the problem studied in this paper.

The rest of this paper is organized as follows. In Sec-
tion 2, we will give our problem formulation and some
preliminaries. In Sections 3, we will give our main result.
In Section 4 we will provide an example to illustrate our
design. Finally, in Section 5, we will finish the paper with
some conclusions.

Notation For any column vectors a;, i = 1,...,s,
denote col(ay, ..., a5) = [a] --- a;]". ® denotes the Kro-
necker product of matrices. |[x|| denotes the Euclidean
norm of vector x. ||A|| denotes the induced norm of ma-
trix A by the Euclidean norm.

2 Problem formulation

Consider a class of second-order nonlinear multi-
agent systems as follows:

gi = pi, ™)
pi = f1qip)0i + diw) +u;, i=1,...,N,

where g;,p; € R" are the states, u; € R" is the input,
fi(qi, pi) € R™" is a matrix with every element being
known continuous function, 6; € R™ is an unknown
constant parameter vector, d;(w) € R" denotes the dis-
turbance with d;(-) being some C! function, and w is
generated by the following linear exosystem

w = Spw (2)

with w € R™ and S, € R">*"_ It is assumed that the
reference signal is generated by the following linear ex-
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osystem
Xo = SaXo, 3)

OHXH I‘fl

where S, = € R¥™2" and xp = col(qo, po)

al Sa2
with go,po € R". Let v = col(xp,w) € R™ and S =
diag(Sa, Sp) € R™™ with n, = 2n + ny,. Then we can
put (2) and (3) together and get the following exosystem

o = So. (4)

System (1) and the exosystem (4) together can be viewed
as a multi-agent system of (N + 1) agents with (4) as the
leader and the N subsystems of (1) as N followers.

Next, we introduce some graph notation which can
also be found in [15]. A digraph G = (V, &) consists
of a finite set of nodes V = {1,...,N} and an edge
set & C V x V. An edge of & from node i to node j
is denoted by (i, j), where node i and j are called the
parent node and the child node of each other. Define
N; = {jl(j,7) € &}, which is called the neighbor set of
node i. The edge (i, j) is called undirected if (i, j) € & im-
plies (j, i) € &. The digraph G is called undirected if every
edge in & is undirected. If the digraph G contains a se-
quence of edges of the form (i, i), (iz, i3), - - -, (i, ik+1),
then the set {(i1, i2), (i2, i3), . - . , (i, ix+1)} is called a path
of G from node 7; to node i;,; and node i, is said to be
reachable from node 7;. A digraph is called connected if
there exists a node i such that any other nodes are reach-
able from node i. The weighted adjacency matrix of the
digraph G is a nonnegative matrix A = [a;] € RVN
where g;; = 0and a;; >0 & (i) € & i,j=1,...,N.
On the other hand, given a matrix A = [4;;] € RV
satisfying a; = 0 and a;; > 0 fori,j =0,1,...,N, we can
always define a digraph G such that A is the weighted
adjacency matrix of the digraph G. We call G the digraph
of A.

With respect to the plant (1) and the exosystem
(4), we can define a digraph G = (V,&) with V =
{0,1,...,N} and & C V x V, where the node 0 is as-
sociated with the leader system (4) and the node i, i =
1,...,N, is associated with the ith subsystem of system
(1).Fori=1,...,N,j=0,1,...,Nandi#j, (ji)e&
if and only if #; can use the information of the jth sub-
system for control. Let A = [4;] € RVN+*D*N*+D e the
weighted adjacency matrix of G. Let N; = {j, (j,i) € &}
denote the neighbor set of agent i.
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We describe our control law as follows:

{”1’ = hi(qi, i, Ci, 9,9}, Cjir ] € Ni),

. - ) (5)
G =1(qi,pi,Ci,q;,pj, Cjis JEN), i=1,...,N,

where I; and [; are some nonlinear functions. A control
law of the form (5) is called a distributed control law,
since u; only depends on the information of its neighbors
and itself. Our problem is described as follows.

Problem 1 Given the multi-agent system (1), the
exosystem (4) and a digraph G, design a control law of
the form (5), such that, for any initial states 4;(0), p:(0),
Ci(0) and v(0), g;(t) and p;(t) exist for all t > 0, and satisfy
Jim (gi(t) = go(£)) = 0 and. lim (p;(t) = po(t)) = 0.

Remark 1 Note that, like in [12,13], here we as-
sume that the reference signal and the disturbance are
generated by a linear exosystem (4) called the leader.
Indeed, this formulation is more general than the case
that the disturbance d;(w) is generated by an individual
exosystem for each follower.

To solve our problem, we make two assumptions as
follows.

Assumption 1 The exosystem (4) is neutrally stable,
i.e., all the eigenvalues of S are semi-simple with zero
real parts.

Assumption 2 Every nodei =1,...,N is reachable
from the node 0 in the diagraph G.

Remark 2 Assumption 1 is standard and has been
used in [12]. Under Assumption 1, the exosystem (2)
can generate arbitrarily large constant signals and some
sinusoidal signals with arbitrary initial phases and ampli-
tudes, and the exosystem (3) can generate sinusoidal sig-
nals with arbitrary initial phases and amplitudes. What's
more, under Assumption 1, given any compact set %,
there exists a compact set ¥ such that, for any v(0) € %,
the trajectory v(t) of the exosystem (4) remains in ¥ for
allt > 0.

Remark 3 Assumption 2 is also a standard as-
sumption and has been used in many literatures on
cooperative control problems of multi-agent systems
[12-14, 16]. Note that Assumption 2 allows the net-
work to be directed and thus is less restrictive than that
in[11,17].

3 Main result

In this section, we will consider the leader-following
consensus problem for system (1) and exosystem (4).

We first recall the concept of the distributed observer
for the leader system developed in [16] as follows:

. N .
ﬁiZSﬁi+yozﬁij(ﬁj—@i), i=1,...,N, (6)
=0

where 99 = v, o € R™ fori = 1,...,N, o is any

positive constant. By Theorem 1 and Remark 4 of [16],

under Assumptions 1 and 2, we have tlim (0; —v) =0,
—+00

i =1,...,N. That is why we call (6) the distributed
observer for (4).

However, a drawback of (6) is that the matrix S is used
by every follower which may not be realistic in some
applications. To overcome this drawback, an adaptive
distributed observer was further proposed in [14] as fol-
lows:

_ N
Si= gbljij(sj =S,
. (7)
Z;)i = Sﬂ’)j + U2 Z ﬁl](f)] - i}i)/ i= 1/‘- '/Nr
j=0

where Sp=S,9)=v,S; e R, 9; e R™,i=1,...,N,
y1 and u, are any positive constants. The adaptive
distributed observer (7) is more realistic than the dis-
tributed observer (6), since here S; depends on S at the
time t iff the leader is the neighbor of the ith follower at
time ¢, while the matrix S is used by every follower in
(6).

Letd; = 6;—vand §; = S;—Sfori=0,1,...,N. Then,
fori=1,...,N,

A~ N ~ ~
Si=1h Zbﬁij(sj =S,
]:

N (8)
B = gi@i + 50; + Lo Y, dij(ﬁj - 0).
j=0
let 3 = col(dy,...,0n), @ = col(dy,...,0n), S =
col(Sy,...,5n), and S4 = blockdiag{gl,...,gN}. Then
(8) can be put into the following compact form
S=-mH®I,)S, ©
5=(1In®S— ua(H®I,))d+ S49,
where H = [hij]ﬁ':l with hi]' = —L_l,‘j for i # ] and

N
hi; = ). a;j. Then we introduce the following lemma.
j=0

Lemma 1 (Lemma 2 of [14]) Under Assumptions 1
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and 2, we have

tlirﬂo S5t)=0 (10)
exponentially and
Jim 9(f) = 0 (11)

exponentially.
Remark 4 Let &; = D9; with D = [I,, Opx(n4n,)] and

N
U4 = U2 Y, ﬁi]'(@]' — ;). Then, by Lemma 1, we have
j=0

tlirn 94i(t) =0, (12)
— 400
lim (£(8) = qo(8) = lim Doy(t) =0, (13)
Jim (1) = go(1)) = [Jim D) =0.  (14)
To synthesize our control law, let
pri = DSi9; — a(g; — &), (15)
where a is a positive constant, and
Si = Pi — Pri- (16)
Then, our control law is as follows:
w; = —f1qi, p)0i — di@;) — kisi + Pri,
0; = f(qi, pi)si,
. N
Si=u1 Y, @;i(S; = Si), (17)
=0

. N .
7}i:Si7}i+H2 Za_l](@]_i)l)/ 1= 1/---/I\]r
=0

where k; is some positive constant , @; = [0y, x2n I, 10i,
and

Pri = D(Si0; + Sid1) — a(gi — &)). (18)
The closed-loop system composed of (1) and (17) is
as follows:

(71» :pi, Z: ]_,...,N,
pi = —£1(qi, p)0i + di(@;, w) — kis; + pri,
0: = fiqi, pi)si,

A~ N ~ ~
Si =11 Zoﬁfj(sj =Si),
j:

~ N
0; = 5;0; + SO; + 253 Y, ﬁl‘]‘(f)]‘ - D),
j=0

where 6; = 0; — 0;, @ = ®; — w and di(@W;, w) =
di(w) — di(W;). It is easy to see that d;(0,w) = 0 for all
w € R"™. Under Assumption 1, by Remark 2, we know
that w € W for all t > 0 with ‘W being some compact
subset of R™. Then, by Lemma 7.8 of [18], there ex-
ists some smooth function d;(@;) > 1 such that, for all

we W,
(@i, w)I* < di(@y)ll@i . (20)
Now we give our result as follows.
Theorem 1 Under Assumptions 1 and 2, the leader-
following consensus problem for the system composed

of (1) and (4) is solvable by the distributed control law
(17).

Proof Let
1N o x
V= 5 Z(sfsi + 6?9,) (21)
i=1

Then the time derivative of V along the trajectory of the
closed-loop system (19) is given by

N ~ A
V=Y. + 076)
iz
N ~m A
= ;(S?(Pz‘ —pri) + 076))

N ~ ~
= ;(S,T(—f,i(% pi)0i + di(@;, w) — k;s;)
+ 0] filqi, pi)si)

N -
=Y. (s} di(@;, w) — kis['s;)

izl

N 1 2 7 (- 2 2
<;1(Z||5i“ + ||di(@i, w)|I* - killsil*)

N 1 B
< Zl(—(ki - Z)IISiII2 + di(@)l[@il|). (22)
i=
. 5 .
Choosing k; > 7 8ives
. N -
V< ;1(—”51'”2 + di(@;)|[@il ) (23)

and thus

V() = jot V(r)dt + ¢

tNo_
<[ ¥ di@)liwiPdr +c, (24)
0i=1
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where ¢y is some constant. Since, by Lemma 1, un-
der Assumptions 1 and 2, tlim 7i(t) = 0 exponen-
—+00

tially which implies tlim w;(t) = 0 exponentially. Thus
—+00

t N _
lim f Y di(@;)||@;|>dt exists and hence lim V/(t) ex-
t—+00 JO i=1 f—+00
ists and is finite since d;( - ) is smooth and tlirln i) =0
exponentially. Thus, V(t) as well as s; and 0;,i = 1,.
N, is bounded for all ¢+ > 0. By (16) and (18), s; (t) is

differentiable for all + > 0 and so is V(t). By (15) and
(16), we have

gi + aq; = s; + DS;0; + a&;. (25)

(25) can be viewed as a stable first order linear system
in g; with a bounded input since s;, S;, 9; and &; are all
bounded, both g; and g; are bounded. Therefore, from
(15) and (18), pyi and py; are both bounded. From the
second equation of (19), p; is bounded. Thus $; = p; — pri
is also bounded. Note that

91{1‘(@1, w)
Wi —
— 2k;s'$;). (26)

V= Z(T(

+ Si d,-(w,-, w)

ad; (wz, w) -

Since s;, $;, w, W, W; and @; are all bounded, we can
conclude that V(t) is bounded for all + > 0. Then, by
Barbalat’s Lemma, tlim V(t) = 0 and thus, from (23),
—+00
we have tlim si(t)=0fori=1,...,N.Next, by (7), (15)
—+00

and (16), we have

Gi— & +a(qi — &) = pi — DO + algi — &)
=s;+ DS;0; — Déi
=s; — D?gq;. 27)

From Remark 4, under Assumptions 1 and 2, by Lemma
1, we know that tlim 74i(t) = 0. Note that equation (27)
—+00

can be viewed as a stable first order differential equation
in g; — &; with s; — Ddg; as the input, and this input is
bounded for all t > 0 and tends to zero as t — +oo, then
we conclude that both g; — &; and §; — &; are bounded
for all t > 0 and tend to zero as t — +co. Together with
(13), (14) and the following equations

{ qi = qo = (71‘ —&i)+ (G- 70), 28)
pi —po = (Gi — &) + (&i — go),
our proof is thus completed. |

4 An example

Consider the leader-following consensus problem for
a group of Vol del Pol systems as follows:

.i: ir ':1/2/3/4/
{q pi i 29)

pi = =61ig; + O2ipi(1 = 47) + di(w) + w;,

where g;, pi € R, w = [wy wy]", di(w) = w3, da(w) = w

d3(w) = wiw; and dy(w) = w? +w3. Clearly, system (29)
is in the form of (1) with fT(qz,pz) = [-g; pi1-47)] and
0; = [61 Oa]".

01
The exosystem is in the form of (4) with S, = [ . 0}
0

and S, = [ . Clearly, Assumption 1 is satisfied.

The communication graph is described by Fig.1
where the node 0 is associated with the leader and the
other nodes are associated with the followers. Clearly,
every node i = 1,2,3,4 is reachable from the node 0 in
the diagraph G and thus Assumption 2 is satisfied. From
Fig. 1, we obtain that the adjacency matrix of G is

[00000]
10000
10000]. (30)
01001
[00110]

A= [ﬁif];%j:o =

Then, by Theorem 1, we can design a distributed control
law as follows:

u; = —fiT(l%'/ Pi)éi - dl(wz) - 451‘ + pri/
éi = fi(Qi/Pi)Si/

. N

Si= 2. aij(S; =S, (3T)
j=0

. N
0; = S5;0; +10 Y, aij(@j -9, i=1,2,3,4,
=0

where

i pi) = -9 pi1 - gD,
0010],
0i,
0001
dl(ﬁ)]) = w%l/ dZ(wZ) = Zi)§2/
dz(W3) = W13z, da(Ws) =

Wi = Col(wli, Zz)21’) = { (32)

~2 ~2
ZUM + w24.
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si and py; are defined as in (16) and (18) with D =
[1 00 O0landa =1.

Fig. 1 Communication graph G.

Simulation is performed with

01=1[3 4]", 6, =11 3%,
{93 =[25]", 6s=1[4 2]

and the following initial conditions:

[910) p1(O)] =[4 —-3], [42(0) p2(0)] =[3 4],
[93(0) p3(0)] =[-2 1], [94(0) pa(O)] =[1 -2],

v(0)=[1 -1 2 0],

m0)=[-121-3]", 50)=[51 -1 4],

(33)

930)=[4 =2 5 3]%, 94(0)=[-3 —4 3 —1]%,

5:1(0) =

$:(0) =

53(0) =

S4(0) =

@ Springer
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002-1

(0031

, 0:00)=[-1 2,

, 6200 =[1 17",

, 050)=[-2 1],

, 040 =2 —1]".

Fig.2 shows the states of the leader system which are
bounded for all time t > 0. Figs. 3-6 show the estima-
tion errors of the observer for each follower. It can be
seen that all four estimations of leader’s states converge

to the leader’s states as t — +oo.

2 T T T T

_qo
4]
IE
&
0 5 10 15 20 25 30
£(s)
2 T T T T /v\_w1
. 1r w,
[}
5 of :
w
_’I L .
-2 N 1 1 1
0 5 10 15 20 25 30
£(s)
Fig. 2 States of leader system: v = col(qo, po, w1, W2).
4 T T T T - T
—0,
3 _{712_% i
2 0,7, R
_1714_%
1 J
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g o
(NN}
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73 -
_4 1 1 1 1 1
0 5 10 15 20 25 30
£(s)
Fig. 3 Estimation errors: 01; — qo.
4 T T T T T
—7221770
3 _Zfzz_po )
_73237p0
2 =0, Po T
o 1
o
i ol
7" -
_2 -
-3 1 1 1 1 1
0 5 10 15 20 25 30

t(s)

Fig. 4 Estimation errors: 0y — py.



W. Liu, J. Huang / Control Theory Tech, Vol

3 T T T T T
—0;"W,
2 —ZA)Q*ZU1 ]
—0,,"w,
1 0w, |
0
71 -
72 -
73 -
74 1 1 1 1 1
0 5 10 15

w
¢
o
=
[NN)
20 25 30
£(s)
Fig. 5 Estimation errors: 03; — w;.
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U, W,
0,7 W,
Uy~ W,
U, w,
o J
o
=
w

0 15 20 25 30

4 T T
3
2
1
0
-1
-2

0o 5 1
t(s)

Fig. 6 Estimation errors: 04 — ws.

Figs. 7 and 8 further show the tracking performance
of g; and p;. As expected, the states of all followers ap-
proach the states of the leader asymptotically.

—:" o
—,"qo
—‘7;_%
—4: 0 T

N W s

Errors

40 10 20 30 40 50

£(s)
Fig. 7 Tracking errors: g; — qo.
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Errors

0 10 20 30 40 50

t(s)
Fig. 8 Tracking errors: p; — po.

5 Conclusions

In this paper, we have studied the leader-following
consensus problem for a class of second-order nonlin-
ear multi-agent systems subject to linearly parameter-
ized uncertainty and disturbance. We have solved the
problem by integrating the adaptive control technique
and the adaptive distributed observer method. It is in-
teresting to further consider the case where the network
topology is switching and satisfies the jointly connected
condition.
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