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Design of a bilinear fault detection observer for
singular bilinear systems
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Abstract: A bilinear fault detection observer is proposed for a class of continuous time singular bilinear systems

subject to unknown input disturbance and fault. By singular value decomposition on the original system, a bilinear fault
detection observer is proposed for the decomposed system via an algebraic Riccati equation, and the domain of attraction of
the state estimation error is estimated. A design procedure is presented to determine the fault detection threshold. A model

of flexible joint robot is used to demonstrate the effectiveness of the proposed method.
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1 Introduction

The process of fault detection and isolation of system has
been of considerable interest during the last two decades
[1~3]. Research is still under way into the development
of more efficient methods for fault detection and isola-
tion (FDI) in automatic control system. Although some re-
searches on FDI for nonlinear system are available in recent
years [4~7], many researches on FDI still concentrate on
linear system [3]. Bilinear system is a class of nonlinear
system in which the control quantity appears in both ad-
ditive and multiplicative terms. Bilinear systems arise in a
variety of physical situations, for example, heat exchang-
ers and many biomedical processes, which are known to
be described by bilinear systems [8, 9]. The problems of
fault detection for bilinear systems were extensively dis-
cussed in [10~12]. In contrast, for the case of singular bi-
linear systems (SBS), which is a more general nonlinear
system than the normal bilinear systems and linear singu-
lar systems [13~15], few results were available. In [16], an
unknown input residual generator (UIRG) was designed to
fulfill the fault detection for SBS, but the UIRG cannot pro-
vide the state estimation information and decouple the fault
from the external disturbance. In this paper, we will design
a bilinear fault detection observer (BFDO) for SBS subject
to unknown input disturbances and faults. Firstly, by singu-
lar value decomposition technique (SVD), the original SBS
is decomposed into two parts: dynamical system and static
system, and the existence of the solution to the decomposed
system is presented. Secondly, a BFDO is proposed for the
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decomposed system based on an algebraic Riccati equation
(ARE), and the domain of attraction of the state estimation
error is also estimated. Thirdly, the effect of the threshold
on the fault detection performance is discussed and a de-
sign procedure is given to determine the threshold. Finally,
a model of single-link flexible joint robot is used to demon-
strate the effectiveness of the proposed method.

2 System formulation
Consider the following continuous time SBS
Eoi(t) = Aqu(t) + Gag(a(t), u(t)) + Bau(t)
+Dqd(t) + Faf (1), (1
y(t) = Cox(t) + Ff(t) + Dd(t), 2

where

-

g(z(t),u(t)) = S ul(t)Agz(t), 3)

z(t) € R™ is the singular state vector, u(t) € R™(m < n)
is the input vector, d(t) € R™ is the unknown input distur-
bance vector, f(t) € R"2 is the unknown fault vector, and
y(t) € R is the output vector. The matrices A,, Gy, Ay,
By, D,, F,, Cs, F and D are all compatibly dimensioned.
E, is square and possibly singular, i.e. rank(E,) = p < n.

1

For convenience, we will drop out the time ¢ for variables
in system (1) and (2) in the sequel.

The existence of the observer design depends partly on
whether or not some conditions are met on the system (1)
and (2). Hence, we need the following assumption.

Assumption 1[15] a) The triple (E,, Aq, By) is R-
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controllable and Y-controllable; b) The triple (E,, Ay, Cs)
is R-observable and Y-observable.

2.1 Transformation of the SBS system

There exist two orthogonal matrices U and V' such that

- 0
U EV = ) 4
0
where X' = diag(uq,- -, pp) is a diagonal matrix, p;(i =
1,2,---,p) are the singular values of matrix F,. Now de-
fine new variables as follows,
B
z2=VTe = “t , UTB, = ! )
29 By
Al A
UTAaV: H 2 5 CSV: {Cl 02] )
Ag1 Ago
G D F;
UG, = | 1|, U™ D= | ', U, = |}
2 2 F

Equations (1) (2) can now be expressed in SVD form as a
p-th order dynamic system and a ¢-th (¢ = n — p) order
static system,

Y4 =Anz +Asze + Biu+ Did+ Fif

+G19(Vz,u), (5)

0= Asi12z1 + Asozo + Bou+ Dod + Fo f
+G29(Vz,u), (6)
y=Ciz1+ Cozp + F f 4 Dd, @)

where 21 € RP, 2z, € R9. If 25 can be expressed by zi,
matrix Ags must be nonsingular, which is called causal in
[13,17]. This condition can be guaranteed by the following
lemma.

Lemma 1[17] The triple (E,, Ay, B,) is Y-controlla-
ble if rank[As; Bs] = ¢. rank[As; Bs] = ¢ if and only if
there exists a compatible matrix K5 such that Ass — Bs K
is nonsingular.

But for the general case where Ao is singular, a control
action is necessary to make the system causal. Without loss
of generality, we take the controller with the form

u=—Ksy+v. ®)
Then the system (5)~(7) can be written as follows,
Yi = (A1 — B1K3C01)z1 + (A2 — B1K3C3) 20

—|—Bﬂ} + (D1 - BlKgD)d

+(F1 = BiK3F) f 4+ Gig(z1, 22,0), ©)
0 = (A21 — BaK3C1)2z1 + (A2 — BaK3C3) 2
4 Byv + (Ds — BoK3D)d
+(F2 — BoK3F) f + Gag(21, 22, ), (10)
y=Ciz1 + Cozo + Ff + Dd. (11)

According to Lemma 1, there exists a K3 to make the matrix
Agy — By K3C5 nonsingular.

Let L = Agy — By K3C5 be a known matrix, then equa-
tions (9)(10) can be rewritten as

Z1 :a1121+a1222+b111—|—d1d—|—f1f+glg(z1,22,11), (12)
0= L(CL21Z1 +22+b21}+d2d+f2f+929(21, Zg,’l})), (13)
y=Chz1 + Cozo + Ff + Dd. (14)

where

a11=2""(A11—B1K3C1), a12=5""(A12— B1 K3C3),
dy = YYDy — BiK3D), fi = 57 (F, — BiK3F),
g1=3"'G1, by=2""By, as1 =L (A — B2K301),
by = L™ 'By, go = L™ 'Ga, dy = L™ (Dy — BoK3D),
fo =L Y(Fy — BoK3F).

2.2 System solutions

Given that the system (12)~(14) is well posed. To ensure
that the total system has the same properties, the following
assumption is required.

Assumption 2 a) The unknown functions d and f are
continuously bounded, i.e. d : Rt — RU, f : R™ — R"2,
IId]| < dp, |f|| < fo, and the set (dp, fp) is known. b) The
control v is bounded with ||v|| < vp. In the presence of dis-
turbance and fault, the output is also bounded, i.e. ||y|| < v,
and the set (vy yp) is known. ¢) There exist known non-
negative real constants a; and as such that the function
g(t, z1,22,v), g : RY x RP x R? x R™ — R" satisfies
the following Lipschitz condition,

Hg(t7 21,22, U) - g(tv 23, Z47U)H

<oy |21 — 23] + a2 |22 — 24|, (15)
for all 21, z3 € RP and 29, 24 € R?, where
h
ar = ag = (|| Ksllyp +bo) D [|Asill- (16)

i=1

Multiplying the static equation (13) by a;2L~! and sub-
tracting the result from the dynamic equation (12), the fol-
lowing system is derived
21 =Acz1 + Bov+ Ded + Fof + Geg(21, 22,v),  (17)
0 = ag121 + 22 + bov + dod + fof + g29(21, 22,v), (18)
y=Cacz1 + Focf + Dacd — Gacg(21, 22,v) — Bacv, (19)
where

A; = (a11 — a12a21), Be = (b1 — ai2b),

D, = (di — a12dz), Fe. = (f1 — a12f2),

G = (91 - 01292), Cae = (Cl - 02(121),

Fye = (F = Cafa), Dac = (D — Cad2)Gac = Cag,

By = Caba.

3 Design of a BFDO

Consider the following BFDO to estimate the state z; and
z9 in system (17)~(19),
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21 = Aok + B + Geg(21,22,0) + La(y — 9),  (20)
0 = ag121 + 22 + bav + g2g(21, 22,v) + La(y — 9), 21)
7= C121 + Ca2s, (22)
where L1 and Lo are the gain matrices to be designed. De-
fine the state error e; = z1 — 21, €3 = 29 — 2o, then from
(14), (17), (18) and (20)~(22) it yields,
e2 = —S[(az21 — L2Ch)er + 929 + (da — Lo D)d

+(f2 = Lo F) f], (23)
é1=(A.— Li1C1)e1 + G.g+ (D. — L1 D)d
+(Fe — L1 F) f — L1Caey
= (Ac = L1Cc)er + Gegg + Dead + Fop f,  (24)

where

S = (I— L202)—17

g =9(z1, 22,21, 22,0) = g(21, 22,v) — g(21, 22, 0),

Ce=0C1— CQS(G21 - chl),

D.g=D.— LD+ L1C35(ds — Lo D),

Gcg = Gc + L102592a

Fcf =F.—L1F+ Llcgs(fg — L2F).

The design of a BFDO is to choose L; and Ly (in which
L4 also guarantees the matrix .S nonsingular) such that: a)
The BFDO exists; b) The error e; converges to zero when
f =0and d = 0, and has a degree of robust when d # 0;
¢) For any bounded disturbance, if e (tp) < € for tg > 0,
then e1(t) > eg for f # 0 and t > tg, €p is the given
threshold to judge whether the fault occurs or not.

From (23) and (24) we may get the following result,
which will be used in the sequel.

Lemma 2 Given Assumption 2 holds. Then 1) the ob-
server system (20)~(22) is causal and solutions 27 and 25
exist if ||ga]| @2 < 1; 2) the error system (23) (24) is also
causal and the solutions e; and ez exist if ||Sga| @2 < 1,
and the bounds of e, and g satisfy

lle2ll < Bu llexll + Bz lldll + Bs [ £1],
9l < mlleall + 2 lldll + s 11l

(25)
(26)
where

Pr = Ba([|S(az1 — L2Cy)|| + o |Sg2]),

B2 = Ba ||S(d2 — L2 D), 73 = 233,

Bs = BallS(f2 — LaF)|l, fa = (1 — [|Sg2 a2) ",

7 = (a1 + azf), 12 = azfe.

Proof Part 1) For fixed ¢, 21, v, d and f, the static equa-
tion (21) can be expressed in the form —2; = g(%;) =
a2121 + bav + go2g(21, 22,v) + Lo(y — ¢). By Assump-
tion 2, g(22) is a global contraction mapping with constant
lg2|| 2 < 1, so there exists a unique solution 25 in equation
(21). This also implies that equation (20) is equivalent to a
nonsingular causal, and differential system. By Assumption
2, there exists a well defined solution to equation (20) by the

existence theorem of differential equation.

Part 2) For the existence of e; and eo, it can be proved
in the similar way as part 1). Therefore the error e; and es
exist and the system (23) (24) is causal. Taking the norm on
both sides of (23), it gives

leall <[[S(a21 = L2Ch)|[ [lex]| + 1Szl |g]]
+|S(de = Lo D) |d][+[[S(f2 = L2 E)[[ I 1] - 27)

By Assumption 2, , we have

gl < ar[lea]] + a2 [lez

leall < (1= [[Sg2ll a2) "M [([|S(ag1 — LaCh) ||
+a1 [[Sgall) llea]l +11S(d2 — L2D) || || d]]
+1S(f2 = L2 )| I £11]-

Then the equation (25) holds. Consider equation (25) and
191l < a1 |ler]| + a2 ||e2]| again, equation (26) is obviously
true. This completes the proof of Lemma 2.

When disturbances and faults are not present, it is clear
from (23) and (24) that e; converge to zero if the dynamic
error e; converges to zero. Given L and Lo (so does S),
then the remained problem is to determine matrix L;. Now
we consider a special form of an ARE, which is used in the
stability analysis of the BFDO design,

1
AP+ PAT +eQ+ (G, + gPCCTCQSgQ)(Gc
1 1
+ EPC’;FCESgQ)T + P(*NTN — gCCTOC)P =0,(28)

wheree > 0,7 > 0, Q = QT > 0, N is an adjustable
matrix with compatible dimension to make the ARE (28)
hold. Therefore, for a given parameter set (g,v,Q, N), if
ARE (28) has a positive definite symmetric matrix P, then
the matrix L; can be specified as

L, = épc;f ) (29)

Substituting (29) into (28), we obtain
(Ac = L1C.)P + P(Ac — L1Ce)" +Q
1
+ GeyGY + P(¥*N'N + g(JCT C.)P =0, (30)

where Gy = G. + L1C25¢> is the same as that in (24).

Equation (30) cannot be directly used in the stability anal-
ysis of BFDO, so multiplying both sides of (30) by P~1/p,
and define Py = P~!/p?, we get the following form,

PO(AC - LlCC) + (Ac — Llcc)TPO + PQPO(EQ
2
¥ 1
+ GegGry)Po + (?NTN + ﬁcfcc) =0. (31)

For the case of f # 0, we have the following main result
provided that the system is still stable after fault occurs.

Theorem 1 Assume that there exist L and L, such that
Lemma 2 holds, and that 57 > 0, 6o > 0, 63 > 0,4 > 0
and J5 > 0 are specified in advance. If for some specified
parameters 0,y > 0, ¢ > 0 and N, ARE (31) exists a pos-
itive definite symmetric matrix P, such that the following
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M; is positive definite,

M, = lzNTN + %CCTCC + p2ePyQP,
p ep

—~81PyDeaDy Py

1

0y

— 04 Py Fop I fPO
1, (32)
where

PP = 0o + 0373 + 0573,
1, Y2 and 73 are given in Lemma 2. Then 1) W (t) satisfies
the following inequality

. 1 1
W(t) < —ef Mier + (= + =) 1 d]”
01 I3

1

1 2
+(a + 5*5) I£1°,

2) the observer error equation (24), i.e., e; is asymptoti-
cally stable when d = 0 and f = 0; 3) the error trajectories
e are ultimately bounded and eventually enter the ellipsoid
defined by

(33)

6’1TP0€1
(L1 Id]I*
- ( + ) —1 —1
61 037 0.5 min(Py "My + M Py t)
L1 I£11*
+( 7) —1 1N
0.5Amin(Py 1My + My Py t)

ot (34)
where Apmin(Pp) is the smallest eigenvalue of Py, W (¢) is
a Lyapunov function defined in the later proof, W(t) is the
time derivative of W (¢).

Proof Consider Lyapunov function W (t) = e Pyey,
where Fp is defined in (31). Along the trajectories of sys-
tem (24), the derivative of Lyapunov function W () is

W(t) = é;FPoel + G?Poél
=i [(Ac = LiCe) " Po + Po(Ac = L1 Ce)ler

+2€1 Po(Dead + Gegd + Fer f). (35)
Using Lemma 2 and the following inequality
1
+2XTY <oXTX + =Y Ty, (36)
o

where X and Y are column vectors with appropriate dimen-
sions, o > 0 is a scalar, it follows

de
6

dsef PoFeyFy Poer + afTﬁ

§ < ||2eT PoGegd|| < 2||ef PoGeg|| 4]

< 2|[ef PoGegl| (11 llexll+72 lldll+s L £11)
< (52’}/1 +5372 +55’Y3 Hel Py ch
+gllelll +;3||d|| +;5||f|| ;

2e] PyDeqd < 61€1 PyDeaDiyPoer + 37

2ef PoFopf < (38)

26’1TP0G

(39)

where §; > 0,7 =1,--- |5, are positive constants.

Substituting (37)~(39) into (35), it yields,
W(t) <el[(A, — LiC.) TPy + Py(A. — L1CL)]ey

1 1
—|—(51€P1[‘P0DcdD;[;1P0€1 + (5* + *) ||dH2

+(6277 + 0373 + 0573) ||et Po cg” ts \€1||
1
+546’11‘P0FchfPOel +(5 i)”f”
1
= NTN — —CTC
€1 [ 5/) 52 ]
+<i )P+ (= + ) 1P
01 O3 04 55
+(Poer) ' [-p*eQ + 61D + (6277 + 0373
+(55’Y§ — pQ)Gch + §4Fc f](P()el)
2
TV AT T 2
= —€1 [?N N — ?CC Cc+p gp()QPO
1
—51P()DcdDTdPo - 54P()FchCTfP0 - 81]61
1 1 2
it d il
+<51 SV + (5 + ) 161
1 1 1
—eq M161+(6 5*)”‘1” ( )||f”

< Auin (M) fler |+ (5 + 5) a
1 3
1 1 2
o1 + @) 1™
Therefore, part 1) is proved. The part 2) is obvious from the
proof of part 1) if f = 0 and d = 0. For part 3), by dividing
above inequality (33) by W (t) = el Pyey, it follows

+( (40)

W(t) -1 -1
<05 min (P EMy + My P,
0 0.5 min (Py "My + My Py h)
11 4P 1 I1£1”
— 4 — — 41
+((51 03 e?Poel 04 55)61 Pe 1’( )

which implies that the trajectories of error equation (24)
starting outside the ellipsoid (34) will eventually enter this
ellipsoid and remain there. So the trajectories of error equa-
tion (24) are ultimately bounded. It is end for part 3). This
completes the proof of Theorem 1.

4 Fault detection
Define € = y — g, then
=H(y—9) = H(Cie1 + Caea + Ff + Dd)
= H(Ciey — C3S[(ag1 — L2Ch)er + 929
+(do — LoD)d + (f2 — Lo F') f] + F f + Dd)
= H[(Cy — C3S(az1 — LaCh))er — C2Sg2g + (D
—C25(d2 — LaD))d + (F — C2S(f2 — Lo F) )]
= H[(Cy — C38(az; — L2Ch))ey
—[C38gs —(D — C5S(dy — LyD))] m
),

+(F = C2S(f2 — (42)
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where H is designed to make the residual 7 insensitive to
disturbance d but sensitive to fault f. If the complete decou-
pling between d and f is realized, then residual r directly
reflects the action of fault f, and the residual threshold ry
can be simply set to zero. In practice it is difficult to de-
couple d and f completely, then the threshold ryy, is a key
parameter to be designed.
Consider the error equation (24), it can be rewritten as

9

é1 = (A, — L1Ce)er + [Geg Dedl + F.pf. (43)

Then the transfer function from generalized disturbance

d. = g] to residual r is

Gra, = H(Cy — C2S(az21 — LyCh))(sI — A,
+L101)71 |:Gcg Dcd]
_H[CQSQQ — (D — CQS(dQ — LQD))] (44)

This is the standard form of linear transfer function, so the
residual threshold can be formulated explicitly by the gen-
eralized disturbance magnitude

ren = max [|Gra, (jw)| [|de||

= max [|Gra, (jw) [ max(dy, [|g]])- (45)

If the norm bound of the nonlinear term g is less than the
bound of disturbance d, then the threshold can correctly de-
tect the fault. Otherwise, it may miss alarm and decrease the
sensitivity of residual to fault.

Remark 1 From (15) and (45) we can further see that
large Lipschitz constants in SBS system can generally re-
duce the set of detectable faults as defined in [2]. On the
contrary, if the Lipschitz constants in SBS system are small,
it can usually enlarge the set of detectable faults. This ar-
gument about the effects of Lipschitz constant on the sensi-
tivity to the fault detection is a similar problem as stated in
[18].

As usual, the following simple decision logic can be em-
ployed,

+n = a fault has occurred, (46)

(47)

[ril = r
l7|| < ren = no fault has occurred,
where 7y, is a threshold to be designed.

In order to overcome the effects of g on 7}, one can pro-
ceed as follows. From (42) and (26) it yields,

7| S [|H(Cy = CaS(ag1 — LaCh))|[[en ]|
+[[HC2Sg:]l 1|9l
+||H(D — C25(dy — Ly D))|| ||d]|
+H(F = CoS(fa = LaF))| /1]

= [[H(C1 — C2S(az1 — L2C1))|| [lea ]
+1HC2Sg2|| (1 lleall + 2 Il + s 1 £1])
+H(D — C28(d2 — Lo D)) || ||d| +
[ H(F — C2S(f2 — L2 F))[ I £
=[[H(C1 — C2S(az1 — L2C1))||
+ [[HC2S g2l vl llex |l + [ys [[HC2Sga |
+ [ H(F — CoS(fa — LaF))|) (| £
+{[[HC252 72
+[[H(D — C2S(dy — LaD))|[] ||d] -
From (24) one can have
t
e1(t) = e(A“7L1CC)t€1(0) + fo e(Ae=L1Ce)(t=7)
(Gegg(7,) 4+ Dead(T) + Fey f(7))dT. (49)
Taking norms on both sides of (49) yields
lex (@) < o471 e, 0)

(48)

t
(Ac—L1Cc)(t—7) Gl .
+ jo e Gegg(,-)dr

t
(Ac—L1Co)(t—T)
+ jo e D qd(T)dr

(50

t
(Ac_Llcc)(t_T)
+ Jo e Fepf(m)dr

or
ler (] < [[ee=E2Cte, (o)

+J,
t
o
t
o

Because A. — L, C, is stable, there exist two positive real

constants (34 and (35 such that
He(AchlCc)t

o(Ac—L1Ce)(t—7)

dr + | Gegl 191

=€) gr 5 | Dol ]

o(Ac—L1Ce)(t—7)

drx [|Fer[HLFI]- (ST

< Bre Pt

(52)
(s can be chosen as 85 = — max(Re(Ag)) > 0, where \g
denotes the eigenvalue set of A, — L1 C., Re(\) denotes the

real part of eigenvalue A. Therefore , (51) can be rewritten
as

llex (O] < Bae™" Jlex (0) ]

t

RN el L M)
t

#80J, e [ areDl e
t

0 f e [ar < IES 1]

= 546—5515 ||€1(0)|| + M(l _ e—ﬁ5t)

Bs
AP
Bs
+ﬂ4 ||Fcf|| Hf” (1 . efﬁ5t)' (53)
Bs

Now we assume that there is no fault after a period time of
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operation 0 < t < ty. Itis obvious that 0 < g < e Pt < 1

holds. Then,
lea| < (1~ W |Geg )™ 1846 [lex (O)]
er(w IGegll + [ Deall) Ild]
+%@3 |Gegll + 1 E£ D111 54

In accordance with the small gain theorem, the following
inequality holds,

0<1-— w |Gegll < 1. (55)
Inserting (54) into (48), we can obtain
7]l < o1 ller(0)]| + o2 |ld]| + o3 || f]] , (56)
where
o1=(||[H(Cy — C2S(az — LoCh))||
]__
I HCSgal| 11)(1 w |Gl a5
09 = (”H(Cl — CQS((ZQl — L2C1))H
]__
| HCS g 1) (1 — w 1Gegl) ™!
Pall = ) - Al =Bo) HGchI | Deall) + (IHC2S g2l 12
+||H(D — C25(ds D)),
= (||H(Cy - 025(%1 - L201))H + [|[HC2Sg2| 11)
1—
(1— 7154(ﬂ Bs) 1Ge, ) _18a(1 = Bs) ; — Bs)
5 5
(3 Gegll + | Fexll) + (v3 [[HC2S ga|

+[|H(F = C2S5(fa — Lo F))|).
The threshold can then be defined by the upper bound of
IIr|l, i.e.

rin = sup ||r]| = o1 [lex(0)]| + o2dy (57)
d

This threshold guarantees that no false alarm will occur.

The design procedure of a BFDO is as follows.

1) By singular value decomposition technique, system
(1)~(3) is converted into the form (5)~(7);

2) Check whether Ay, is singular or not. If Ags is sin-
gular, take control action (8), otherwise, take u = —K3z.
Then system (5)~(7) is converted into system (17)~(19).

3) Construct an observer in the form of (20)~(22) for
system (17)~(19).

4) Construct an ARE (28).

5) Choose L and Lo such that Lemma 2 holds. Assume
that §; > 0 (4« = 1,---,5) are known constants, check
whether ARE (28) exists a positive definite symmetric ma-
trix P or Py such that (32) holds for a set of parameters
(e,7,Q, N). If there doesn’t exist a P, then adjust matrix

1
N or scalars « and . Otherwise L; = —~ PC'F.
€
6) Compute the detection threshold (57).

S Illustrative example

A single-link flexible joint robot powered by a DC motor
is considered, and it is assumed that the fast dynamics can
be modeled by a nonlinear static equation. For physical rea-
sons, while motor position and motor velocity can be easily
measured, the measurement of other states is not easy and
an observer is needed to estimate these states for fault de-
tection. A state space description of the system is given as
follows, which is a slightly modified version of that in [17],

@1 (t) = @a(t) + B(t — To) f (1),
ba(t) = —%xl(t) ~ B+ %azg(t) ~Brug,
,’i‘g(t) = $4(t),
aq(t) = Jﬁoxl(t) - Jﬁox?,(t) + yas(t)
LI z3(t)u(t) + %hkd(ﬂ,

0= 21(t) + 79(t) + 25(t) + doms(t)u(t) + dad(D)
y1(t) = x1(t), y2(t) = 22(1),
0, t <Tpy

6(t_TU):{1 t>Ty
= 10

where x1, ®2, T3, T4, Z5, d(t) and f(t) are the an-
gular rotation of the motor, the angular velocity of the
motor, the angular position of the link, the angular ve-
locity of the link, the fast subsystem perturbation, the
scalar unknown disturbance and the unknown fault. With-
out loss of generality, we assume no fault at present.
The form is already in the transformed form (5)~(7),
and for illustration purpose, a set of model parameters
{k, J, By, Ky, Jo, m, g, hi,7v,d1,d2, Tp} is chosen to give
a model of the form (5)~(7) with the partition state z; =
[v1 w9 23 24)T and 25 = x5, and

0 1 0 0 0
—48.5 —1.25 485 0 0
An = A = ;
0 0 0 1 0
195 0 =195 0 —0.1
0 0
21.5 0
B, = , Gi =Dy = ;
0 0
0 —0.353

Agy =1, By =0, Ay =[1010], F, =0,
F=0, D=0, Dy=0.1, Gy =0.2,

g(Vz,u) =G(t,z1,u) =[0 0 1 0]z1u = Vizu,
1000

y==Ciz1 = z1, C2 = 0.
0100

Because rank[Ags B3] = ¢ = 1, so the uncontrolled system
is causal and the equations (9)~(11) with K5 = 0 have the
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same form as (5)~(7). The observer is given by (20)~(22)
where

0 1 0 0 0
—48.5 —1.25 485 0 0
Ac = aDC = ;
0 0 0 1 0
| 194 0 -196 0 —0.343
[0
0
G.= , B. = By, Cy. = (1,
0
| —0.333

Ly and Ly are to be designed. Since G is only a function
of z1, an explicit observer exists and we can simply choose
Ly = 0in (21) with S = I. A bounded control v(t) and
disturbance d(t) with d, = 0.1 is implemented to produce
the bounded output. By Assumption 2 we have a; = 1 and
ag = 0. From (25) we have 84 = 1,83 = 0,62 = 0.1 and
01 = 1.6142. From (26) we have v = 1, v9 = v3 = 0.
Taking e = 0.1,y = 1,Q = I, N = 21, the solution to
equation (28) is

0.6706  0.3241 0.7044  0.3857
~ 103241 1.1841 0.4389 —0.0332
© 107044  0.4389 0.7818 0.4278 |’
0.3857 —0.0332 0.4278  0.6322
6.7056  3.2414
I = 3.2414 11.8409
7.0443  4.3886
3.8572 —0.3321

Takmg 51 = 001, 52 = 05, 53 = 100, 64 = 005, 55 = ].,
then p = 1/v/2,

68.6637 6.5101 —67.9439 4.4292
PO:L?: 6.5101 3.2838 —8.9407 2.2510
p —67.9439 —8.9407 73.6359 —8.8479
4.4292  2.2510 —8.8479 6.5669

and M, in equation (32) is
259.8957  31.9290 —254.9790 32.2107
B 31.9290 30.7834 —35.3582 5.0466
| —254.9790 —35.3582  284.9309 —36.4191
32.2107  5.0466 —36.4191 12.2731

The eigenvalues of M; are 536.7717, 26.4523, 17.2578 and
7.4012, respectively. Hence, matrix M is positive definite.

Now consider the fault with form of f(¢) = 0.1x(¢t),
and the disturbance with form of d(t) = 0.01(sinz1)? +
0.09 cos z. The external input u(t) = 0.5sin ¢, and the ini-
tial states are z; = [z 22 23 x4]T =[0 8 6 0.6]T and

2 = [# &9 @3 #4)T =[10 =5 —0.34 1]T.

By the method proposed above, without loss of general-
ity, taking H = 2 X 2 unit matrix, and we can easily obtain
following parameters:

Os = 8.3487, B4 = 13, 01 = 0.0162,
oo = 1.1079, 7y, = 0.1109, dp, = 0.1,
~ 11B4(1 — Be)

! 55

|Gegll = 0.5182 > 0,

vy =1,
and equation (59) holds. When entering the stable stage, (3¢
may become very small. Here we take G5 = 0. In the in-
terval of 0~10 seconds, no fault occurs. Just from the 10th
second on, fault occurs.

Fig. 1 and Fig. 2 show the state curve and residual curve
of x5 without fault, respectively. It can be seen that the es-
timated state Zo can correctly reflect the real state x5, and
the residual curve of 5 is in the range of the given threshold
rtn=0.1109. Fig.3~Fig.6 depict the residual curve of z;with
fault, s = 1,--- ,4. After 10th second, the fault occurs and
the residual is out of the range of the given threshold, which
indicates that the fault occurs.

40 T T T T T T T T T
301 — %

20 |

X

ot

=
e

P
I _

200k

_30 L L L
0 2 4 6 8 10
tl's

12 14 16 18 20

Fig. 1 The state trajectory of x2 without fault.
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Fig. 2 Residual curve of o without fault and threshold r¢;,=0.1109.
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-12 | |
0 2 4
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t/s
Fig. 3 Residual curve of 1 with fault and threshold 7, =0.1109.

1 1 Il 1 | 1

0 2 4 6 8 10 12 14 16 18 20

tls
Fig. 5 Residual curve of 3 with fault and threshold 7, =0.1109.

6 Conclusions

In the paper we provide both theoretical basis and de-
sign procedure for the design of BFDO for a class of non-
linear system, which is singular bilinear system subject to
unknown input disturbance and fault. Conditions for the ob-
server design of a well-posed system are given and the ro-
bustness of the detection system to unknown disturbance is
discussed. The design scheme is used to the fault detection
for a flexible joint robot model where the fast dynamics
are modeled as a static system, and the simulation results
demonstrate the effectiveness of the proposed method.
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