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Abstract

In this paper, the linear quadratic regulation problem for discrete-time systems with state delays and multiplicative noise is
considered. The necessary and sufficient condition for the problem admitting a unique solution is given. Under this condition, the
optimal feedback control and the optimal cost are presented via a set of coupled difference equations. Our approach is based on

the maximum principle. The key technique is to establish relations between the costate and the state.

Keywords: Optimal control, time-delay system, multiplicative noise

DOI 10.1007/s11768-015-5036-z

1 Introduction

Delay exists widely in areas of economics, physics,
biology, chemistry and mechanics [1]. This makes the
study of time-delay systems, which can model processes
with delay, greatly significant in both theory and applica-
tion. The research in this field includes stability and sta-
bilization [2—4], optimal control [5, 6], Hs control [7,8],
etc. As an important part of the optimal control theory,
the linear quadratic regulation (LQR) problem for time-
delay systems has been extensively studied. For exam-
ple, [9] focuses on continuous-time linear systems with
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state delay. A sufficient condition for a feedback control
to be optimal is established via a set of differential equa-
tions. For other literature on this subject, see [10-12]
and references therein.

Stochastic uncertainty is another important subject
in the control theory. In practical situation, there ex-
ist various kinds of noises and disturbances. As a re-
sult, stochastic systems can characterize the real pro-
cess more accurately. Stochastic systems can be nat-
urally classified as continuous-time ones and discrete-
time ones. Continuous-time stochastic systems are usu-
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ally described by Ito-type differential equations gov-
erned by Brownian motion. Systems which correspond
to the discretization of Ito-type differential equations are
those with multiplicative noises. For works concerning
stochastic control, readers are referred to [13, 14] in
continuous time and [15, 16] in discrete time.

Many control problems have been studied for sys-
tems with both time delay and stochastic uncertainty
in the literature. These problems include stability and
stabilization [17, 18], estimation [19], and optimal con-
trol [20-22]. Reference [20] considers discrete-time
stochastic systems with a single input delay. By using the
stochastic maximum principle, it presents a complete
solution to the finite-horizon LQR problem. It estab-
lishes a necessary and sufficient condition for the exis-
tence of a unique optimal controller and gives an explicit
optimal controller via a Riccati-ZXL difference equation.
Reference [21] is concerned with the finite-horizon LQR
problem for continuous-time stochastic systems with
state and input delays. The optimal feedback controller is
given by a new type of Riccati equations whose solvabil-
ity is not easy to obtain. To the best of our knowledge,
previous works on the LQR problem for state-delay sys-
tems in both deterministic setting and stochastic setting
usually assume that the weighting matrix of the control
in the quadratic cost function is strictly positive definite
and only give sufficient conditions for the existence of
an optimal control; see [9], [12] and [21]. Motivated by
this, we are devoted to using the method in [20] to solve
the LQR problem for stochastic systems with multiple
state delays and aim to derive a necessary and sufficient
condition for the existence of an explicit optimal con-
trol under the condition that the weighting matrix of the
control is positive semi-definite. Readers may think that
a possible way to settle this problem is to change it into
a delay-free one by incorporating the history state into
an augmented state. However, the resultant solution is
a high-dimensional Riccati equation, which causes com-
putational burden as pointed out by [7].

The contributions of the paper lie in that a neces-
sary and sufficient condition for the LQR problem ad-
mitting a unique solution is given and under this condi-
tion, the optimal feedback control and the optimal cost
are presented in terms of coupled difference equations.
The main technique is to solve the maximum princi-
ple, which can be viewed as delayed forward (the state
equation) and delayed backward (the costate equation)
stochastic difference equations. The optimal costate is
expressed as a linear function of a finite length of state

and the corresponding coefficient matrices satisfy the
above-mentioned coupled difference equations.

The rest of the paper is organized as follows. In Sec-
tion 2, the stochastic LQR problem for state-delay sys-
tems is formulated. Section 3 presents the solution to
the problem. Section 4 provides the proof of the main
results. Section 5 uses numerical examples to illustrate
the results. Section 6 makes a conclusion. Some details
of proof are given in Appendix.

Notation [R” stands for the usual n-dimensional Eu-
clidean space; R™™ is the space of real matrices with
order n X m; The superscript” means the matrix trans-
pose; I denotes the unit matrix; A symmetric matrix
M > 0 (reps. > 0) means that it is strictly positive def-
inite (reps. positive semi-definite); For a random vari-
able & and a g-algebra 7, E(&) and E(&|F) represents
the mathematical expectation of & and the conditional
expectation of & with regards to F, respectively; 6;; is
the usual Kronecker function, i.e., 6;; = 1 and 6;; = 0 if
i# ]

2 Problem statement

Consider the following discrete-time system with
state delays and multiplicative noise:

d r _
Xi41 = Zo [A; + ZZ wr(DA; 1xi
i= =1

+[B+ Z wk(l)Bl]uk, k= 0,...,N, (1)
I=1

where x; € IR? is the state; 1 € R7 is the input control;
the constant delay d is a positive integer; {xo, x_1,...,
x_4} is the deterministic initial value; A;, A;;, B and B;
withi=0,...,d,1 =1,...,r are constant matrices with
compatible dimensions; and vy = (wy(1) -+ wi(r)) isa
r-dimensional white noise defined on a complete prob-
ability space {Q2, P, ¥ }. The variance of v is ¢, i.e.,

011 *** O1r
E[owor] =0 =
Oyl *° Opr
Let 7« be the natural filtration generated by vy, i.e., ¥

is the g-algebra generated by {vy, ..., ).
Consider the cost function

N N
J= E[kZ x, Qxy + kZ u Ruy + x3;,, Wanal,  (2)
=0 =0
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where Q > 0, R > 0 and W > 0. Define the admissible
control set as

Uag = {u, k=0,...,N : uygis Fr_1-measurable}. (3)

The problem to be addressed is stated as follows.
Problem1 Find u; € U,q to minimize the cost func-
tion (2) subject to system (1).

Remark 1 (1) is a discrete-time system which ad-
mits two features: one is the time delay and another is
the white noise vy. Its possible application can be found
in networked control systems (NCSs) with transmission
delay as pointed out by [17]. Moreover, a special case
of system (1) when vy is an independent Bernoulli pro-
cess is often used to describe packet dropout in NCSs;
see [23] and [24].

3 Main results

3.1 A special case: scalar noise

In this section, we will focus on a special case of sys-
tem (1) withr = 1:
d - =
Xs1 = ZE)[AI' + wr(DAi]xe-i + [B + wr(1)Brlug.  (4)
i=
In this context, notations wy(1),A;1,i=0,...,d, and B;
will be re-denoted by wy, A; and B, respectively. Accord-
ingly, ¢ is the o-algebra generated by {wy, ..., wx} and
the variance matrix ¢ is reduced to a scalar. The opti-
mal control problem under consideration becomes the
following one.
Problem 2 Find u; € U,q to minimize the cost func-
tion (2) subject to system (4).

Motivated by the approach proposed in [25], the max-
imum principle for Problem 2 is derived as

d

X1 = ) Ai(o)xi—i + B(k)ug, (5)
i=0

AN = Wanst, (6)

d
Moy = BLE, Ap(k+ m)Aiand Tia] + Qi 7)
0 = E[B'(AxlFia] + R, k=0,...,N,  (®)

where

A,‘(k)iA{+kai, B(k)iB+a)kB, k=0,...,N,
A,-(k)iO, Ay =0, k>N.

Before presenting the solution to Problem 2, we de-
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fine a set of matrix sequences Ry, L]]; and P]];,j =0,...,d,
by the following backwards recursion for k = N, ..., 0:

Rq=B'P} B+0dB'P} B+R, 9)
i _ prp0 o/p0 A rpitl

L =B'P Aj+0B P, A +BP, (10)
o d-j .
] _ 25 o sl A . ypititl

Py = E(‘)[Aipi+k+1A’+J +OAP A+ AP

H(Pun) Aivj = Lo RESLIGT +650Q, (A1)

where the terminal value is given by

P, =W P, =0, i=2,..,d+1, (12)

P,,.=0, j=1,...,d+1,i=1,...,d+1,  (13)

Ryt =1 L}, =0, i=1,...,d, j=0,...,d (14

Theorem 1 Problem 2 has a unique solution if and
only if

R >0 (15)

fork=N,...,0. In this case, the unique optimal control
1 and the optimal value of (2) are respectively

d .
we= R Y Lxe (16)
j=0

and

- L d d d d-1
J* =xgPyxo +2xy Y, Pyx—j+ 3. Y. Y. x'_j
=1 j=1i=1 f=0
’ 0 0 x
X[A% i Pra P ra A+

, i+f+1 j+f+1y,

AL P A (P ) Ags

—(L}*f )'R;lL’f*f Jx_i. (17)

Af_H' + OA}

In addition, the following relation between the optimal
costate and the state holds:

d .
Ak—l = Z Pljcxk,]‘. (18)
j=0

The proof of Theorem 1 will be provided in the next
section.

Remark 2 In Theorem 1, we have extended the def-
inition of the variables P, |, L7, Ajand A; as

Pl=0,L/=0,Aj=A;=0, j>d,

for the convenience of simplicity.

Remark 3 From (9)—(11), it can be easily observed
that P, is completely determined by the following cou-
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pled difference equations:

o 7 D0 1. s pjti+l
i z+k+1Al+1 + CTAiPi+k+1A“'] + AiPi+k+1

e
Pl =Y AP
k i=0
+(P;ill<+l),Ai+f - (B/P?+k+1Ai + UB,P?+k+1Ai
B (P, B+ bR
x(B’PY

D -1

i+k+1B + R)

o 5710 i . s pjtitl
1+k+1AH'J +0B Pi+k+1A1+1 +B'P; )]

i+k+1

+(5]',0Q, j=0,...,d, (19)

with terminal value (12) and (13). The role of equation
(19) in our problem is the same as that of the general-
ized difference Riccati equation in the standard stochas-
tic LQR problem [15].

Remark 4 This remark is to make clear the differ-
ences of this paper from our previous one [20].

. First, problems considered in these two papers are
completely different. Reference [20] studies the LQR
problem for the following system with a single input
delay:

Xk+1 = (A + ka)xk + (B + a)kB)uk_d. (20)

While this paper focuses on system (1) which is with
multiple state delays. Obviously, (20) and (1) are essen-
tially different.

. Second, the maximum principle in [20] is given by

Ak-1 = E[(A + wpA) Al Fraa] + Qi 1)
0 = E[(B + wiB) Al Fr—d-1] + Rutg—q, (22)

where the equilibrium equation is with a single input-
delay. In this paper, the adjoint equation (7) is a back-
ward difference equation with multiple delays. Equa-
tions (4)—(8) are more difficult to solve than (20)-(22)
(see Section 4).

. Third, the results are different. In [20], the optimal
controller is shown to be a predictor form as

we = =Y ;M dE[xesal Froi,

where E[xy.4|7k-1] is the conditional expectation of xj.4
with respect to x_1 and can be expressed as

d .
E[xedlFio1] = A + Y A7 Buys.
i=1

The gain - Y My, is given by the following Riccati-ZXL
difference equation

Zk = A’Zk+1A + C)'A,Xk+1A + Q - Lk/

-1
Xi=Zp+ Y (A') LAl
i=0

where

Ly =M, Y 'M;,
Yy =B'Z1B + 0B X1B+R,
My = B’Zk+1A + OB’X](_,.lA.

While in this paper, the optimal controller has the form
as (16) which involves a finite length of history states.
In addition, the gains are determined by the coupled
difference equations (19).

Remark 5 This paper concentrates on the finite-
horizon LQR problem. By showing the convergence of
the solution to equations (19) when N tends to +oc0, we
can derive the corresponding results in infinite-horizon
case. On the other hand, combination of this paper
with [22], which is concerned with the LQR problem
for systems with multiple input delays, will yield results
for systems with both multiple state delays and multiple
input delays.

3.2 Solution to Problem 1

Next, we shall extend the results in the previous sec-
tion to system (1). The increase of the dimension of
the white noise does not cause any essential changes.
A counterpart of Theorem 1 will be presented without
proof.

Theorem 2 Problem 1 admits a unique optimal con-
trol iff

Ry >0 (23)

for k = N,...,0, where Ry is given by the following
coupled difference equations:

T r _ _
Ry=B'P), B+ Y, ¥ oiB/P) Bf+R, (24)
I=1 f=1
. ror _ _ .
L=BPlAj+ ¥ X oyBiP, Ajr+ B'PT, @25)
I=1 f=1
j o 70 coy 17 p0 )
P= E)[AIP k1At + 1§1 f§1 O1f AL Py A f
) pj+itl i+1  \ iy 17+
+AIP o+ (i) A = (L) RELLL]
+(S]‘,0Q, ] =0,... ,d, (26)

with terminal value as (12)—(14). Under this condition,
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the unique optimal control and the optimal cost are as
Ry
ug = —R." Y Lixij, (27)
j=0

and

d-1

i d
J* = x{Pxg + 2x), ; Péx_] ; Z_:

i Mm.

[A;‘+] f+1Af+l + 121 le O””Afﬂl f+1Af+frm

HAL P <P}:f1“> A

_(L]+f) R> 1L1+f] (28)

4 Derivation of the main results

4.1 Necessity of Theorem 1

Suppose that Problem 2 admits a unique solution. We
will show that the matrix Ry defined by (9)—(14) is pos-
itive definite, the unique optimal control is as (16), and
the optimal costate A;_; can be expressed Iike (18).

Lemma1 Define aset of matrices Ry, L (D}T ], S;(n L
and P]]; withk=N,...,0,j=0,...,d,andm=1,...,d,
by the following equations:

Ry =B'P, ,B+0B'P}, B+R, (29)
0 0 j+1
Ll =B'PY A;+0B'P), A +BP, (30)
(k) — 17/ —
Q" = :'L"“]fk) 1, Bik)R L 1,j+m—1 " (31)
g Z_: (Dklnm 1f®f] + (Dki;m1 ym>1,
gmLi fpli 4 pitm
k Z‘ Pk+m(D Pk+m (32)
7 0 0 j+1
=A Pk+1A + AP A+ AYPL
7 0 0 177
—(A oP), B+ 0AP, B)R'L]

+ z (E[A},(k + m)S!" 01A;

—~E[A},(k + m)S!"""1BR;L]

+E[A, (k +m)S!"- 1) + 6,00, (33)

with terminal value given by

P?\M—W P, =0,i=2,...,d+1, (34)
Pl,.=0, j=1,..,d+1,i=1,...,d+1, (35
m=1,j _ 1,j _ _

Sl =0, @Nﬂ._o, m=1,...,d,
i=1,...,d-1,j=0,...,d (36)

Suppose that Problem 2 has a unique optimal control,
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then Ry, which has been defined above, satisfies
R, >0 (37)

fork=N,...,
of

0. The optimal control possesses the form

d .
up = =R Y Lixe;. (38)
j=0
When the control is optimal, the following relations hold
-
Xk+m = Z (Dk Xk—jr (39)

Ak+m 1= Z Sm 1]xk ]I = 1/-"/d/ (40)
j=0

Ak—l = Zopixk_j. 41)
]:

Proof See Appendix.

Remark 6 For j > d, S!"/ and @]"/ are defined to be
zero.

Remark 7 From (29)-(36), it can be observed that
P] is deterministic while <D "/ and S J contain noises
attlmekk+1 Lk+m— 1

Lemma2 Fork=0,...,N, there holds

d .
’ m-1,
Z E[A],(k +m)S, "]

d— j+1
Z‘ [Az i+k+1 Aisj +04] Pz+k+1Ai+j’1

+A1Pf:12+1 + (Plillm) Al+] 1
(Ll+k) R1+kL{+]1+l] ] = / (42)
and
d 1,0 pl
Y E[A,(k+m)S 1= (P,,) " (43)

m=1

Proof See Appendix.

Finally, it can be shown that (33) can be rewritten as
(11) with the help of (42) and (43). This process is com-
pletely similar to the derivation of (a16), so details are

not provided here.

4.2 Sufficiency of Theorem 1

Proof Suppose Ry > 0 fork = N,...,0 where Ry is
determined by (9)-(14), then it will be proven that the

unique solution to Problem 2 is (16) and the optimal
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value of (2) is (17). To this end, define

V(k, xx)
d d-1

—E{kaOxk+2xk):P]xk ,+Z y zx
j=1i=1 f=0

><[Af+] k+f+1Af+1 + GAf+]Pk+f+1Af+i

’ z+f+1 j+f+1y,
+Af+] k+f+1 + (Pk+f+1) Afyi

~L R L ), (44)

’
k-1

xl’(_d)'. By applying (5), (9) and (10), direct computa-

where the notation ¥, stands for the vector (x;

tion produces

Vik,xi) = Vk+1, fk+1)

_ 7 D0
= Ef{x|PYx; — xk[Z(Af by + OAGPY Ay

LA’P f+1 (Pf+1 )Af)

f k+f+1 k+f+1 Z (Lk+f) Rk+f k+f]

d .
’ ] / 7 PO
XX + Zxk 5‘1 kak_]' - 2xk l';[fgo(Afpk*'f"'lAfH

ORGP, Apei + APPT H (PLTL Y A

£ k+f+1 f k+f+1 k+f+1

1 7+ Y
Z (L f) Rk+ka+f]xk i ]Zl lzi xk ](L )

xR;lL;;xk_,« — M;(Rk - R)uy — 211;{ 'Z() Lixk_]‘}.
]:

In view of the invertibility of Ry, we can complete the

square in the above equation as

Vik, ) — V(k+1,%1)

= E{x,Px - xii[fzilo(A'fp o PRV CTAfP Y,
+A%P {:}u +(P Q}u),Af (Lk+f) Rk+f k+f)]
XX + 2x;, Z P]xk j—2x; Z[Z(Al k+z+1Ai+f

==

j+i+1 i+1 A .
+aAsz+z+1Al+J + A1Pk+ i+1 + (Pk+i+1 A’*l
—(Li

) Rk+zL1/<:)]xk it ”kR“k = [

+R* zo Lixk_j]’Rk[uk +R;! 20 L}(xk_j]}. (45)
J= J=

k+i

By making use of (11), (45) is further rewritten as

V(k, X)) -
i .
= E[x; Qxx + u Ruy — (uy + R,:l ZOLI](xk_]')’
]:

Vik+1, i)

d
ka(uk + R;l ZE)szk_i)]' (46)
1=

On both sides of (46), take sums fromk = 0to k = N.
It leads to

V(0,%0) = V(N +1,%n+1)

N d .
= kZ E[x; Qi + ujRug — (ux + R Z;)Lljcxk—f),
=0 j=
14
ka(uk + R]: Z(‘) L}(xk_l-)].
=
In view of (12)—(14), it can be readily derived that

V(N +1, xN+1) = E(XN+1
tion implies that the cost function (2) can be expressed

Wxn41). Then the above equa-
as

N d .

J=V(0,%) + X, E[(ux + R* Y Lixe )
k=0 j=0
13
ka(uk + R,: Z L;ka_j)]. (47)
i=0

Note that V(0,%p) only depends on the initial value of
system (5) and Ry is positive definite. Therefore, the
unique controller minimizing /i must be (16) and the
optimal value of | is V(0, %), i.e., (17). |

5 Numerical examples

Example 1 Consider system (4) where both x; and
Uy are scalar and

d:2, O'=1, A0=2, Alz—l, A2:—2,
Ay=05, A;=-15, A, =08, B=2, B=1.

In the cost function (2), we set
N=0 W=1, R=1, Q=1.

By direct computation, we can obtain the solution to the
backwards recursion (9)-(14) as

Py =1.8750, Pj=-0.1250, P§ = —1.2000,
P)=1, P{=0, P}=0,
Ry =6, Lj=4.5000, Lj=-3.5000, L§=—3.2000.

Note that Ry > 0. Thus from Theorem 1, it follows that
the unique optimal control of Problem 2 is given by

up = —0.75xp + 0.5833x_1 + 0.5333x_;. (48)
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To show the effectiveness of our results, we will com-
pare the values of (2) under the controller (48) and the
following one

1y = 1.3583x0. (49)

Denote the value of (2) with (48) by J* and that with
(49) by J. Five cases with different initial values are con-
sidered below.

Nxg=2,x1=0x,=0,]*=7.5000, | =16.3807,

2) xg =22, x4 =-3,x,=1, J* =25.6533, | =
25.7420,

3) Xo = 1, X_1 = —2.8, X_p = 1, ]*
20.0056,

4) Xo = 0, X_1 = —5, X_p = 2, ]* = 632750, ] =
83.8100,

5)x9=3,x1 =1, x, =-4, J* =156.4333, | =
311.6145.

In all cases, controller (48) generates a smaller value
for (2) than (49). This coincides with Theorem 1.

18.5550, | =

Example 2 Consider system (4) where x; € R?,
u€R?,d=1,0=1, and

2 -1 -31 _ -1 0
Ag = , A= , Ag = ,

01 21 2 =2
1 -1 12 _ 33

’B: ’B: 7
0 -1 21 26

and the cost function (2) where

A =

N=2 0Q=I R=1, W=0.

The solution to (9)-(14) is derived as

po _ [ 15:6887 1.3581] - [—4.7514 7.6065]
0 4 0~

1.3581 3.7805 2.0778 1.8842)

o (5 -1) o, (-453) , (10

P1 = ’ P1 = ’ P2 = ’
-1 2 25 0 01

(oo 51 5) , (-45 1

P2 = , Ro= ’ LO = ’
00 54 100 20.5 -21

. (10 -8 1925\ , (3 -3

LO = ’ Rl = ’ L1 = ’
-18 -9 25 51 13 -13

I e I L U I O
721 =6) P o) 22 loo)

It can be easily verified that Ry, R; and R are all posi-
tive definite. Hence, according to Theorem 1, the unique
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optimal controller is

0.7129 —0.5650 —0.9029 0.1438
Uy = Xo + X-1,
—0.5900 0.5151 0.6676 0.0124

05 -05 —-0.6657 —0.1395
up = X1+ X0,
-0.5 05 0.3459  0.1860

0
Ur = .
"o

When the initial value is chosen to be

the optimal cost is
T* =36.9361. (50)

If the controller is changed into

R 11 (10

flg = X X1,
Tl ) o)

(05 -05 10
= X1 + X0,
-05 05 00

L _[1o), [0
Iy = X x1,
l20]7 "o 2]

the associated value of the cost function is

] = 626.25,

which is larger than (50).

6 Conclusions

This paper solves the LQR problem for stochastic sys-
tems with state delays in discrete-time case. The cou-
pled difference equations developed here play the same
role in our problem as the generalized difference Riccati
equation does in the standard stochastic LQR problem.
The stabilization problem for this class of systems is
worth considering in the future.
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Appendix

Proof of Lemma 1 Suppose that Problem 2 has a unique
solution. (37)—(41) will be shown inductively onk = N, ...,0.
For simplicity, denote the cost function starting from time &,
k=0,...,N, by

N
J(k) = ¥ E(x/Qx; + u/Ru;) + E(x},
i=k

WXNH). (31)

The verification of the case of k = N is simple and similar
to the discussion given below. Thus it will be omitted. Induc-
tively, suppose (37)—(41) hold for k > n + 1. We shall show
that they are true for k = n. First, R, > 0 is to be verified. To
this end, set 1 to be the initial time and let the initial value be

%i=0, i=0,...,d (a2)

Take u, to be any ¥,,_1-measurable random variable and 1,1,
..., Uy to be optimal. Now the optimal value of J(n + 1) will
be calculated. Fork =n+1,...,N + 1, denote
’ d dﬁj
o = E[xpAjg + X xl’ﬂ. Y, A;m(k + M) Agm]- (a3)
j=1 m=0

By (7), (5) and (8), it can be derived

Qg — Q41
d d-j
= E[x Ak — X Ak + Z] ):O x;_jA}+nl(k + 1) Agerm
j=1m=
d-1d-j
-y Y x{(_],A}er(k + 1) Agm ]
=0 m=1

d
=EE[L A}, (k+m)ApmlFra] + x,Qx

m=0
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z X AL — B (k) A

k=j"7j

+ Z xk j ](k)Ak
= E(kuxk +uwRu), k=n+1,...,N.

Z xk m(k + m)Ak+m}

m=1

Summing from k = n + 1 to k = N on the two sides of the
above equation yields

N
i1 —ans = Y, E(qQux + uRuy).

k=n+1

From (a3), (6) and Ay = 0 for k > N, it follows that ay,; =
E(x},,; Wxn41). Thus the optimal value of J(n + 1) is

J*(n+1)

= Oyt

d d-j
=E[x, A+ ) x:HH Y A}m(” +m+ DAl (@4)
j=1 m=0

(41) is assumed to be true fork =n +1, i.e., A, is as
i .
A = Z pi,_,_lxnﬂ—j- (a5)
=0

By applying (a4), (a5), (a2) and (5), it leads to

J*(n+1) =E(x,, 3+1xn+1)
=E[u,B’ (n)PnHB(n)un]
=E[u,(B'P°,,B + oB'P°

n+1 n+1

B)uH]/ (a6)

where the fact that the matrix P is deterministic has been em-

ployed (see Remark 7). That Problem 2 has a unique solution

implies the solution to the optimization problem min J(n) is
Un

unique. Therein,
J(n) = E(x,Qx,, + 1/, Ru,) + J*(n + 1). (a7)

Furthermore, the weighting matrix of u, in J(1) must be pos-
itive definite. By substituting (a6) into (a7), it can be easily
obtained that the weighting matrix is just R,. Hence, R,, > 0
has been shown.

Second, the optimal u,, is to be solved. Substitution of (a5)
and (5) into (8) produces

0= E[Z B(”) P,1+1xn+1—j|7:n—l] + Run
j=0

—Z(B PO A;j+0B'P
j=
+Rnu,,

Axj + z BP

n+1
g

=Y, Lyxu_j + Rty
j=0

@ Springer

Combined with R,, > 0, it is readily seen that the optimal 1, is
given by

d .
Uy = =R Y Llx, . (a8)
j=0
Third, let us verify (39) for k = 1, i.e., the following relation
Xn+t = Z (Dn Xn— ]/ (39)

holds fort =1,...,d. The analysis will be made inductively on
t. By substituting (a8) into (5), x,+1 becomes

d .
Xn+1 = Z (A/(YZ) - B(H)R;_zlL;)xn—j
j=0

d
=Y O, x,j, (a10)
j=0
which is the case of t = 1. Inductively, suppose (a9) is true for
t =1,...,s. By applying (39) with k = n + s and m = 1, one
gets

Xnts+1 = Z (Dn+5x;1+s j
j=0
d . s
_ 1,j+s 1s5—f
= L O X+ L Pls” X, (a11)
j=0 f=1
1,j+s

where @,," = 0if j + s > d has been employed (See Remark
6). By making use of (a9) fort =1,...,sin (a11), it yields

2

1 1,
Xnts+l = ZE)[ ni:s + Z Q)nisf@f]]xn_].
j=

au

= Z (Df:l/jxn—j/
=0
which is (a9) for t = s+ 1. Hence, (a9) has been shown induc-
tively.
Next, (40) is to be proven fork =nandm =1,...,d. Ac-
cording to the inductive hypothesis, (41) is true for k = n +m,
ie.,

d .
— ]
An+m—l - Z Pn+mxn+m—j
j=0

d .
= ZE)PZ:rrrlzxn it Z Pn+mxn+f/ (@12)
j=

where P/ = 0if j+m > d has been used (See Remark 2). By

n+m

employing (39) with k = n in (a12), we get

/\n+m—1 - ZE][P{;Z!I + Z Pn+m®f]]xn j
=

d m—1,j
= Z Sn Xn—j,

j=0

which is indeed (40) with k = n.
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Finally, let us show (41) for k = n. In (40) and (41), setting
k =n+1 produces

d .
m—1,j
Apsm = Z Sn+1 Xnt1-j
j=0

m—1,j+1

e Xnoj, m=1,...,d,

d

m—1,0

= Sn+1 Xns1 + Z S
j=0

d .
— J
An = Z Py X1
j=0
0 a j+1
= Pn+1xﬂ+1 + _ZE)Pon”‘]"
j=

where zeros terms SZ’;ll’d” and P**! have been added on pur-

pose. Combined with (a10), the above equations become

d . .

A = LISI(Aj(n) = BOR,IL,) + S, vy, (a13)
d . .

A, = ]zo [P°, (Aj(n) = BR;'L)) + P 1x, . (a14)

Substitution of (a13) and (a14) into (7) leads to

An—l
d

=Ef 1§0 [A(m)PY,, Aj(n) — Ay(m)PY,  Bm)R; 'L,

X d d
AP, ST + X BLA (n+ m)S A ()
m=1 j=

—A! (n +m)S" M Bm)R; 'L,

n+1

+AL 1+ m)S™ T 1P + Qe

. i, s -1,j .
In view of Remark 7, P! is deterministic and S”', |/ contain

n+1

noises attime n+1,...,n + m. Therefore, the above equation

can be further computed as

/ln—l
d .
= Y. E[A{ ()P, A;(n) — Ay(n)P°  B(n)R; 'L},

n+1

=0
. d d
+AY )P Tx + mzzl ]§0 E[A[, (1 + m)S" °A;(n)
’ m—1,0 = j ’ =1,j+1
—A;,(n+m)S" Bm)R, 'L, + A}, (n +m)S" ]

Xxn—j + an

d .
_ 7 PO . Arp0 A » pi+l
- ]ZE][AOPrHlA] + GAOPrHlA] + AOPn+1

~(A)P°,, B + 6 AyPY, B)R; 'L} 1%,
d d

+Y Y AE[A),(n+m)S"C1A;
j=0m=1

—E[A,(n + m)S"*1BR; 'L,

n+1
m—=1,j+1

+E[A,(n+m)S, 7 Thxaj + Qxy

j
ann—jr

M=

0

-
I

which is (41) for k = n. Until now, the proof of this Lemma is

completed.

Proof of Lemma 2 The lemma will be shown inductively
— ; ; j j j
onk=N,...,0.Since all the variables S,, ,P,,,,, and L, are
zero with k > N and i > 1, the case of k = N is trivial. Suppose
that the claim is true for k = N,...,n. By applying (42) and
(43) with k =mn,...,N in (33), it yields
j ’ A’ A s pitl ’
Pi = A0P2+1Ai + OA0P2+1AJ' + Aoplgl + (Pll+1) A,
~[A,P), B+ AP, B+ (PL,) BIR'L]

d-j L
70 o A7 0 A s pJt1+i
+ i—E 1[AiPi+k+1A,+] +0AP, A+ AP

+(PLL ) Ay = (LY RIALG]+610Q. (a15)
From (30), it follows

(L)) = AP}, B+ 0A,P), B+ (P,,,)B.

Employ the above equation in (a15). It leads to

j = 0
P = Y.[A/P

pard i i+k+1
+(Pith ) Assy = (L REALIT +610Q,
j=0,...,d, k=n,...,N. (a16)

_ _ i
Auj+cAPY A+ AP

i+k+1 i i+k+1

Now we show (42) and (43) for k = n — 1. The following
relation will be verified inductivelyont =4,...,1:

d .
Y. E[A,(n —1+m)S,; "]

m:tt—l d _ _ )
= LTI Ay +0RPL Ay + AP
+(PLL) Ay = (L, YR L TE@))
# LI, v + AT, Aoy + AP
+(PELY Aoy — (L, )R LI @17

First, consider the case of f = d. In (32) and (31), setting
k =nand m = d produces

. d-1 . .
dj _ Ld=1-f f,j 1,j+d-1
CD" - fgl cDn-%—d—l CD” + (Dn+d—1 ’ (@18)
. d . .
S =y Pl Pt s (a19)
f=1

Substitution of (a18) into (a19) generates

)(Dfrf

n - n+d T n+d-1 n+d

géLi _ d)il(PO QYA1f | pif
f=1
0 1,j+d-1 j+d
+Pn+dq)n+d—1 + Pn+d’
which means
BIA (n +d - 1)Sy "]

n+d © n+d-1 n+d

d-1 ‘
= L B4+ d =00, @ o)
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+E[A}(n +d = )P, @V + E[AL(n +d - 1)P* .

n+d n+d 1

Based upon Remark 7, it is known that A;(n + d — 1) and

@if;:f are independent of @7 Thus the above equation can

be further computed as
E[A)(n +d - 1)Sy ]

d-1
=f§1{yf + APTIE@L) + Y + AP (a20)

with

ld—l—f]' (@21)

n+d n+d—1

Y} = E[A}(n +d — 1)P

By applying (31) withk=n+d—-1and j=d—-1- fin (a21),
it results in

=A; Pn+d
—(A, P

Ad 1_f+GAP
B+ A P’

n+d

Agag

n+d

BRL LT

n+d n+d—1 n+d—1

In view of (30), there holds

B+ AP’

n+d

(Ld+d 1) _AIPO

n+d

Therefore, Y becomes
Yf A P A,;l 1- f+GA/P2+dAd,],f

d 1-f
(Ln+d 1) Rn+d 1 n+d-1"

n+d

Y_; can be obtained by replacing f with —j in the above equa-
tion. Employ Y and Y_; in (a20). It yields

E[A)(n +d - 1)S; ]
d-1 _ _
= Z {A:ipgmAd*l*f + GA;PSMAd*Pf
IR\ ) ()

(Ln+d 1) Rn+d 1 n+d-1
+AGPY, Agasg + AP Ay

(Ld+d 1) Rn+d 1Ld o +A’P]+d

n+d-1 n+d’

n+d

which is indeed (a17) for t = d. So far, the case of t = d has
been clarified.

Suppose that (a17) holds for t = h + 1 with 1
i.e.,

<h<d-1,

f E[A/(n —1+m)S "]

m=h+1

_fz %“ [Alpz+nA’ 1-f +GA1P1+nA’ 1-f +A1 z+n
1i=h+1
wm&kf@momﬂaﬁmwﬁ

+ Z[AP Ajrsj+ AP A 1+,+AP“’

1T i+n iTi+n i”i+n
i=h+1

P Ai-sj

+n

— (L) R LT (a22)

+n

@ Springer

Now we show it is true for t = h. Note that

d .
Y. E[A}(n—1+m)S, "]

m=h

= E[A,(n -1+ 1)S) "]

d .
+ Y E[A,(n-1+m)S, ). (a23)
m=h+1
According to (32) and (31), Sk and @ are respectively
as
h 1j _ Ji— f f,j j+h
z Pl + Pt (a24)
Z oMl @l (a25)
which yields

E[A’ (n —1+h)Ss

- Z P+ E[A(n -1+ WP, O U TE[0]]

h ﬂ+h n+h n+h—1
+E[A)(n = 1+ W)P°,, oY T+ AP (a26)

Therein, the mdependence of {Ay(n—1+h), ot f} and (Df]

n+h-1
with f < I — 1 has been applied. On the other hand, (a25)
implies

+h-1 n+h

. h-1 . .
E(@,) = ¥ E(@, E@) +E@, 1. (@27)
f=1
Combine (a22), (a23), (a26) and (a27). It results in

d .
Y. E[A}(n—1+m)S, "]
m=h

h—
= Z‘{Y +A;z n+h+ Z [Azp?+n i-1-f

+0AIP), Ay p+ AP 4 (PIY A

17 1+n 17 1+n +n

@mo&wﬁfﬁm@%

i+n-1

Yo+ AP z [A/P° Aiys

1 1+n
i=h+1

+0AIP, Ay + AP+ (PHLY Ay,

it itn 17 i+n +n
—(L

1)R L/+1 1

i+n— i+n—1"i+n— 1]

where

1 h—l—f
n+h n+h )]

Y; =E[A (n —1+h)P°

+ Z [A’P° Aiq_ + AP Aiq_y, + APh

it i+n it i+n it itn
i=h+1

+ (P Aiciy —

+n

i i Jh=1-
(L i+n— 1) R1+n 1L1+2 %]E((D:thl f)
(a29)



L. Li, H. Zhang / Control Theory Tech, Vol. 13, No. 4, pp. 348-359, November 2015 359

In (a16), takek =n+hand j = h+1. Then (Ph’f}l)’ is derived

n+

as
h+1\7
(Prre)
d 0 AP0 A i+1
_ ’ ’ +1\/
= % 1[1‘11'131-”1141'-;1-1 +0A[P;, A1 + (P) Aina
in
1 pi—h i rp-1 i—h-1
+AiPi+n - (Li+n—1) Ri+n—1Li+n—1 .

Apply the above equation in (a29). Thus Y becomes

Y = E[A)(n -1+ )P, 0" 1))

n+h = n+h-1
+(PIHYE@ ), (a30)

n+h-1

Furthermore, employ (31) and (30) in (a30). We get

Yf =A] PO Ah—f—l + GA]IIP2+hAh_f_1

+2P€££)/Ah—f—1 ~[AP,,,B +dA;P, B
+(PLY BIRSY, L)
= AP A1 +0 AP A+ (PUL) A
~(L ) Ryl Lt (31)

Replacing f with —j in (a31) yields Y_;. Substitute Ys and Y_;
into (a28). Then (a17) for t = h can be directly obtained. So
far, it has been shown that (a17) is true fort = 1,...,d in an
inductive way. In particular, setting t = 1 in (a17) generates

d .
Y. E[A,(n—1+m)S) ]
m=1

1+ 1o+n 1 1+n +n

d ~ ~ » .
=Y [A/P° Airy + cA/P? Ai 1y + AP 4 (PitLy
i=1

XAi1ej— (L, VR LU, j=1,...,d, (@32)

i+n—1"i+n-1

E[A},(n — 1+ m)SI0]
1

iD=

d A A .
= ;[A;P?+HA1‘,1 + O-Az{P?.mAi—l + A,/P;H,

+(PELY A~ (Ll#nq)/Ri_jn—lLi_l

i+n 1 i+n-11*

(a33)

Note thatin (a32), ifi > d—j+1, the variables A;_1., Ai_1.j, P"!
and L/

k =n—1. In view of (a16), it can be easily observed that the
right side of (a33) is (PL). This verifies (43) for k = n — 1.

Therefore, the proof is completed. ]

are all zero. Therefore, (a32) is actually (42) with
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