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New versions of Barbalat’s lemma with applications
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Abstract: This note presents a set of new versions of Barbalat’s lemma combining with positive (negative) definite
functions. Based on these results, a set of new formulations of Lyapunov-like lemma are established. A simple example

shows the usefulness of our results.
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1 Introduction

Barbalat’s lemma (see [1] Lemma 8.2), which states that
a uniformly continuous function converges to zero if its in-
tegral has a (finite) limit, is a powerful tool to conclude that
signals converge to zero in nonlinear systems, especially in
time-varying nonlinear systems. However, this formulation
of Barbalat’s lemma is not easy to combine with Lyapunov
stability theory, which somewhat restricts its application. To
cope with this problem, an effective way is to combine Bar-
balat’s lemma with (semi)positive or (semi)negative defi-
nite functions which play a key role in Lyapunov stability
theory. A typical result is the well-known Lyapunov-like
lemma (see [2] Lemma 4.3). However, this lemma is still
not convenient for use because it is necessary to check the
uniform continuity of a seminegative definite function and
it only shows the asymptotical convergence of this semineg-
ative definite function. Another result that has been widely
used in the adaptive control literature states that if z(¢) : R™
suchthatx € L2, & € L2 and z € L], then z(t) — 0 as
t — oo (see [3] Lemma A.5 and [4] Lemma B.2.1 for the
case p = 2). Actually, the condition x € L7 is redundant,
which was pointed out by Tao [5]. In this note, it will be
further revealed that this is caused by the positive definite
and radially unbounded properties of the continuous func-
tion ||z||”. Besides the above results, another result, which
has been employed successfully to prove stability results
for model predictive control of nonlinear systems (see [6]
Lemma 7 and [7] Lemma 4), states that if an absolutely con-
tinuous function x(t) is such that x(t) € L, ©(t) € L
and M(x(t)) € L1 where M : R"” — R is a continu-
ous positive definite function, then x(t) — 0 as t — oo.
For this result, a natural problem is whether the conclusion
holds true or not if the condition #(¢) € L7 is replaced
by a weaker condition that z(t) is a uniformly continuous
function. Furthermore, it is significant to find out when the
condition z(t) € L7 can be omitted, since in many cases,
whether the state is bounded or not is unknown in advance.

Motivated by these two problems, we will propose two
new formulations of Barbalat’s lemma in conjunction with
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positive (negative) definite functions in this note. The first
one is a natural generalization of Lemma 7 in [6] and
Lemma 4 in [7], but it is still required that the signals must
be bounded; and the second one together with its corol-
lary not only overcome the disadvantage of the first one
by adding some trivial restrictions on the selected positive
(negative) definite functions, but also are more general than
the other related results, such as [3] Lemma A.5, [4] Lemma
B.2.1 and the result in [5], etc. Furthermore, based on these
results, a set of new versions of Lyapunov-like lemma are
established, which are more convenient for application than
the existing one.

For convenience, some notations and concepts used
throughout this paper are presented as follows. For each
p € [1,00) and n € N, L} denotes the set of all measurable

functions f : RT — R™ with fooo IFO)Fdt < oo. LT

denotes the set of all measurable functions f : RT — R"
with sup || f(¢)|| < oco. A measurable function f is said to
>0

be uniformly, locally integrable if, for each € > 0, there ex-

t+06
ists § > 0 such that, for all ¢ > O,L If(s)||ds < e. And
the other necessary concepts can be consulted in [1].

2 Main results

Before giving the main results, we first introduce some
necessary concepts and their properties as follows.

Definition 1 The set M£ consists of all continu-
ous positive definite functions defined on D O B, =
{z] z€ R" and ||z|| < r} for some r € RT. The set
MY consists of all continuous positive definite functions
M which are defined on R” and satisfies that there exist
two positive scalars ¢y and s such that M (z) > cps when
||Z|| >Tp.

Obviously, M9C M~,
holds.

Proposition 1 If a function M is continuous, positive
definite, and radially unbounded, then M € M6,

and the following proposition
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A set of new versions of Barbalat’s lemma combining
with positive (negative) definite functions are presented as
follows:

Theorem 1 If x : R* — R" is a uniformly continu-
ous function such that z(t) € L7 (exactly, ||(¢)|| < r for
some r € RT) and M (z(t)) (or —M (z(t))) € L1, where
M (respectively, —M) € M¥X, then x(t) — 0 ast — 0.

Theorem 2 Let M (or —M) € MY9. If z : Rt —
R™ is a uniformly continuous function such that M (x(t))
(respectively, —M (x(t))) € L1, then z(¢) — 0 as t — oo.

Proof of Theorem 1 We only prove the case of M, for
the case of —M, the proof is similar. Assume that the as-
sertion that z(t) — 0 as ¢ — oo is false, then there ex-
ists a positive scalar ¢ such that for any 7' > 0, there
exists t > T satisfying ||z(t)|| > eo. Hence, there exists
a positive scalar 7y and an increasing sequence of posi-
tive times {t;}, . With t; — oo as i — oo, such that
llz(t;)|| = eo and |¢;41 — t;| > no for all 4. And the con-
clusion [t;41 —t;| > mo for all 7 implies that the inter-

Mo

vals [ti - —,ti+ 772—0} are nonoverlapping. Since z(t) is

assumed to be uniformly continuous, there exists n > 0
such that the following inequality

() - a(t”

holds for any ¢’ and ¢ satisfying |¢/

€o
< —_
<3

—t"| < n (without
loss of generality, we can assume 1 < 772—0, hence the inter-
vals [ti
for any ¢ within the n-neighborhood of ¢; (i.e.,
[t =t <m

—n,t; + 1] are nonoverlapping). This implies that
such that

le(®)ll = lla(t:) + () - (¢
> fla(t)]| ~ la(t) - a(t)] > 3.
Define
d:mm{M()zeRng 2l <}

Under the assumptions, we have d > 0. Meanwhile,
M(x(t)) > d for any t within the n-neighborhood of ¢;.
Hence, we can conclude that

N ctit+
lim !

N—‘OO7' 1

00 > j ))dt > M (z(t))dt

ti—m

> lim
N—oco

ZJ ddt = hm 2Nnd = .
i=1 -

From this contradiction we have that z(t) — 0 ast — oo.
This completes the proof.

The proof of Theorem 2 resembles that of Theorem 1, so
the proof is omitted here. What should be noted is that in
this case d should be defined as d = min{min{M(z) : z €

2 <2l < rarksenr)

According to Theorem 2 and Proposition 1, the following
result is immediate.

Corollary 1 Let M (or —M) be a continuous posi-
tive definite and radially unbounded scalar function. If z :
R* +— R”™ is an uniformly continuous function such that
M (z(t)) (respectively, —M (x(t))) € L4, then z(t) — 0 as
t — 00.

Remark 1 One of the most common ways of guaran-
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teeing that a function z : R +— R" is uniformly contin-
uous on RT is to assume that its derivative z(t) € L7.
A weaker condition to guarantee the uniform continuity of
x(t) on RT is that if z(¢) is absolutely continuous and 7 (¢)
is uniformly, locally integrable (e.g., & € L}), then x(t) is
uniformly continuous. This condition can be checked eas-
ily if one can recall the fact that an absolutely continuous
function is the integral function of its own derivative.
Remark 2 It is easy to see that the related results in [6]
and [7] are a special case of Theorem 1. Furthermore, let
M = ||z||”, then M is a continuous positive definite and ra-
dially unbounded scalar function, hence it is easy from Cor-
rolary 1 to conclude the related results in [3], [4] and [5].
Therefore, it is reasonable to say that the results proposed
in this note are more general than the ones cited before.
Remark 3 It should be noted that the radially un-
bounded condition in Corollary 1 is necessary. Other-
wise, let z(t) = t and M(z) = 2[zle=*", then it is
easy to check that x(¢) is uniformly continuous on R,

M (z) is a continuous positive definite scalar function, and
lun j dt = 1(i.e., M(x(t)) € L1). But obvi-
ously, (t) — 00 as t — 00, this is caused by the fact that

M (z) is not a radially unbounded scalar function.

Based on Theorem 1, Theorem 2 and Corollary 1, a set of
new versions of Lyapunov-like lemma can be established as
follows.

Theorem 3 If x(¢) is a uniformly continuous function
such that ||z(t)|| < r for some r € R, and if there exist a
lower bounded scalar function V and a function M € M~
such that —V > M (z), then z(t) — 0 as t — oo.

Theorem 4 If x(t) is a uniformly continuous function
and if there exist a lower bounded scalar function V' and a
function M € MY such that —V > M (z), then z(t) — 0
ast — oo.

Corollary 2 If z(t) is a uniformly continuous function
and if there exist a lower bounded scalar function V' and a
continuous positive definite and radially unbounded scalar
function M such that =V > M (z(t)), then z(t) — 0 as
t — 00.

Proof of Theorem 3 First, it is necessary to recall a
fact that if a lower bounded function V' : R — R is non-
increasing, then V' converges (see [8] Fact 1). From this fact
and the presented assumptions, it is easy to conclude that
Vo exists and

lim [ M (z(t)))dt < —Vdt =

t—o0 JO

lim Vo — Ve < o0,

t—o0 JO

i.e., M(z(t)) € £;. Combinging this with the uniform con-

tinuity and boundedness of x(t), it is obtained from Theo-

rem 1 that z(¢) — 0 as ¢ — oo. This completes the proof.
The proof of Theorem 4 and Corollary 2 is similar to that

of Theorem 3, and hence omitted here.

3 A simple example

To illustrate the usefulness of our results, we give an ex-
ample as follows.

Example 1 Consider the following second-order con-
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trol system

é=—e+ 0w(t),
0 = —ew(t),

where w(t) is a bounded continuous function. Let us ana-

lyze the asymptotic properties of this system.

Consider the lower bounded function

V =e?+ 6%
Its derivative is
V = 2e(—e + Ow(t)) + 20(—ew(t)) = —2€2 < 0.

This implies that V; < Vj, and hence, e and 6 is bounded.
So it is easy to see that é is also bounded, and hence e is
uniformly continuous. Combining these with the fact that
—V =22 =M (e) is continuous, positive definite, and
radially unbounded, we can use Corollary 2 to obtain that
e—0ast — oo.

Remark 4 The above example was also taken by Slo-
tine to illustrate the use of the Lyapunov-like lemma in [2]
(see Example 4.13), where the uniform continuity of the
function V' is checked, and then it is concluded that V' con-
verges to zero, which further indicates that e converges to
zero. But as shown in the above example, to use our results,
we just need to check the uniform continuity of the signal
e; and furthermore, we can conclude directly that e con-
verges to zero. Therefore, it stands to reason that, compared
to the well-known Lyapunov-like lemma, our results make
it more convenient to analyze the asymptotic convergence
of signals.

4 Conclusions

In this note, a set of new versions of Barbalat’s lemma
combining with positive (negative) definite functions are
proposed. These results allow us to establish a set of new
versions of Lyapunov-like lemma. A simple example illus-
trates that, compared to the existing Lyapunov-like lemma,
the results proposed in this note can make it more conve-
nient to analyze the asymptotic stability of a control system.
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