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jump systems with state delay
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Abstract: This paper deals with the delay-dependent stabilization problem for singular systems with Markovian jump
parameters and time delays. A delay-dependent condition is established for the considered system to be regular, impulse
free and stochastically stable. Based on the condition, a design algorithm of the desired state feedback controller which
guarantees the resultant closed-loop system to be regular, impulse free and stochastically stable is proposed in terms of a
set of strict linear matrix inequalities (LMIs). Numerical examples show the effectiveness of the proposed methods.
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1 Introduction

Singular systems are an important kind of systems from
both the theoretical and practical points of view and have
been extensively studied in the past years. Many important
and interesting results on the control problems related to
singular systems have been proposed by all kinds of meth-
ods and a great number of fundamental notions and results
in control, and systems theory based on state-space systems
have been successfully extended to singular systems. For
more details on these results we refer the readers to [1, 2]
and the references therein. It is worth noting that when deal-
ing with the related problems of singular systems, not only
stability, but also regularity and absence of impulses (for
continuous singular systems) and causality (for discrete sin-
gular systems) must be considered simultaneously, whereas
for state-space systems the latter two issues do not arise.
Hence, the study of singular systems is much more diffi-
cult and complex than that of state-space systems. Recently,
the problems of stability analysis and stabilization for sin-
gular systems with time-delay have attracted much atten-
tion from many researchers since time delays are often the
cause of instability and poor performance of control sys-
tems and both delay-independent and delay-dependent con-
ditions have been derived for continuous cases (see [1,3,4]
and references therein). The corresponding results for dis-
crete cases can be found in [1, 5, 6].

In parallel, there have been also considerable research ef-
forts on the study of Markovian jump systems, which are
a special kind of hybrid systems, due to the fact that they
can better represent physical systems with abrupt varia-
tions. Many important results on such systems have been
reported in the literature (see, e.g. [7~9] and the references
therein). When Markovian jump parameters arise in singu-
lar systems, the state feedback stabilization and its robust-
ness problems for this kind of systems with norm-bounded
uncertainties were tackled in [10] in terms of the linear ma-
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trix inequality (LMI) approach. The problems of guaranteed
cost control and robust H., control for continuous Marko-
vian jump singular systems were solved in [1] and the de-
sired state feedback controllers can be constructed by solv-
ing a set of LMIs. Also, the robust H., control problem for
discrete Markovian jump singular systems was discussed in
[11]. However, to date only a few results have been reported
on singular Markovian jump systems with time delay. In
terms of the LMI approach, [12] established sufficient con-
ditions on the stochastic stability and stochastic stabilizabil-
ity for singular Markovian jump systems with time delays
and the stabilization problem was solved via state feed-
back controller. However, the results of [12] are delay-
independent, so they are conservative, especially when time
delay is small. The delay-dependent stochastic stabilization
problem of singular Markovian jump systems with state de-
lay was discussed in [13] and the design methods for the
desired state feedback controllers were given. However, it
should be pointed out that in [13] the considered system
was assumed to be necessarily regular and impulse free;
moreover, a matrix describing the relationship between fast
and slow subsystems is needed and an improper choice of
the matrix would make the results unreliable. Hence, the
delay-dependent stabilization problem for singular Marko-
vian jump time-delay systems has not been well solved in
[13]. To the best of our knowledge, very little attention has
been paid to the problem of delay-dependent stabilization
for singular Markovian jump time-delay systems, which has
not been fully discussed and is still open. This motivates the
present study.

This paper is concerned with the delay-dependent stabi-
lization problem for singular Markovian jump systems with
time delays. Different with the results of [13], the consid-
ered system here is not assumed to be necessarily regular
and impulse free. In terms of a set of LMIs, we present a
delay-dependent sufficient condition which guarantees the
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regularity, absence of impulses, and stochastic stability of
such systems. Based on this, a strict LMI-based approach is
proposed to solve the delay-dependent stabilization problem
and the desired state feedback controllers can be constructed
by solving a set of strict LMIs, which can be easily solved
using the LMI control toolbox. Several numerical examples
are provided to demonstrate the effectiveness and applica-
bility of the established results.

Notations C,, 4 = C([—d, 0], R™) denotes the Banach
space of continuous vector functions mapping the interval
[—d, 0] into R™. ||¢(s)|la = sup |l¢(s)] stands for the

—d<s<0
norm of a function ¢(t) € C,, 4. (£2,F,P) is a probability
space, {2 is the sample space, F is the o-algebra of subsets
of the sample space and P is the probability measure on F.
E{-} denotes the expectation operator with respect to some
probability measure P.

2 Problem formulation and preliminaries
Fix a probability space ({2, F,P) and consider the fol-
lowing singular time-delay systems with Markovian jump
parameters:
{Em(t) = A(ry)z(t) + Ag(re)z(t — d) + B(ry)u(t), 0
Z‘(t) = (b(t)a te [_dv O]a
where z(t) € R™ is the state, u(t) € R™ is the con-
trol input. d is an unknown but constant delay satisfying
0 <d<d, ¢(t) € C, zis a compatible vector valued ini-
tial function. The matrix £ € R™*™ may be singular and
it is assumed that rank E = r < n, A(ry), Aq(ry) and
B(ry) are known real constant matrices with appropriate
dimensions. {r;} is a continuous-time Markovian process
with right continuous trajectories and taking values in a fi-
nite set S = {1,2,-- - , s} with transition probability matrix
IT £ {m;;} given by

PI'{T't+h ]|T‘tl}{
o(h)

where h > 0, }llin%) = 0, and 7;; > 0, for j # 4, is the

mijh + o(h), J# i,
1+7T”h+0(h), ]:Z,

transition rate from mode 7 at time ¢ to mode j at time ¢ 4 h

and T = —

For notational simplicity, in the sequel, for each possible
ry = 14,4 € S, amatrix M (r;) will be denoted by M;; for
example, A(r;) is denoted by A;, A4(r;) by Ag; and so on.

Definition 1 1) For a given scalar d > 0, the nominal

singular Markovian jump time-delay system
Ei(t) = Ajx(t) + Agiz(t — d), @)
I(t) = (b(t)a te [7d7 O]
is said to be regular and impulse free for any constant time
delay d satisfying 0 < d < d, if the pairs (F, A;) and
(E, A; + Ag;) are regular and impulse free for every i € S.
2) The singular Markovian jump time-delay system (2)

is said to be stochastically stable, if there exists a scalar
M (7o, ¢(+)) such that

Jim E([ N2 ®)]Pdtlro, a(s) = 6(s)} < M(ro, 6())- 3)

Our goal in this paper is, for a given scalar d > 0, to de-
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sign a state feedback controller u(t) = K,;z(t), where K;
is a design parameter that has to be determined for every
1 € S, guaranteeing that the resultant closed-loop system is
regular, impulse free and stochastically stable for any con-
stant time delay d satisfying 0 < d < d.

3 Main results

In this section, the LMI method is used to solve the delay-
dependent stabilization problem for the singular Markovian
jump time-delay system (1). Initially, a delay-dependent
condition is proposed for the singular Markovian jump
time-delay system (2) to be regular, impulse free, and delay-
dependent stochastically stable.

Theorem 1 For a prescribed scalar d > 0, the singular
Markovian jump time-delay system (2) is regular, impulse
free, and stochastically stable for any constant time delay
d satisfying 0 < d < d, if there exist symmetric positive-
definite matrices @);, (), Z and matrices P;, M;, N;, H;, S;,
R; and T; such that for every i € S,

E'P, = P'E >0, (4a)
S Sz s @Si
— ¥ Hjoo Hio3 dR;
g = - 4
’ * k Ei33 dTZ < 07 ( b)
* * x —dZ
Qi < Q7 (4’0)

where p = max{|m;;|,7 € S} and

._:',“1 = S WijETPj + MZTAl + A;I‘Ml + SzE + ETS;T
j=1
+Qi + MCZQ7

Sio = P — M} + ATN; + E'R},

Sz = —S;E+ M Ay + ETT]" + AT H;,

Sigg = —N; — N +d2Z,

So3 = —R;E+ N;"Ag; — H;

Siss = —Q; —T,E—E"TF + H Ay + AL ;.
Proof From (4), it is easy to show that for every i € S,

E™P,=PTE >0, (5a)
Ail AiQ
[ . Aig] <0, (5b)

where
Ap =1 ETP + ATP, + PTA; + Qi + S;E + ETST,
Aip = PY Ay — S,E+ ETTF + AT H;,
Aiz=—Q; — E"TF —T,E + ALH,; + A Ay,

_ [EO0] - 0o I] - 00
E_[o0}"4"_{&—1}"4““{,4&0}’

e[ 8] 5= [30] = 24

M; N; R; 0 00
= [00] ~ [Qio0
HZ_[HiO]’Ql_{O Jz}'

Since rank £ = rank E = r < n, there exist nonsingular
matrices GG and H such that
B —GEH - {fr 0} .

00 (6)
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Denote
~ A Aim] T |:Pi11 Pi12]
GAH = G TPH = ,
[Aqm Ao ' Pio1 Pioo 7
= Sit1 Si2 ™
st [ o]
Sia1 Sioo

for every i € S. By (5a), it can be shown that P;;o = 0 for
every i € S. Pre-multiplying and post-multiplying A;; < 0
by HT and H, respectively, we have A5, Pioo+ Pibo Ajas <
0, which implies A;22 is nonsingular for every i € S and
thus the pair (E, A;) is regular and impulse free for every
i € S.Since det(sE — A;) = det(sE — A;), we can easily
see that the pair (F, A;) is regular and impulse free for ev-
ery i € S. Now, pre-multiplying and post-multiplying (5b)
by [I 1 ] and [I 1 ]T, respectively, we can obtain

T BT (P + Hy) + (A + Aa) " (P + H;)

+(P; + H)T(A; + Ag) < 0.
Using the above approach, we can get the above LMI and

EY(P;+H;) = (P, +H;)"E>0 (8)

implies that, for every i € S, the pair (E, A; + Ag4;) is reg-
ular and impulse free, and matrices P; is nonsingular for
every ¢ € S. According to Definition 1, the singular Marko-
vian jump time-delay system (2) is regular and impulse free
for any constant time delay d satisfying 0 < d < d.

Next, we will show the stochastic stability of system
(2). Define a new process {(z¢,r¢),t > 0} by {z; =
x(t+0),—2d < 0 < 0}, then {(x¢,7¢),t > d} is a Markov
process with initial state (¢(-), 7). Now, for ¢ > d, define
the following stochastic Lyapunov candidate for system (2):

4
Z Vk(xtarht)a

Vi(ze,1e,t) = o)
k=1
where
Vl(xtvrtvt) ( )TETP( ):L’(t),
t
Va(ar,rit) = [, 2(a)"Q(ro)a(a)day
3(zg, 1, 1) j L+ﬂ ()YETZEi(a)dads,

Va(xy,re,t) ,uj L+[3 )T Qz(a)dadp.

Let A be the weak infinitesimal generator of the random
process {x, 7+ }. Then, for each i € S, we have

AV(xt,i,t)
< e()TETP(t) — 2(t — d)T Qix(t — d)

Lt i 75 ET P Ya(t) + 2(0) T Qia(t)

e

+di(t) B ZEi(1) ~ [ i(0)" BT ZBi(a)da

()T Qat) —p [ #(0)TQa(a)da
(Bi(t))"R; + z(t — d)"'T}]
(t—d)- | t_d Ei(a)da]

c(t)" M + (Bx(t)" N + z(t — d)TH]

{Z m;Q; te(a)da
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According to Jensen integral inequality [14], one can obtain

[ < T (=dZ)C(e),

t 1
where ((t) = —L ., EE;t(a)da. Noting Q; < @, m; >0
fori # jand —p < m;; < 0, we have

J[ @5 mi@s)a(ada
< idx(a)T{_ ZS: _ij}x(a)doz
J=1,j#i
= —my L_dx(a)TQx(a)da < uL_dx(a)T

Hence, we have that, for every i € S,

(@)"ETZEi(a)da (10)

Qz(a)da.

AV (z,0,t) < n(t) T Em(t), (11)
where
z(t)
| Ei(t)
(1)

From (4b), it is easy to see that there exits a scalar A > 0

such that for every i € S, AV (z4,i,t) < —\|z(2)]>

Therefore, for any ¢ > d, by Dynkin’s formula, we get
t

EV(24,i,t) — EV (2,74, d) < —AE L |z(s)||2ds, which

yields

t
efd lz(s)[|2ds < A"1EV (2q, ra, d).

Because of the regularity and the non-impulsiveness of the
pair (E, A;) for every i € S, we can choose two nonsingu-
lar matrices M and N such that

12)

1.0 Aj Agp
MEN = MA;N =
|:0 O:| ’ |:Az3 Ai4:|
where A4 is nonsingular for every i € S. Set
~ [ —Ap A
M= " "M
{ U ]
It is easy to get
~ 1.0 - Ai 0
MEN = MA;N =
[0 0] ’ Aig T

where Ail = Ail
note

— AiQAi_AllAig and Al‘g = Al_41A13 De-
- Aiar A‘dz]
MAgGN = |~ " sl
¢ [Aid:} Aida
Then, for every i € S, system (2) is restricted system equiv-
alent to

C1( ) = i}(l(t)+Aid1C1(t_d)"I‘AidQCQ(t_d)v
G(t) = Ai13§1(t)+Aid3§1 (t—d)+Ajqala(t — d),
1/}(75) = N"'¢(t), t € [~d,0],

where

13)
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For any ¢ > 0, it follows from (13) that
J Ol = 16:0) + [ [Anca(e) + Ao~ d)
+Aja2Ca (o — d)]do||
<O+ [ 116 @)+ I (@ - d)
G2 — ) da, (14)
where k:1 = max{||Al1|| [l Aiq1lls || Aiaz||} = 0. Then, for

any 0 < d we have

[ @) < @hd+ D6l + ki [} 1Ga(e)]da. (15)

Applying the Gronwall-Bellman lemma, we obtain from
(15) that forany 0 < t < d, [|¢1(t)|| < (2k1d+1) |9 g4,

Thus
S G (@)1 < (2kid + 1)2[[]3e* 7. (16)
\CE\
We have from (13) that
sup [|C2(0)|* < K3[(2knd + 1) €1 + 2|07, (17)
where ko = m%X{H/L;;”, [ Asasll, || Aiaall }- Hence, there
1€

exists a scalar kg > 0 such that sup [[¢(@)]]* < ks||v]|2

IO
Therefore,
sup [lz(a)[|* < ksl NIPINTHPlelZ  (18)
0<a<d

Then we have from (9), (13) and (18) that there exits a scalar
o such that V (x4, rq,d) < g||¢[/% This together with (12)
and (18) implies there exits a scalar p such that

£ [ llz(s)|%ds
= ([ la(s)|Pds) +£(]] la(s)|ds} < pEllol1%

Considering this and Definition 1, system (2) is stochasti-
cally stable for any constant time delay d satisfying 0 <
d < d. This completes the proof.

Remark 1 A delay-dependent condition is given in
Theorem 1 for the singular Markovian jump time-delay sys-
tem to be regular, impulse free and stochastically stable. The
condition here is different from the result of [13], where the
considered system was assumed to be regular and impulse
free. Hence, Theorem 1 is much more desirable and elegant
than the result of [13].

Remark 2 In Theorem 1, the free weighting matrix ap-
proach is extended to singular Markovian jump time-delay
systems. Such method has been widely applied to deal with
the delay-dependent related problem to state-space time-
delay systems; see [15~17] for the continuous case and
[18, 19] for the discrete case.

Theorem 2 For a prescribed scalar d > 0, the singu-
lar Markovian Jump time-delay system (1) controlled by

u(t) = V;L;'a(t) is regular, impulse free and stochasti-
cally stable for any constant time delay d satisfying 0 <
d < d, if there exist symmetric positive-definite matrices
Q;, Q, Z, and matrices L;, V;, U;, G;, F;, S;, T;, R; such
that for every i € S,

EL;=L'ET >0, (192)
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(Vi1 Vie Vs dS; pdLT dUl]
* Voo Vios dT; 0 dGT
x * —F,—FYdR; 0 dFZ-T
% N Vi 0 0 < 0, (19b)
* % x —pdQ 0
* * * * 0 —-dZ

Qi+Q—L;—L} <0,
where

Viir = U; + U + Qi + S;ET + ES} + m; LTET
+ Z mi; LY ETL; Ly,

J=1,j#1

(19c¢)

Viig = G + ETZ»T —-S,ET,

Viiz= Fi+ LTAT + VB — Ul + ERT,
Viso = —Qi — TE" — TE",

Viss = L Ay — G — ER],

Vius = dZ — dL; — JLZ»T.
Proof Plugging the controller u(t) =
system (1) gives
El‘(t) = A;”‘l‘(t) + Adil‘(t — d), (20)
where Ag; = A; + B;K;. Using Theorem 1 to this system
and replacing A; in (4b) by Ay;. Taking this into account,
the condition =; < 0 is equivalent to
I5T =602+ 076, +GXT + XG! + Q; <0,(21)
where

K;x(t) in the

I 000 P, 0 0 O
0010 0P 0 O
T=1o 100" %= |\am N 0
0001 00 0P
0 0 IO S; ET
0 0 00 T; —-ET
Qi: y Yi = ' 7X: )
Agi Agi =10 g R; 0
0 0 00 0 dI
S ETP+Qi+pdQ 0 0 0
j=1
Q, = 0 —-Q; 0 0
0 0 dZ 0
0 0 0 —dzZ
From Theorem 1, P; and N; are nonsingular for every
i € S. Define
P00 07 [LO0O O
o-1 0P 0 O |0 L;0 0
i T \M;H;N; 0 UG, F; 0
0 0 0P 00 0L

Pre- and post-multiplying (4a) by LT and L;, respectively,
we get (19a). Similarly, pre- and post-multiply (21) by Qi*T
and 9,;1, respectively, and pre- and post-multiply (4c) by
L} and L;, respectively, and introduce change of variables
such that Q; = LTQ;'Li, Z = Z71,Q = Q71, Vi =
K;L;, and [ST TV RT O}T = 0, TG, LT. After some ma-
nipulation including Schur complement and Lemma 2 of
[13], and then we can obtain (19b) and (19¢). This com-
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pletes the proof.
It is noted that the conditions in Theorem 2
are no longer LMI conditions because of the term

>> m LY ETL; L. In order to obtain an LMI-based
J=1j#i
design method of the desired state feedback controller, with-
out loss of generality, in the following discussion we assume
1.0 Ly 0O
that £ = ,
4 { 00 Lis L'L3:|
where L;; > 0. After some manipulation, we find

} Then (19a) implies L; = {

‘ Z 'ﬂ'ijL;rETLj_lLi Z‘ Z '7('1']' |:L(;1:| Lj_ll [Lzl O]
J=1,j#i J=1,j#i

Now, applying Schur complement to (19b), we get the fol-
lowing result.

Theorem 3 For a prescribed scalar d > 0, the singu-
lar Markovian jump time-delay system (1) controlled by
u(t) = V;L;'a(t) is regular, impulse free and stochasti-
cally stable for any constant time delay d satisfying 0 <
d < d, if there exist symmetric positive-definite matrices
Qi, Q, Z, L;; and matrices L; = {Lﬂ 0 }, Vi, U, Gi,

Lis Lis
F;, S;, 7;, R; such that for every ¢ € S, (19¢) and (22)
hold,

_Vill Vii2 Vii3 JSi ,M(ZL;T JUiT Z;
* Vigz Vigg J'TZ 0 CZG;F 0
x x —F,—FYdR, 0 dFF 0
* % * Viaa 0 0 0 | <0,(22
* ok * ¥ —pd@Q 0 0
* % * * 0 —dZ 0
| ox * * 0 0 —F]

where V;12, Vi13, V22, Vioz and V;44 follow the same defi-
nitions as those in Theorem 2 and

Vin =Ui+ U + Qi+ S;E" + ES! + m LI E™,
L; L;
Zi = |:\/7Ti1 |: 01:| /7TZ'(Z',1) [ 01:|

L; L;
Ti(i+1) [ 01} o/ Ts { 01” )
F; = diag {L11 T L(i—l)l L(i+1)1 le} .

Remark 3 Without any additional assumption on the
regularity, absence of impulse of the considered system,
Theorem 3 provides a sufficient condition for the solvabil-
ity of the delay-dependent stabilization problem for singular
Markovian jump time-delay system in terms of a set of strict
LMIs. Moreover, if (19c) and (22) are feasible, it follows
from dZ — dL; — dL;r < 0 that L; is nonsingular and thus
the desired state feedback gain K can be readily obtained.

From the above theorem, the following result on stochas-
tic stabilization of singular Markovian jump systems with-
out time delay can be easily obtained.

Corollary 1 The singular Markovian jump system

Ei(t) = A(ro)a(t) + B(r)u(?) 23)

controlled by u(t) = V;L;'x(t) is regular, impulse free
and stochastically stable, if there exist symmetric positive-
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definite matrix L;; and matrices L; = [L“ 0 ], Vi, U;
Lio L3
F; such that for every i € S,
U +Ur 4+, LFET A Z;
* ~F,—FF 0 | <0, (24)
* * —F;

where Z; and F; follow the same definitions as those in
Theorem 3, and A; = F; + LT AT + VBT — UT.

4 Numerical examples

Example 1 Consider Markovian jump time-delay sys-
tem (2) with £ = I, two modes and the following parame-
ters

Ay = {—3.5 0.8] Ay = {—2.5 0.3] ’

—0.6-3.3 1.4-0.1
—0.9-1.3 2.8 0.5
Aa = {—0.7 —2.1} A = {—0.8 —1.0} ’

that is, the singular Markovian jump time-delay system (2)
reduces to a regular Markovian jump time-delay system. We
suppose moo = —0.8. For given 711, the maximum d, which
satisfies the LMIs (4), can be calculated by using the LMI
toolbox of MATLAB. Table 1 presents the comparison re-
sults, which show that the stochastic stability result in The-
orem 1 is less conservative than those in [7~9].
Table 1 Comparison of stability conditions.

i1 -0.40 —-0.55 —-0.70 —-0.85 —1.00
[7~9] 0.5044 0.5025 0.5010 0.4998  0.4987
Theorem 1  0.5754 0.5718 0.5689  0.5598  0.5405
Example 2 Consider singular Markovian jumping

time-delay system (2) with two modes, that is, S =
{1,2}. The mode switching is governed by the rate matrix

T T he system parameters are described as fol-
0.3 —0.3
lows:
0.4972 0 | 0.5121 0
A = Ay =
! [0 —0.9541 ] 2 [0 —0.7215] ’
A — —1.010 1.5415 ] A — —0.8521 1.9721
STl 0 0sm97 T 0 0.4321] "
The singular matrix &/ = 0 8} . Using Theorem 1, when

w11 = 0.45, by using the MATLAB LMI Control Toolbox
to solve the LMIs (4), it can be shown that the system is reg-
ular, impulse free and stochastically stable for any constant
time delay d satisfying 0 < d < 1.0918. Table 2 provides
the maximum allowed time-delay d for different 717 > 0.
However, the result of [13] fails to determine the stochastic
stability of the above system.
Table 2 Allowed d with different 717.

0.60 0.55 0.50 0.45 0.40 0.35

11

d  1.0808

1.0842 1.0878 1.0918 1.0960 1.1006

Example 3 Consider singular Markovian jumping sys-
tem in (1) with two modes. The system parameters are de-
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scribed as follows:

1.0 15 1 05 15 0

A= [-1210 20|, 4 =]-10-20 05/,
1.0 2.0 —1.5 1.0 1.2-1.0

05 15 0 1.0 1.2 0.57

Ap = |-10-20 05|, Ap=| 15-0210],

1.0 1.2-1.0 | —1.0 2.0 1.0

1.5-2.0 0.5 1.07 100]

Bi=|1.0-10|,B,=[1005|,E=]010],

1.0 2.0 1.0 1.5 000]

and I = [_; _;] Using Theorem 3 to the above sys-

tem, we are able to find a feasible solution for the set of
LMISs (19c) and (22) for any constant time delay d satisfying
0 < d < 0.36. Especially when d = 0.2, using MATLAB
LMI Control Toolbox to solve the LMIs (19¢) and (22), we
obtain the delay-dependent state feedback controller, which
has the following gains:

. [1.9014 —2.0720 ~0.7458
Y7l 0.5671 —0.5851  0.1480
s, _ [ 10789 2.3365 ~1.5307
27| -3.8889 —4.2162 0.3111

Although the results of [13] fail to give the desired state
feedback controller gains, the result in this paper improves
the existing ones.

5 Conclusions

The problem of delay-dependent stabilization for singular
Markovian jump time-delay systems is discussed in terms
of LMI approach. A sufficient condition is established such
that the considered system is regular, impulse free, and
stochastically stable. The desired state feedback controller
is designed to assure that the resultant closed-loop system is
regular, impulse free and stochastically stable. All the given
results are formulated in terms of LMIs, which makes the
analysis and design procedure relatively simple and reliable.
Numerical examples are given to show the effectiveness and
reduced conservatism of the proposed conditions.
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