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New versions of Barbalat’s lemma with applications
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Abstract: This note presents a set of new versions of Barbalat’s lemma combining with positive (negative) definite
functions. Based on these results, a set of new formulations of Lyapunov-like lemma are established. A simple example
shows the usefulness of our results.
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1 Introduction
Barbalat’s lemma (see [1] Lemma 8.2), which states that

a uniformly continuous function converges to zero if its in-
tegral has a (finite) limit, is a powerful tool to conclude that
signals converge to zero in nonlinear systems, especially in
time-varying nonlinear systems. However, this formulation
of Barbalat’s lemma is not easy to combine with Lyapunov
stability theory, which somewhat restricts its application. To
cope with this problem, an effective way is to combine Bar-
balat’s lemma with (semi)positive or (semi)negative defi-
nite functions which play a key role in Lyapunov stability
theory. A typical result is the well-known Lyapunov-like
lemma (see [2] Lemma 4.3). However, this lemma is still
not convenient for use because it is necessary to check the
uniform continuity of a seminegative definite function and
it only shows the asymptotical convergence of this semineg-
ative definite function. Another result that has been widely
used in the adaptive control literature states that if x(t) : R

n

such that x ∈ Ln
∞, ẋ ∈ Ln

∞ and x ∈ Ln
p , then x(t) → 0 as

t → ∞ (see [3] Lemma A.5 and [4] Lemma B.2.1 for the
case p = 2). Actually, the condition x ∈ Ln

∞ is redundant,
which was pointed out by Tao [5]. In this note, it will be
further revealed that this is caused by the positive definite
and radially unbounded properties of the continuous func-
tion ‖x‖p. Besides the above results, another result, which
has been employed successfully to prove stability results
for model predictive control of nonlinear systems (see [6]
Lemma 7 and [7] Lemma 4), states that if an absolutely con-
tinuous function x(t) is such that x(t) ∈ Ln

∞, ẋ(t) ∈ Ln
∞

and M(x(t)) ∈ L1 where M : R
n �→ R is a continu-

ous positive definite function, then x(t) → 0 as t → ∞.
For this result, a natural problem is whether the conclusion
holds true or not if the condition ẋ(t) ∈ Ln

∞ is replaced
by a weaker condition that x(t) is a uniformly continuous
function. Furthermore, it is significant to find out when the
condition x(t) ∈ Ln

∞ can be omitted, since in many cases,
whether the state is bounded or not is unknown in advance.

Motivated by these two problems, we will propose two
new formulations of Barbalat’s lemma in conjunction with

positive (negative) definite functions in this note. The first
one is a natural generalization of Lemma 7 in [6] and
Lemma 4 in [7], but it is still required that the signals must
be bounded; and the second one together with its corol-
lary not only overcome the disadvantage of the first one
by adding some trivial restrictions on the selected positive
(negative) definite functions, but also are more general than
the other related results, such as [3] Lemma A.5, [4] Lemma
B.2.1 and the result in [5], etc. Furthermore, based on these
results, a set of new versions of Lyapunov-like lemma are
established, which are more convenient for application than
the existing one.

For convenience, some notations and concepts used
throughout this paper are presented as follows. For each
p ∈ [1,∞) and n ∈ N, Ln

p denotes the set of all measurable

functions f : R
+ �→ R

n with
� ∞

0
‖f(t)‖p dt < ∞. Ln

∞
denotes the set of all measurable functions f : R

+ �→ R
n

with sup
t�0

‖f(t)‖ < ∞. A measurable function f is said to

be uniformly, locally integrable if, for each ε > 0, there ex-

ists δ > 0 such that, for all t � 0,
� t+δ

t
‖f(s)‖ds < ε. And

the other necessary concepts can be consulted in [1].

2 Main results
Before giving the main results, we first introduce some

necessary concepts and their properties as follows.
Definition 1 The set ML

r consists of all continu-
ous positive definite functions defined on D ⊇ Br =
{z| z ∈ R

n and ‖z‖ � r} for some r ∈ R
+. The set

MG consists of all continuous positive definite functions
M which are defined on R

n and satisfies that there exist
two positive scalars cM and rM such that M(z) � cM when
‖z‖ > rM .

Obviously, MG⊆ ML
r , and the following proposition

holds.
Proposition 1 If a function M is continuous, positive

definite, and radially unbounded, then M ∈ MG .
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A set of new versions of Barbalat’s lemma combining
with positive (negative) definite functions are presented as
follows:

Theorem 1 If x : R
+ �→ R

n is a uniformly continu-
ous function such that x(t) ∈ Ln

∞ (exactly, ‖x(t)‖ � r for
some r ∈ R

+) and M(x(t)) (or −M(x(t))) ∈ L1, where
M (respectively, −M) ∈ ML

r , then x(t) → 0 as t → ∞.
Theorem 2 Let M (or −M) ∈ MG . If x : R

+ �→
R

n is a uniformly continuous function such that M(x(t))
(respectively, −M(x(t))) ∈ L1, then x(t) → 0 as t → ∞.

Proof of Theorem 1 We only prove the case of M , for
the case of −M , the proof is similar. Assume that the as-
sertion that x(t) → 0 as t → ∞ is false, then there ex-
ists a positive scalar ε0 such that for any T > 0, there
exists t > T satisfying ‖x(t)‖ � ε0. Hence, there exists
a positive scalar η0 and an increasing sequence of posi-
tive times {ti}i∈N

, with ti → ∞ as i → ∞, such that
‖x(ti)‖ � ε0 and |ti+1 − ti| > η0 for all i. And the con-
clusion |ti+1 − ti| > η0 for all i implies that the inter-
vals

[
ti − η0

2
, ti +

η0

2

]
are nonoverlapping. Since x(t) is

assumed to be uniformly continuous, there exists η > 0
such that the following inequality

‖x(t′) − x(t′′)‖ <
ε0

2
holds for any t′ and t′′ satisfying |t′ − t′′| < η (without
loss of generality, we can assume η <

η0

2
, hence the inter-

vals [ti − η, ti + η] are nonoverlapping). This implies that
for any t within the η-neighborhood of ti (i.e., such that
|t − ti| < η)

‖x(t)‖ = ‖x(ti) + x(t) − x(ti)‖
� ‖x(ti)‖ − ‖x(t) − x(ti)‖ >

ε0

2
.

Define

d = min
{

M(z) : z ∈ R
n,

ε0

2
� ‖z‖ � r

}
.

Under the assumptions, we have d > 0. Meanwhile,
M(x(t)) � d for any t within the η-neighborhood of ti.
Hence, we can conclude that

∞ >
� ∞

0
M(x(t))dt � lim

N→∞

N∑
i=1

� ti+η

ti−η
M(x(t))dt

� lim
N→∞

N∑
i=1

� ti+η

ti−η
d dt = lim

N→∞
2Nηd = ∞.

From this contradiction we have that x(t) → 0 as t → ∞.
This completes the proof.

The proof of Theorem 2 resembles that of Theorem 1, so
the proof is omitted here. What should be noted is that in
this case d should be defined as d = min{min{M(z) : z ∈
R

n,
ε0

2
� ‖z‖ � rM}, cM}.

According to Theorem 2 and Proposition 1, the following
result is immediate.

Corollary 1 Let M (or −M) be a continuous posi-
tive definite and radially unbounded scalar function. If x :
R

+ �→ R
n is an uniformly continuous function such that

M(x(t)) (respectively, −M(x(t))) ∈ L1, then x(t) → 0 as
t → ∞.

Remark 1 One of the most common ways of guaran-

teeing that a function x : R
+ �→ R

n is uniformly contin-
uous on R

+ is to assume that its derivative ẋ(t) ∈ Ln
∞.

A weaker condition to guarantee the uniform continuity of
x(t) on R

+ is that if x(t) is absolutely continuous and ẋ(t)
is uniformly, locally integrable (e.g., ẋ ∈ Ln

1 ), then x(t) is
uniformly continuous. This condition can be checked eas-
ily if one can recall the fact that an absolutely continuous
function is the integral function of its own derivative.

Remark 2 It is easy to see that the related results in [6]
and [7] are a special case of Theorem 1. Furthermore, let
M = ‖x‖p, then M is a continuous positive definite and ra-
dially unbounded scalar function, hence it is easy from Cor-
rolary 1 to conclude the related results in [3], [4] and [5].
Therefore, it is reasonable to say that the results proposed
in this note are more general than the ones cited before.

Remark 3 It should be noted that the radially un-
bounded condition in Corollary 1 is necessary. Other-
wise, let x(t) = t and M(x) = 2|x|e−x2

, then it is
easy to check that x(t) is uniformly continuous on R

+,
M(x) is a continuous positive definite scalar function, and

lim
t→∞

� t

0
M(x(t)))dt = 1(i.e., M(x(t)) ∈ L1). But obvi-

ously, x(t) → ∞ as t → ∞, this is caused by the fact that
M(x) is not a radially unbounded scalar function.

Based on Theorem 1, Theorem 2 and Corollary 1, a set of
new versions of Lyapunov-like lemma can be established as
follows.

Theorem 3 If x(t) is a uniformly continuous function
such that ‖x(t)‖ � r for some r ∈ R

+, and if there exist a
lower bounded scalar function V and a function M ∈ ML

r

such that −V̇ � M(x), then x(t) → 0 as t → ∞.
Theorem 4 If x(t) is a uniformly continuous function

and if there exist a lower bounded scalar function V and a
function M ∈ MG such that −V̇ � M(x), then x(t) → 0
as t → ∞.

Corollary 2 If x(t) is a uniformly continuous function
and if there exist a lower bounded scalar function V and a
continuous positive definite and radially unbounded scalar
function M such that −V̇ � M(x(t)), then x(t) → 0 as
t → ∞.

Proof of Theorem 3 First, it is necessary to recall a
fact that if a lower bounded function V : R → R is non-
increasing, then V converges (see [8] Fact 1). From this fact
and the presented assumptions, it is easy to conclude that
V∞ exists and

lim
t→∞

� t

0
M(x(t)))dt � lim

t→∞

� t

0
−V̇ dt = V0 − V∞ < ∞,

i.e., M(x(t)) ∈ L1. Combinging this with the uniform con-
tinuity and boundedness of x(t), it is obtained from Theo-
rem 1 that x(t) → 0 as t → ∞. This completes the proof.

The proof of Theorem 4 and Corollary 2 is similar to that
of Theorem 3, and hence omitted here.

3 A simple example
To illustrate the usefulness of our results, we give an ex-

ample as follows.
Example 1 Consider the following second-order con-
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trol system {
ė = −e + θw(t),
θ̇ = −ew(t),

where w(t) is a bounded continuous function. Let us ana-
lyze the asymptotic properties of this system.

Consider the lower bounded function
V = e2 + θ2.

Its derivative is
V̇ = 2e(−e + θw(t)) + 2θ(−ew(t)) = −2e2 � 0.

This implies that Vt � V0, and hence, e and θ is bounded.
So it is easy to see that ė is also bounded, and hence e is
uniformly continuous. Combining these with the fact that
−V̇ = 2e2 = M(e) is continuous, positive definite, and
radially unbounded, we can use Corollary 2 to obtain that
e → 0 as t → ∞.

Remark 4 The above example was also taken by Slo-
tine to illustrate the use of the Lyapunov-like lemma in [2]
(see Example 4.13), where the uniform continuity of the
function V̇ is checked, and then it is concluded that V̇ con-
verges to zero, which further indicates that e converges to
zero. But as shown in the above example, to use our results,
we just need to check the uniform continuity of the signal
e; and furthermore, we can conclude directly that e con-
verges to zero. Therefore, it stands to reason that, compared
to the well-known Lyapunov-like lemma, our results make
it more convenient to analyze the asymptotic convergence
of signals.

4 Conclusions
In this note, a set of new versions of Barbalat’s lemma

combining with positive (negative) definite functions are
proposed. These results allow us to establish a set of new
versions of Lyapunov-like lemma. A simple example illus-
trates that, compared to the existing Lyapunov-like lemma,
the results proposed in this note can make it more conve-
nient to analyze the asymptotic stability of a control system.

References

[1] H. K. Khalil. Nonlinear Systems[M]. 3rd ed. Englewood Cliffs:
Prentice-Hall, 2002.

[2] J. J. E. Slotine, W. P. Li. Applied Nonlinear Control[M]. Englewood
Cliffs: Prentice-Hall, 1991.

[3] R. Kelly, V. Santibanez, A. Loria. Control of Manipulators in Joint

Space[M]. London: Springer-Verlag, 2005.

[4] R. Marino, P. Tomei. Nonlinear Control Design: Geometric, Adaptive
and Robust[M]. Englewood Cliffs: Prenctice-Hall, 1995.

[5] G. Tao. A simple alternative to the Barbalat lemma[J]. IEEE
Transactions on Automatic Control, 2000, 42(5): 698.

[6] F. A. C. C. Fontes. A general framework to design stabilizing
nonlinear model predictive controllers[J]. Systems & Control Letters,
2001, 42(2): 127 – 143.

[7] H. Michalska, R. B. Vinter. Nonlinear stabilization using dis-
continuous moving-horizon control[J]. IMA Journal of Mathematical
Control Information, 1994, 11(4): 321 – 340.

[8] B. Brogliato, R. Lozano, B. Maschke, et al. Dissipative Systems
Analysis and Control Theory and Applications[M]. 2rd ed. London:
Springer-Verlag, 2007.

Mingzhe HOU received his B.E. degree in Automa-
tion in 2005 from Harbin Institute of Technology,
China. Currently, he is working toward the Ph.D.
degree in the Center for Control Theory and Guid-
ance Technology at Harbin Institute of Technology.
His main research interests include nonlinear con-
trol theory and guidance and control for aircrafts. E-
mail: houlechuan@126.com.

Guangren DUAN received his Ph.D. degree in Con-
trol Systems Theory in 1989 from Harbin Institute
of Technology, China. From 1989 to 1991, he was a
post-doctoral researcher at Harbin Institute of Tech-
nology, where he became a professor of control sys-
tems theory in 1991. Dr. Duan visited the Univer-
sity of Hull, UK, and the University of Sheffield, UK
from December 1996 to October 1998, and worked
at the Queen’s University of Belfast, UK from Octo-

ber 1998 to October 2002. Since August 2000, he has been elected Spe-
cially Employed Professor at Harbin Institute of Technology sponsored by
the Cheung Kong Scholars Program of the Chinese government. He is cur-
rently the Director of the Center for Control Systems and Guidance Tech-
nology at Harbin Institute of Technology. His research interests include
robust control, eigenstructure assignment, descriptor systems, missile au-
topilot design and magnetic bearing control. E-mail: g.r.duan@hit.edu.cn.

Mengshu GUO received his B.S. degree from
Harbin Normal University, China, in 1995 and the
M.S. and Ph.D. degrees in Mathematics from Harbin
Institute of Technology, Harbin, China, in 1997
and 2003, respectively. Since 2006, he has been
working as an associate professor at the Depart-
ment of Mathematics, Harbin Institute of Technol-
ogy. His research areas include differential inclu-
sions, optimal control and optimization. E-mail: ms-

guo@hit.edu.cn.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


