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A novel dynamic terminal sliding mode control

of uncertain nonlinear systems
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Abstract: A new dynamic terminal sliding mode control (DTSMC) technique is proposed for a class of single-input
and single-output (SISO) uncertain nonlinear systems. The dynamic terminal sliding mode controller is formulated based
on Lyapunov theory such that the existence of the sliding phase of the closed-loop control system can be guaranteed, chat-
tering phenomenon caused by the switching control action can be eliminated, and high precision performance is realized.
Moreover, by designing terminal equation, the output tracking error converges to zero in finite time, the reaching phase
of DSMC is eliminated and global robustness is obtained. The simulation results for an inverted pendulum are given to
demonstrate the properties of the proposed method.
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1 Introduction

Since the publication of the pioneering paper [1] on slid-
ing mode control (SMC), significant results and many ap-
plications have been reported in the literature [2]. In par-
ticular, SMC has provided alternative and viable solutions
to electro-mechanical control problems [3]. Sliding mode
control systems exhibit superb control performance, are ap-
plicable to MIMO systems, and most importantly are ro-
bust [4]. Generally speaking, a system controlled by SMC
is immune to parameter changes or external disturbances.
Many different variations of sliding mode control have been
developed and reported in the literature [5∼7].

However, before the system gets in the sliding mode, the
output performance may be degraded by parameter varia-
tions, i.e., the invariance property is not guaranteed dur-
ing this period and creats a situation known as the reach-
ing phase problem. In general, the sliding surface has been
designed as a linear dynamic equation. However, the linear
sliding surface can guarantee the asymptotic error conver-
gence in the sliding mode, i.e., the output error will not con-
verge to zero in finite time.

Recently, a novel variation of SMC termed as the termi-
nal sliding mode (TSM) control algorithm has been studied
to further alleviate control performance [8∼12]. Compared
with linear hyper-plane based sliding modes, TSM offers
some superior properties such as fast, finite time conver-
gence. This controller is particularly useful for high preci-
sion control as it speeds up the rate of convergence near
the equilibrium point, which has been used for second or

high nonlinear uncertain systems control [8∼12]. However,
just like general sliding mode control, the chattering phe-
nomenon caused by discontinuous control signal (a general
problem associated with SMC control) is not addressed suf-
ficiently.

Basically, the control signal of SMC can be divided into
two parts: a continuous control signal (usually called equiv-
alent control) which controls the system when its states
are on the sliding plane, and a discontinuous control sig-
nal which handles uncertainties. Chattering is only caused
by the discontinuous control signal. The greater the uncer-
tainties, the larger the discontinuous control signal’s am-
plitude and hence increased chattering effects. A common
method to improve chattering is by inserting a boundary
layer [13, 14] near the sliding plane such that a continuous
control signal replaces the discontinuous one when the sys-
tem is near the sliding plane. This method eliminates chat-
tering but causes a finite steady-state error, a trade-off be-
tween chattering and tracking accuracy is thus desired. An-
other method is to minimize the amplitude of the discontin-
uous control signal during the controller design. However,
the robustness properties of the controller are affected and
the transient performance of the system becomes poor. Vega
et al. [15] proposed an alternative approach to reduce the
amplitude of the discontinuous input only when the system
is near the sliding plane so that the transient response is not
affected, but small chattering still exists and the problem is
still open.
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Along this line of argument, one may use the dynamically
generated sliding mode control as a means of obtaining a
smoother controlled response than those achieved through
traditional sliding mode control [16, 17]. All chattering sig-
nal can thus be completely cancelled. As a consequence, a
sufficiently smooth input signal is generated.

In this paper, a novel dynamic terminal sliding mode con-
trol is first developed to eliminate the chattering problem
by using dynamic terminal sliding mode surface. By us-
ing a function augmented sliding hyper-plane, it is guar-
anteed that the tracking error converges to zero in finite
time. In addition, the reaching phase problem is totally elim-
inated whenever an initial state is located in the phase space.
Therefore, the overall system is always in the sliding mode
and shows the invariance property to parameter variations
during the entire response time.

The rest of the paper is organized as follows: system de-
scription is presented in Section 2. Nonlinear dynamic ter-
minal sliding mode controller design and stability analysis
are described in Section 3. Simulation example for inverted
pendulum is discussed in Section 4 and the conclusions are
drawn in Section 5.

2 System description

It is supposed that the nominal model of the nonlinear
system is denoted by f(x, t), (b(x, t). Consider the follow-
ing SISO uncertain nonlinear system:⎧⎪⎪⎨

⎪⎪⎩
ẋi = xi+1,

ẋn = f(x, t) + Δf(x, t) + (b(x, t)

+ Δb(x, t))u(t) + d0(x, t),

(1)

where i = 1, 2, · · · , n − 1,

x = [x1, x2, · · · , xn]T = [x1, ẋ1, · · · , x
(n−1)
1 ]T,

f(x, t) and b(x, t) are continuous-differential functions of
nominal model, b(x, t) > 0, d0(x, t) is external disturbance,
and d0(x, t) is continuous-differential function.

Defining d(x, t) = Δf(x, t) + Δb(x, t)u(t) + d0(x, t),
we can rewrite the nonlinear system as{

ẋi = xi+1,

ẋn = f(x, t) + b(x, t)u(t) + d(x, t).
(2)

In this paper, we assume d(x, t) is continuous-differential
and limited function, and ḋ(x, t) is limited function.

3 Design of dynamic terminal sliding mode

control

3.1 Terminal sliding mode surface design

Define tracking error as

E = x − xd = [e, ė, · · · , e(n−1)]T, (3)

where e = x1 − x1d.

Define the following terminal sliding mode equation as

s(x, t) = CE − W (t), (4)

where C = [c1, c2, · · · , cn], ci(i = 1, 2, · · · , n) is positive
constant and cn = 1.

Define

W (t) = CP (t), (5)

where P (t) = [p(t), ṗ(t), · · · , p(n−1)(t)]T.
Define dynamic terminal sliding mode surface as

σ(x, t) = ṡ(x, t) + λs(x, t), (6)

where λ is a positive constant value.

Assumption 1 Consider terminal function p(t):R+ →
R, p(t) ∈ Cn[0,∞), ṗ, ṗ, · · · , p(n) ∈ L∞, p(t) is finite
in interval [0, T ], E(0) = P (0), Ė(0) = Ṗ (0), that is,
p(0) = e(0), ṗ(0) = ė(0), · · · , p(n)(0) = e(n)(0). More-
over, p = 0, ṗ = 0, · · · , p(n) = 0 for t � T . Cn[0,∞) rep-
resents the set of all n rank differentiable continuous func-
tions defined in [0,∞).

Define terminal function p(t) as

p(t) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

n∑
j=0

(
n∑

l=0

(
ajl

T j−l+n+1
e(0)(l))tj+n+1

+
n∑

k=0

1
k!e(0)(k)tk, if t � T,

0, if t � T,

(7)

where ajl can be obtained by using Assumption 1.

For example, for a second system, n = 2, p(t) can be
written as

p(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

e0+ė0t+
1
2
ë0t

2+(
a00

T 3
e0+

a01

T 2
ė0+

a02

T
ë0)t3

+ (
a10

T 4
e0 +

a11

T 3
ė0 +

a12

T 2
ë0))t4

+ (
a20

T 5
e0 +

a21

T 4
ė0 +

a22

T 3
ë0)t5, if t � T,

0, if t � T.

(8)

According to Assumption 1, function p(t) and ṗ(t), p̈(t)
can be equal to zero at time t = T by designing ajl(j =
0, 1, 2, l = 0, 1, 2). That is, if we design ajl(j = 0, 1, 2, l =
0, 1, 2) according to the following equations, p(t), ṗ(t), p̈(t)
can all be equal to zero at time t = T .⎧⎪⎪⎨

⎪⎪⎩
a00 + a10 + a20 = −1,

3a00 + 4a10 + 5a20 = 0,

6a00 + 12a10 + 20a20 = 0,

(9)

⎧⎪⎪⎨
⎪⎪⎩

a01 + a11 + a21 = −1,

3a01 + 4a11 + 5a21 = −1,

6a01 + 12a11 + 20a21 = 0,

(10)
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⎧⎪⎪⎨
⎪⎪⎩

a02 + a12 + a22 = −1
2
,

3a02 + 4a12 + 5a22 = −1,

6a02 + 12a12 + 20a22 = −1.

(11)

Based on the three groups of equations above, parameters
ajl(j = 0, 1, 2; l = 0, 1, 2) can be solved as

a00 = −10, a10 = 15, a20 = −6,

a01 = −6, a11 = 8, a21 = −3,

a02 = −1.5, a12 = 1.5, a22 = −0.5.

For the same reason, parameters ajl in Equation (7) can be
obtained for n rank system.

3.2 Terminal sliding mode controller design

Theorem 1 For system (1), if the dynamic control law
is designed by

u̇(t) =− 1
cnb(x, t)

(I1u(t) + I2 + I3

+(cn−1 + λcn)(D + η)sign(σ)), (12)

where η > 0, then σ(x, t) will reach zero in finite time T .
Furthermore, the states x will converge to zero in finite time
T , D is a positive constant value designed as below.

Proof Consider a Lyapunov function candidate as fol-
lows:

V (t) =
1
2
σTσ, (13)

s(x, t) = C(E − P ) =
n∑

l=0

cl(e(l−1) − p(l−1)). (14)

The derivative of s(x, t) is

ṡ(x, t) = C(Ė − Ṗ )
= C[ė, ë, · · · , e(n)] − C[ṗ, p̈, · · · , p(n)]

= cn(e(n) − p(n)) +
n−1∑
k=1

ck(e(k) − p(k)), (15)

σ = ṡ + λs

= cn(e(n) − p(n)) +
n−1∑
k=1

ck(e(k) − p(k))

+ λ
n∑

l=1

cl(e(l−1) − p(l−1)), (16)

σ̇ = cn(e(n+1) − p(n+1)) +
n−1∑
k=1

ck(e(k+1) − p(k+1))

+ λ
n∑

l=1

cl(e(l) − p(l)). (17)

Since

e(n+1) = ė(n) = ẋ
(n)
1 − ẋ

(n)
1d = ẍn − ẍnd,

cn(e(n+1) − p(n+1))
= cn(ẍn − ẍnd − p(n+1))
= cn(ḟ(x, t) + ḃ(x, t)u(t) + b(x, t)u̇(t)

+ ḋ(x, t) − ẍnd − p(n+1)),
n−1∑
k=1

ck(e(k+1) − p(k+1))

= cn−1(e(n) − p(n)) +
n−2∑
k=1

ck(e(k+1) − p(k+1))

= cn−1(f(x, t) + b(x, t)u(t) + d(x, t) − ẋnd − p(n))

+
n−2∑
k=1

ck(e(k+1) − p(k+1)),

λ
n∑

l=1

cl(e(l) − p(l))

= λcn(e(n) − p(n)) + λ
n−1∑
l=1

cl(e(l) − p(l))

= λcn(f(x, t) + b(x, t)u(t)

+ d(x, t) − ẋnd − p(n)) + λ
n−1∑
l=1

cl(e(l) − p(l)).

Therefore

σ̇ = (cnḃ(x, t) + (cn−1 + λcn)b(x, t))u(t)
+ (cn−1 + λcn)d(x, t) + cn(b(x, t) ˙u(t)
+ ḋ(x, t)) + cn(ḟ(x, t) − ẍnd − p(n+1))
+ (cn−1 + λcn)(f(x, t) − ẋnd − p(n))

+
n−2∑
k=1

ck(e(k+1) − p(k+1)) + λ
n−1∑
l=1

cl(e(l) − p(l))

= I1u(t) + (cn−1 + λcn)(d(x, t) +
cn

cn−1 + λcn
ḋ(x, t))

+ cnb(x, t)u̇(t) + I2 + I3, (18)

where

I1 = cnḃ(x, t) + (cn−1 + λcn)b(x, t),
I2 = cn(ḟ(x, t) − ẍnd − p(n+1))

+ (cn−1 + λcn)(f(x, t) − ẋnd − p(n)),

I3 =
n−2∑
k=1

ck(e(k+1) − p(k+1)) + λ
n−1∑
l=1

cl(e(l) − p(l)).

Since d(x, t) is a continuous-differential and limited func-
tion, and ḋ(x, t) is a limited function, then we can get

d(x, t) +
cn

cn−1 + λcn
ḋ(x, t) = d

′
(x, t) � D. (19)

Substituting the dynamic control law (12) into (18) yields

σ̇ = (cn−1 + λcn)(d
′
(x, t) − (D + η)sign(σ)), (20)

σσ̇ = (cn−1 + λcn)(d
′
(x, t)σ − (D + η)|σ|)

� −(cn−1 + λcn)η|σ|. (21)

If σ �= 0, then V̇ < 0. That means this Lyapunov function
will decrease gradually and the sliding surface, σ(x, t) will
converge to zero.

Remark 1 It follows from Assumption 1 that

s(x, 0) = CE(0) − W (0) = C(E(0) − P (0)) = 0,

ṡ(x, 0) = CĖ(0) − Ẇ (0) = C(Ė(0) − Ṗ (0)) = 0.

(22)

From Equation (6), we can get σ(x, 0) = 0. According to
Lyapunov analysis, σ(x, t) = 0 can be achieved all the time.
This indicates that the reaching phase in dynamic sliding
mode control can be eliminated, and global robustness can
be guaranteed.
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Remark 2 Consider σ(x, t) = 0 and (6), we have
s(x, t) = 0 for all the time.

Remark 3 Let ξ(t) = E(t) − P (t), we have

s(x, t) = CE(t) − W (t) = CE(t) − CP (t))
= C(t)ξ(t). (23)

According to Remark 2, if we choose P (t)(∀t � T ), the
tracking error E(t)(∀t � T ) will converge to zero in finite
time T .

In summary, if we choose the dynamic control law (12)
and design terminal equation p(t), the output tracking error
will converge to zero in finite time T , the reaching phase
could be eliminated, and global robustness can be obtained.

4 Simulation and results

Consider an inverted pendulum, the dynamics of the sys-
tem can be expressed as equations:

ẋ1 = x2,

ẋ2 =
g sin x1 − mlx2

2 cos x1 sin x1/(mc + m)
l(4/3 − m cos2 x1/(mc + m))

+
cos x1/(mc + m)

l(4/3 − m cos2 x1/(mc + m))
u(t) + d(x, t). (24)

where x = [x1, x2], x1 and x2 are the angular position and
velocity of the pole, g = 9.8m/s2 is the acceleration due
to gravity, mc = 1kg is the mass of cart, m = 0.1kg is

the mass of pole, l = 0.5m is the half-length of pole, u is
the applied force. The external disturbance is assumed as
d(x, t) = 3 sin(πt).

From the equation (24), we have

f(x, t) =
g sin x1 − mlx2

2 cos x1 sin x1/(mc + m)
l(4/3 − m cos2 x1/(mc + m))

,

b(x, t) =
cos x1/(mc + m)

l(4/3 − m cos2 x1/(mc + m))
.

According to (19), we set D = 3.5. We choose control pa-
rameters as c1 = 5, c2 = 1, λ = 15, η = 1.5, and choose
the desired trajectory as xd(t) = 0.5 sin(t). The initial state
is assumed as x = [0.6, 0], and the terminal time is chosen
as T = 0.80s.

The position tracking and its error are shown in Figs.
1 and 2, respectively. The time of tracking error converg-
ing to zero is shown in Fig. 2. The dynamic control input
and practical control input are shown in Figs. 3 and 4, re-
spectively. Comparing the results shown in Figs. 1∼4, we
can see that the superior position tracking performance and
high robustness with respect to big external disturbance can
be obtained by using the proposed controller. The position
tracking error converges to zero at finite time T = 0.8s ex-
actly, and smooth control input signal is realized. The results
look promising.

In addition, the simulation Matlab program of the pro-
posed sliding mode controller is given in the book [18].

Fig. 1 Sinusoidal position tracking with DTSMC. Fig. 2 Sinusoidal position tracking error with DTSMC.

Fig. 3 Practical control input. Fig. 4 Dynamic control input.
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5 Conclusions

A novel dynamic terminal sliding mode control (DSMC)
technique was put forward and successfully designed for a
class of SISO nonlinear uncertain systems. From the analy-
sis and design above, we demonstrated that the proposed
dynamic can eliminate the chattering phenomenon caused
by the switching term of the conventional sliding mode con-
trol. In addition, the proposed controller can guarantee that
the system reaches the sliding manifolds at all times and the
terminal sliding modes further take the tracking error to zero
in finite time T . Moreover, the finite time T can be adjusted
to the desired values in the design. Simulation results for
inverted pendulum have shown that superior tracking per-
formance can be achieved by using the proposed controller.
The control input signal become smooth, and the chattering
phenomenon can be eliminated effectively.
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