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On some properties of the bibasic Humbert
hypergeometric functions Ξ1 and Ξ2

CAI Qing-bo1,∗ Ghazi S. Khammash2

Shimaa I. Moustafa3 Ayman Shehata3,4

Abstract. The main object of this paper is to deduce the bibasic Humbert functions Ξ1 and Ξ2

Some interesting results and elementary summations technique that was successfully employed,

q−recursion, q−derivatives relations, the q−differential recursion relations, the q−integral rep-

resentations for Ξ1 and Ξ2 are given. The summation formula derives a list of p−analogues

of transformation formulas for bibasic Humbert functions that have been studied, also some

hypergeometric functions properties of some new interesting special cases have been given.

§1 Introduction

The bibasic summation formula and multivariable hypergeometric functions have been in-
vestigated and have a long history see, for example, [3,11,13,36], also for two variables or more
multivariable basic hypergeometric functions see, for example, [1, 16, 21, 29, 33, 40]. Recently,
considerable attention from several researchers and mathematicians has been developed and
studied the bibasic hypergeometric functions in [2, 4, 14, 20, 23, 29] were presented, the basic
hypergeometric functions, which namely q−analogue generalizations of the ordinary hypergeo-
metric series have a long history [23]. The derivatives, q−derivatives of the generalization of the
hypergeometric series and basic hypergeometric series with respect to the parameters see, also
for example, [14,24–26]. Bibasic q−Appell functions with contiguous bibasic q−Appell function-
s, q−statistical summability method [17] and certain q−partial derivative relations have been
derived in [36]. Also, the authors [36, 37] introduce some summation formulas for the bibasic
q−Appell function and the relation between the bibasic Appell series and continued fractions
of Ramanujan. Some multivariable generalizations of the bibasic summation formula have been
studied in [3, 11, 22]. Also, some transformation formulas expressing certain sums of bibasic
series by using contour integrals and the calculus of residues defined by Agarwal and Verma,
see [11], for q− calculus and q−analogue, see some examples as [5,6,8,9,18]. Some extensions of
the bibasic indefinite summation formula to derive bibasic extensions of Euler’s transformation
formula and of fields and Wimp expansion formula have been obtained by Gasper [13].

Received: 2022-09-14. Revised: 2023-05-07.
MR Subject Classification: 33D65, 05A30, 33D70, 33C65, 33C70.
Keywords: q-calculus, bibasic Humbert hypergeometric functions, q-derivative.
Digital Object Identifier(DOI): https://doi.org/10.1007/s11766-023-4848-8.
Supported by the National Natural Science Foundation of China(11601266) and the Natural Science Foun-

dation of Fujian Province of China(2020J01783).
∗Corresponding author.



CAI Qing-bo, et al. On some properties of the bibasic Humbert hypergeometric functions... 615

Because of their utility and applications in a variety of research fields, the bibasic hyperge-
ometric functions associated with special matrix functions, matrix series have received recent
attention see, e.g., [4, 31, 32], and also see, e.g., [10, 19, 27, 28, 30, 34, 35, 39] for some q-function
of different type of matrix functions.

The q-analogue of τ , also known as the q-number or q-bracket number [τ ]q is defined by [12]

[τ ]q = 1 + q + q2 + . . .+ qτ−1 =
1− qτ

1− q
; τ ∈ C. (1)

For r the factorial [r]q! is defined by [12]

[r]q! =

{
[1]q + [2]q + . . .+ [r]q, r ∈ N;
1, r = 0.

(2)

The q-shifted factorial is defined by [12]

(qχ; q)τ =

{ ∏τ−1
r=0 (1− qχ+r), τ ≥ 1;

1, τ = 0.

=

{
(1− qχ)(1− qχ+1) . . . (1− qχ+τ−1), τ ∈ N, qχ ∈ C \ {1, 1/q, 1/q2, . . . , 1/qτ−1};
1, χ ∈ C, 0 < |q| < 1, q ∈ C− {1}.

(3)

The p-analogue of gamma functions Γp(c) is defined by the q-integral representations as follows

Γp(c) =

∫ 1
1−p

0

Ep(−pu)uc−1dpu, (4)

where

Ep(x) =

∞∑
τ=0

p(
τ
2)

[τ ]p!
xτ .

The q-binomial theorem is

ϕ1(p
a;−; p, x) =

(xpa; p)∞
(x; p)∞

, |x| < 1. (5)

In [12], the basic or q-hypergeometric function has been defined as follows

ϕ1(p
a, pb; pc; p, x) =

∞∑
τ=0

(pa; p)τ (p
b; p)τ

(pc; p)τ (p; p)τ
xτ , pc ̸= 1, q−1, q−2, . . . , |x| < 1. (6)

Now we may define a bibasic Humbert functions Ξ1 and Ξ2 on the two independent bases p
and q, for 0 < |p| < 1, 0 < |q| < 1, p, q ∈ C, as follows:

Ξ1(p
a, qb, pc; pd; p, q, x, y)

=
∞∑

k,ℓ=0

(pa; p)k(q
b; q)ℓ(p

c; p)k
(pd; p)ℓ+k(p; p)k(q; q)ℓ

xℓyk, pd ̸= 1, q−1, q−2, . . . , |x| < 1, |y| < 1 (7)

and

Ξ2(p
a, qb; pc; p, q, x, y)

=
∞∑

k,ℓ=0

(pa; p)k(q
b; q)ℓ

(pc; p)ℓ+k(p; p)k(q; q)ℓ
xℓyk, pc ̸= 1, q−1, q−2, . . . , |x| < 1, |y| < 1. (8)

Also, q-difference operator defined by [15]

Dy,qf(y) =
[
f(y)− f(yq)

][
(1− q)y

]−1
, (9)

where f is a function real or complex -valued and Dy,qf(0) = f ′(0) provided f(0) exists.
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§2 Some new auxiliary results

Here we utilize the interesting results and elementary summations technique that was suc-
cessfully employed in the bibasic Humbert confluent hypergeometric functions Ξ1 and Ξ2 on
two independent bases p and q of two variables.

Theorem 2.1. The following q-recursion relations for Ξ1 and Ξ2 are true

Ξ1(p
a+1, qb, pc; pd; p, q, x, y) =Ξ1(p

a, qb, pc; pd; p, q, x, y)

+
pa(1− pc)y

1− pd
Ξ1(p

a+1, qb, pc+1; pd+1; q, p, x, y), pd ̸= 1,
(10)

Ξ1(p
a, qb, pc+1; pd; q, p, x, y) = Ξ1(p

a, qb, pc; pd; p, q, x, y)

+
pc(1− pa)y

1− pd
Ξ1(p

a+1, qb, pc+1; pd+1; q, p, x, y), qd ̸= 1,

Ξ1(p
a, pb, pc; pd−1; q, p, x, y)

=
1

1− pd−1
Ξ1(p

a, qb, pc; pd; q, p, x, y)− pd−1

1− pd−1
Ξ1(p

a, qb, pc; pd; q, p, px, y)

+
pd−1(1− pa)(1− pc)y

(1− pd−1)(1− pd)
Ξ1(p

a+1, qb, pc+1; pd+1; q, p, px, y), pd, pd−1 ̸= 1,

= Ξ1(p
a, qb, pc; pd; p, q, x, y) +

pd−1(1− pa)(1− pc)y

(1− pd−1)(1− pd)
Ξ1(p

a+1, qb, pc+1; pd+1; q, p, x, y)

+
pd−1

1− pd−1
Ξ1(p

a, qb, pc; pd; q, p, x, py)− pd−1

1− pd−1
Ξ1(p

a, qb, pc; pd; q, p, px, py), pd, pd−1 ̸= 1

(11)

and
Ξ2(p

a+1, qb; pc; p, q, x, y)

= Ξ2(p
a, qb; pc; p, q, x, y) +

pay

1− pc
Ξ2(p

a+1, qb; pc+1; q, p, x, y), pc ̸= 1,

Ξ2(p
a, pb; pc−1; q, p, x, y)

=
1

1− pc−1
Ξ2(p

a, qb; pc; q, p, x, y)− pc−1

1− pc−1
Ξ2(p

a, qb; pc; q, p, px, y)

+
pc−1(1− pa)y

(1− pc−1)(1− pc)
Ξ2(p

a+1, qb; pc+1; q, p, px, y), pc, pc−1 ̸= 1,

= Ξ2(p
a, qb; pc; p, q, x, y) +

pc−1(1− pa)y

(1− pc−1)(1− pc)
Ξ2(p

a+1, qb; pc+1; q, p, x, y)

+
pc−1

1− pc−1
Ξ2(p

a, qb; pc; q, p, x, py)− pc−1

1− pc−1
Ξ2(p

a, qb; pc; q, p, px, py), pc, pc−1 ̸= 1.

(12)

Proof. To prove (10), we proceed as follows

(pa+1; p)k =
1− pa+k

1− pa
(pa; p)k =

[
1 + pa

1− pk

1− pa

]
(pa; p)k,

and
(pa; p)k+1 =(1− pa)(pa+1; p)k,

(pc; p)k+1 =(1− pc)(pc+1; p)k,

(pd; p)ℓ+k+1 =(1− pd)(pd+1; p)ℓ+k,
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we have
Ξ1(p

a+1, qb, pc; pd; p, q, x, y)− Ξ1(p
a, qb, pc; pd; p, q, x, y)

= pa
∞∑

ℓ,k=0

[
1− pk

1− pa

]
(pa; p)k(q

b; q)ℓ(p
c; p)k

(pd; p)ℓ+k(p; p)k(q; q)ℓ
xℓyk

=
pa

1− pa

∞∑
ℓ=0,k=1

(pa; p)k(q
b; q)ℓ(p

c; p)k
(pd; p)ℓ+k(p; p)k−1(q; q)ℓ

xℓyk

=
pa

1− pa

∞∑
ℓ,k=0

(pa; p)k+1(q
b; q)ℓ(p

c; p)k+1

(pd; p)ℓ+k+1(p; p)k(q; q)ℓ
xℓyk+1

=
pa(1− pc)y

1− pd
Ξ1(p

a+1, pb; , pc+1; pd+1; q, p, x, y).

Similarly, by same manner the relations (11)-(12) can be obtained.

Theorem 2.2. The following relations for Ξ1 and Ξ2 are true

Ξ1(p
a, qb+1, pc; pd; q, p, x, y) = Ξ1(p

a, qb, pc; pd; p, q, x, y)

+
qbx

1− pd
Ξ1(p

a, qb+1, pc; pd+1; q, p, x, y), pd ̸= 1,
(13)

(1− qb)Ξ1(p
a, qb+1, pc; pd; q, p, x, y) + qbΞ1(p

a, qb, pc; pd; q, p, qx, y)

= Ξ1(p
a, qb, pc; pd; p, q, x, y),

Ξ1(p
a, qb+1, pc; pd; q, p, x, y)

= Ξ1(p
a, qb, pc; pd; q, p, qx, y) +

x

1− pd
Ξ1(p

a, qb+1, pc; pd+1; q, p, x, y), pd ̸= 1

(14)

and
(1− qb)Ξ2(p

a, qb+1; pc; q, p, x, y) + qbΞ2(p
a, qb; pc; q, p, qx, y) = Ξ2(p

a, qb; pc; p, q, x, y),

Ξ2(p
a, qb+1; pc; q, p, x, y)

= Ξ2(p
a, qb; pc; p, q, x, y) +

qbx

1− pc
Ξ2(p

a, qb+1; pc+1; q, p, x, y), pc ̸= 1,

Ξ2(p
a, qb+1; pc; q, p, x, y)

= Ξ2(p
a, qb; pc; q, p, qx, y) +

x

1− pc
Ξ2(p

a, qb+1; pc+1; q, p, x, y), pc ̸= 1.

(15)

Proof. Using the relation

(qb; q)ℓ+1 = (1− qb)(qb+1; q)ℓ = (1− qb+ℓ)(qb; q)ℓ,

we have
Ξ1(p

a, qb+1, pc; pd; q, p, x, y)− Ξ1(p
a, qb, pc; pd; p, q, x, y)

= qb
∞∑

ℓ,k=0

[
1− qℓ

1− qb

]
(pa; p)k(q

b; q)ℓ(p
c; p)k

(pd; p)ℓ+k(p; p)k(q; q)ℓ
xℓyk

=
qb

1− qb

∞∑
ℓ=1,k=0

(pa; p)k(q
b; q)ℓ(p

c; p)k
(pd; p)ℓ+k(p; p)k(q; q)ℓ−1

xℓyk

=
qbx

1− qb

∞∑
ℓ,k=0

(pa; p)k(q
b; q)ℓ+1(p

c; p)k
(pd; p)ℓ+k+1(p; p)k(q; q)ℓ

xℓyk.
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Now, by making use of the relation (7), we obtain

=
qbx

1− pd
Ξ1(p

a, qb+1, pc; pd+1; q, p, x, y), pd ̸= 1.

Similarly, we can easily prove the subsequent results (14)-(15).

Theorem 2.3. The q-derivatives relations for Ξ1 and Ξ2 holds true

Dm
x,qΞ1(p

a, qb, pc; pd; p, q, x, y) =
(qb; q)m

(1− q)m(pd; p)m
Ξ1(p

a, qb+m, pc; pd+m; q, p, x, y), (16)

Dn
y,pΞ1(p

a, qb, pc; pd; p, q, x, y) =
(pa; p)n(p

c; p)n
(1− p)n(pd; p)n

Ξ1(p
a+n, qb, pc+n; pd+n; q, p, x, y),

Dm
x,pD

n
y,pΞ1(p

a, qb, pc; pd; p, q, x, y)

=
(pa; p)n(q

b; q)m(pc; p)n
(1− q)m(1− p)n(pd; p)m+n

Ξ1(p
a+n, qb+m, pc+n; pd+m+n; q, p, x, y)

(17)

and

Dm
x,qΞ2(p

a, qb; pc; p, q, x, y) =
(qb; q)m

(1− q)m(qc; q)m
Ξ2(q

a, qb+m; pc+m; q, p, x, y),

Dn
y,pΞ2(p

a, qb; pc; p, q, x, y) =
(pa; p)n

(1− p)n(pc; p)n
Ξ2(q

a+n, pb; pc+n; q, p, x, y),

Dm
x,qD

n
y,pΞ2(p

a, qb; pc; p, q, x, y)

=
(pa; q)n(q

b; q)m
(1− q)m(1− p)n(p;c; p)m+n

Ξ2(q
a+n; pb+m; qc+m+n; q, p, x, y).

(18)

Proof. From q-derivative in (9), we yield

Dx,qΞ1(p
a, qb, pc; pd; p, q, x, y)

=

∞∑
ℓ,k=0

1− qℓ

1− q

(pa; p)k(q
b; q)ℓ(p

c; p)k
(pd; p)ℓ+k(p; p)k(q; q)ℓ

xℓ−1yk

=
∞∑

ℓ,k=0

(pa; p)k(q
b; q)ℓ+1(p

c; p)k(1− q)−1

(pd; p)ℓ+k+1(p; p)k(q; q)ℓ
xℓyk

=
(1− qb)

(1− q)(1− pd)

∞∑
ℓ,k=0

(pa; p)k(q
b+1; q)ℓ(p

c; p)k
(pd+1; p)ℓ+k(p; p)k(q; q)ℓ

xℓyk

=
(1− qb)

(1− q)(1− pd)
Ξ1(p

a, qb+1, pc; pd+1; q, p, x, y)

(19)

and
Dy,pΞ1(p

a, qb, pc; pd; p, q, x, y)

=
∞∑

ℓ=0,k=1

1

1− p

(pa; p)k(q
b; q)ℓ(p

c; p)k
(pd; p)ℓ+k(p; p)k−1(q; q)ℓ

xℓyk−1

=
(1− pa)(1− pc)

(1− p)(1− pd)

∞∑
ℓ,k=0

(pa+1; q)k(q
b; q)ℓ(p

c+1; p)k
(pd+1; p)ℓ+k(p; p)k(q; q)ℓ

xℓyk

=
(1− pa)(1− pc)

(1− p)(1− pd)
Ξ1(p

a+1, qb, pc+1; pd+1; q, p, x, y).

(20)
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Now by iterating q-derivative on Ξ1 for m-times and n-times, we get (16) and (17).
By applying the relation of the q-derivative in (8), we obtained (18).

Theorem 2.4. The recursion relations of q-differential for Ξ1 and Ξ2 holds true:

xDx,qΞ1(p
a, qb, pc; pd; p, q, x, y) =

1− qb

(1− q)qb

[
Ξ1(p

a, qb+1, pc; pd; q, p, x, y)

− Ξ1(p
a, qb, pc; pd; p, q, x, y)

]
,

(21)

xDx,qΞ1(p
a, qb, pc; pd; p, q, x, y) =

1− qb

1− q

[
Ξ1(p

a, qb+1, pc; pd; q, p, x, y)

− Ξ1(p
a, qb, pc; pd; p, q, qx, y)

]
,

yDy,pΞ1(p
a, qb, pc; pd; p, q, x, y) =

1− pa

(1− p)pa

[
Ξ1(p

a+1, qb, pc; pd; q, p, x, y)

− Ξ1(p
a, qb, pc; pd; p, q, x, y)

]
,

yDy,pΞ1(p
a, qb, pc; pd; p, q, x, y) =

1− pc

(1− p)pc

[
Ξ1(p

a, qb, pc+1; pd; q, p, x, y)

− Ξ1(p
a, qb, pc; pd; p, q, x, y)

]

(22)

and

xDx,qΞ2(p
a, qb; pc; p, q, x, y) =

1− qb

(1− q)qb

[
Ξ2(p

a, qb+1; pc; q, p, x, y)

− Ξ2(p
a, qb; pc; p, q, x, y)

]
,

xDx,qΞ2(p
a, qb; pc; p, q, x, y) =

1− qp

1− q

[
Ξ2(p

a, qb+1; pc; q, p, x, y)

− Ξ2(p
a, qb; pc; p, q, qx, y)

]
,

yDy,pΞ2(p
a, qb; pc; p, q, x, y) =

1− pa

(1− p)pa

[
Ξ2(p

a+1, qb; pc; q, p, x, y)

− Ξ2(p
a, qb; pc; p, q, x, y)

]
.

(23)

Proof. In view of equation (12) and (13), we get (21). In the same way we can also be obtained
(22)-(23).

Corollary 2.5. The following relations for Ξ1 and Ξ2 holds true:

(1− pd−1)Ξ1(p
a, qb, pc; qd−1; q, p, x, y) = (1− pd−1)Ξ1(p

a, qb, pc; pd; p, q, x, y)

+ (1− p)pd−1yDy,pΞ1(p
a, qb, pc; pd; p, q, x, y) + pd−1Ξ1(p

a, qb, pc; qd; q, p, x, py)

− pd−1Ξ1(p
a, qb, pc; qd; q, p, px, py),

(24)

(1− pd−1)Ξ1(p
a, qb, pc; qd−1; q, p, x, y)
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= Ξ1(p
a, qb, pc; pd; p, q, x, y)− pd−1Ξ1(p

a, qb, pc; pd; p, q, px, y)

+ (1− p)pd−1yDy,pΞ1(p
a, qb, pc; pd; p, q, px, y),

(1− pa)Ξ1(p
a+1, qb, pc; pd; q, p, x, y) = (1− p)yDy,pΞ1(p

a, qb, pc; pd; q, p, x, y)

+ (1− pa)Ξ1(p
a, qb, pc; pd; q, p, x, py),

(1− pc)Ξ1(p
a, qb, pc+1; pd; q, p, x, y) = (1− p)yDy,pΞ1(p

a, qb, pc; pd; p, q, x, y)

+ (1− pc)Ξ1(p
a, qb, pc; pd; q, p, x, py),

(1− qb)Ξ1(p
a, qb+1, pc; pd; q, p, x, y) = (1− q)xDx,pΞ1(p

a, qb, pc; pd; p, q, x, y)

+ (1− qb)Ξ1(p
a, qb, pc; pd; q, p, qx, y)

(25)

and
(1− pc−1)Ξ2(p

a, qb; pc−1; q, p, x, y)

= (1− pc−1)Ξ2(p
a, qb; pc; p, q, x, y) + (1− p)pc−1yDy,pΞ2(p

a, qb; pc; p, q, x, y)

+ pc−1Ξ2(p
a, qb; pc; q, p, x, py)− pc−1Ξ2(p

a, qb; pc, qd; q, p, px, py),

(1− pc−1)Ξ2(p
a, qb; qc−1; q, p, x, y) = Ξ2(p

a, qb; pc; p, q, x, y)

− pc−1Ξ2(p
a, qb; pc; p, q, px, y) + (1− p)pc−1yDy,pΞ2(p

a, qb; pc; p, q, px, y),

(1− pa)Ξ2(p
a+1, qb; pc; q, p, x, y)

= (1− p)yDy,pΞ2(p
a, qb; pc; q, p, x, y) + (1− pa)Ξ2(p

a, qb; pc, pc; q, p, x, py),

(1− qb)Ξ2(p
a, qb+1; pc; q, p, x, y)

= (1− q)xDx,pΞ2(p
a, qb; pc; p, q, x, y) + (1− qb)Ξ2(p

a, qb; pc; q, p, qx, y).

(26)

Proof. In view of (11) and (20)yields (24). Similarly, by same manner the relations (25)-(26)
can be obtained.

Theorem 2.6. The following relations for Ξ1 and Ξ2 holds true:

Dd,qΞ1(p
a, qb, pc; pd; p, q, x, y) =

1

1− pd

[
yDy,qΞ1(p

d+1) +
1

1− p
Ξ1(p

d+1, py)

− 1

1− p
Ξ1(p

d+1, px, py)

]
,

(27)

Da,qΞ1(p
a, qb, pc; pd; p, q, x, y) =− 1

1− pa
yDy,pΞ1,

Db,pΞ1(p
a, qb, pc; pd; p, q, x, y) =− 1

1− qb
xDx,qΞ1,

Dc,pΞ1(p
a, qb, pc; pd; p, q, x, y) =− 1

1− pc
yDy,pΞ1,

Dd,qΞ1(p
a, qb, pc; pd; p, q, x, y) =

1

1− pd

[
yDy,qΞ1(p

d+1, px) +
1

1− p
Ξ1(p

d+1)

− 1

1− p
Ξ1(p

d+1, px)

]
(28)

and

Da,qΞ2(p
a, qb; pc; p, q, x, y) =− 1

1− pa
yDy,pΞ2,
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Db,pΞ2(p
a, qb; pc; p, q, x, y) =− 1

1− qb
xDx,qΞ2,

Dc,qΞ2(p
a, qb; pc; p, q, x, y) =

1

1− pc

[
yDy,qΞ2(p

c+1) +
1

1− p
Ξ2(p

c+1, py)

− 1

1− p
Ξ2(p

c+1, px, py)

]
,

Dc,qΞ2(p
a, qb; pc; p, q, x, y) =

1

1− pc

[
yDy,qΞ2(p

c+1, px) +
1

1− p
Ξ2(p

c+1)

− 1

1− p
Ξ2(p

c+1, px)

]
.

(29)

Proof. Now we have

Dd,pΞ1(p
a, qb, pc; pd; p, q, x, y)

=

∞∑
ℓ,k=0

[
1

(pd; p)k
− 1

(pd+1; p)ℓ+k

]
1

(1− p)pd
(pa; p)k(q

b; q)ℓ(p
c; p)k

(p; p)k(q; q)ℓ
xℓyk

=
∞∑

ℓ,k=0

[
1− 1− pd

1− pd+ℓ+k

]
1

(1− p)pd
(pa; p)k(q

b; q)ℓ(p
c; p)k

(pd; p)ℓ+k(p; p)k(q; q)ℓ
xℓyk

=
∞∑

ℓ,k=0

[
1− pd+ℓ+k − 1 + pd

1− pd+ℓ+k

]
(pa; p)k(q

b; q)ℓ(p
c; p)k

(1− p)pd(pd; p)ℓ+k(p; p)k(q; q)ℓ
xℓyk,

=
1

1− pd

∞∑
ℓ,k=0

1− pℓ+k

1− p

(pa; p)k(q
b; q)ℓ(p

c; p)k
(pc; p)ℓ(qd+1; q)k(p; p)k(q; q)ℓ

xℓyk

=
1

1− pd

∞∑
ℓ,k=0

[
1− pk

1− p
+

pk − pℓ+k

1− p

]
(pa; p)k(q

b; q)ℓ(p
c; p)k

(pc; p)ℓ(qd+1; q)k(p; p)k(q; q)ℓ
xℓyk

=
1

1− pd

[
yDy,pΞ1(p

d+1) +
1

1− p
Ξ1(q

d+1, py)− 1

1− p
Ξ1(q

d+1, px, py)

]
.

Proceeding along the same lines as above, formulas (28)-(29) can be proved.

Theorem 2.7. For 0 < ℜ(α) < ℜ(γ), the q-integral representations for Ξ1 is true

Ξ1(p
a, qb, pc; pd; p, q, x, y)

=
1

Γp(c)

∫ 1
1−p

0

Ep(−pu)uc−1Ξ2(p
a, qb; pd; p, q, x, (1− p)yu)dpu.

(30)

Proof. Using the p-shifted factorials (pc; p)k and the p-Gamma functions are defined as follows

(pc; p)k =
(1− p)kΓp(c+ k)

Γp(c)

and

Γp(c) =

∫ 1
1−p

0

Ep(−pu)uc−1dpu,

we obtain (30).

Theorem 2.8. For s ∈ N, the differentiation formulas for Ξ1 and Ξ2 hold true

Ds
y,p

[
ya+s−1Ξ1(p

a, qb, pc; pd; p, q, x, y)

]
=

(pa; p)s
(1− p)s

ya−1Ξ1(p
a+s, qb, pc; pd; q, p, x, y), (31)
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Ds
x,q

[
xb+s−1Ξ1(p

a, qb, pc; pd; q, p, x, y)

]
=

(qb; q)s
(1− q)s

xb−1Ξ1(q
a, qb+s, pc; pd; q, p, x, y),

Ds
y,p

[
xc+s−1Ξ1(p

a, qb, pc; pd; q, p, x, y)

]
=

(pc; p)s
(1− p)s

yc−1Ξ1(p
a, qb, pc+s; pd; q, p, x, y)

(32)

and

Ds
y,p

[
ya+s−1Ξ2(p

a, qb; pc; p, q, x, y)

]
=

(pa; p)s
(1− p)s

ya−1Ξ2(p
a+s, qb; pc; q, p, x, y),

Ds
x,q

[
xb+s−1Ξ2(p

a, qb; pc; q, p, x, y)

]
=

(qb; q)s
(1− q)s

xb−1Ξ2(q
a, qb+s; pc; q, p, x, y).

(33)

Proof. Using

Ds
y,p

[
ya+k+s−1

]
=

(pa+k; p)s
(1− p)s

ya+k−1,

and

(pa; p)k(p
a+k; p)s = (pa; p)k+s = (pa; p)s(p

a+s; p)k,

we get

Ds
y,p

[
ya+s−1Ξ1(p

a, qb, pc; pd; q, p, x, y)

]
=

∞∑
ℓ,k=0

(pa; p)k(q
b; q)ℓ(p

c; p)k
(pd; p)ℓ+k(p; p)k(q; q)ℓ

xℓDs
y,p

[
ya+k+s−1

]

=

∞∑
ℓ,k=0

(pa; p)k(q
b; q)ℓ(p

c; p)k
(pd; p)ℓ+k(p; p)k(q; q)ℓ

xℓ (p
a+k; q)s

(1− p)s
ya+k−1

=
1

(1− p)s
ya−1

∞∑
ℓ,k=0

(qb; q)ℓ(p
a; p)k+s(p

c; p)k
(pd; p)ℓ+k(p; p)k(q; q)ℓ

xℓyk

=
(pa; p)s
(1− p)s

ya−1
∞∑

ℓ,k=0

(pa+s; p)k(q
b; q)ℓ(p

c; p)k
(pd; p)ℓ+k(p; p)k(q; q)ℓ

xℓyk

=
(pa; p)s
(1− p)s

ya−1Ξ1(p
a+s, qb, pc; pd; q, p, x, y).

The proof Eqs. (32)-(33) are on the same lines as of Eq. (31).

Theorem 2.9. The summation formula for Ξ1 and Ξ2 holds true:

Ξ1(p
a, qb, pc; pd; p, q, x, y) =

∞∑
ℓ=0

(qb; q)ℓ
(pd; p)ℓ(q; q)ℓ

xℓ
2ϕ1(p

a, pc; pd+ℓ; p, y) (34)

and

Ξ2(p
a, qb; pc; p, q, x, y) =

∞∑
ℓ=0

(qb; q)ℓ
(pc; p)ℓ(q; q)ℓ

xℓ
2ϕ1(p

a, 0; pc+ℓ; p, y). (35)

Proof. From the definition of Ξ1 and (3), we have

Ξ1(p
a, qb, pc; pd; p, q, x, y)

=

∞∑
ℓ,k=0

(pa; p)k(q
b; q)ℓ(p

c; p)k
(pd; p)ℓ+k(p; p)k(q; q)ℓ

xℓyk
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=
∞∑
ℓ=0

(qb; q)ℓ
(pd; p)ℓ(q; q)ℓ

xℓ
∞∑
k=0

(pa; p)k(p
c; p)k

(pd+ℓ; p)k(p; p)k
yk

=

∞∑
ℓ=0

(qb; q)ℓ
(pd; p)ℓ(q; q)ℓ

xℓ
2ϕ1(p

a, pc; pd+ℓ; p, y).

Theorem 2.10. The summation formulas for Ξ1 and Ξ1 holds true:

Ξ1(p
a, qb, pc; pd; p, q, x, y) =

(pa; p)∞
(pd; p)∞

∞∑
ℓ,k=0

(qb; q)ℓ(p
c; p)k(p

d+k; p)∞
(pd+k; p)ℓ(pa+k; p)∞(p; p)k(q; q)ℓ

xℓyk, (36)

Ξ1(p
a, qb, pc; pd; p, q, x, y) =

(pc; p)∞
(pd; p)∞

∞∑
ℓ,k=0

(pa; p)k(q
b; q)ℓ(p

d+k; p)∞
(pd+k; p)ℓ(pc+k; p)∞(p; p)k(q; q)ℓ

xℓyk (37)

and

Ξ2(p
a, qb; pc; p, q, x, y) =

(pa; p)∞
(pc; p)∞

∞∑
ℓ,k=0

(qb; q)ℓ(p
c+k; p)∞

(pc+k; p)ℓ(pa+k; p)∞(p; p)k(q; q)ℓ
xℓyk. (38)

Proof. Using the identities

(pa; p)k =
(pa; p)∞

(pa+k; p)∞
,

(pc; p)k =
(pc; p)∞

(pc+k; p)∞
,

(pd; p)k =
(pd; p)∞

(pd+k; p)∞
,

applying the q-binomial theorem

(pd+k; p)∞
(pa+k; p)∞

=
∞∑
r=0

(pd−a; p)s
(p; p)r

(
pa+k

)r

,

(pd+k; p)∞
(pc+k; p)∞

=
∞∑
r=0

(pd−c; p)s
(p; p)r

(
pc+k

)r

,

the familiar (Gaussian polynomials) q-binomial coefficient defined by

1Φ0(p
a;−; p, x) =

∞∑
n=0

(pa; p)n
(p; p)n

xn =
(pax; p)∞
(x; p)∞

; |x| < 1

and

0Φ0(−;−; p, y) =
∞∑
k=0

1

(p; p)k
yk =

1

(y; p)∞
, |y| < 1.

Substituting the above equations, we get

Ξ1(p
a, qb, pc; pd; p, q, x, y)

=
∞∑

ℓ,k=0

(pa; p)k(q
b; q)ℓ(p

c; p)k
(pd; p)k(pd+k; p)ℓ(p; p)k(q; q)ℓ

xℓyk

=

∞∑
ℓ,k=0

(qb; q)ℓ(p
c; p)k(p

a; p)∞(pd+k; p)∞
(pd+k; p)ℓ(pd; p)∞(pa+k; p)∞(p; p)k(q; q)ℓ

xℓyk
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=
(pa; p)∞
(pd; p)∞

∞∑
ℓ,k=0

(qb; q)ℓ(p
c; p)k(p

d+k; p)∞
(pa+k; p)∞(pd+k; p)ℓ(p; p)k(q; q)ℓ

xℓyk

=
(pa; p)∞
(pd; p)∞

∞∑
ℓ,k,r=0

(qb; q)ℓ(p
c; p)k(p

d−a; p)r
(pd+k; p)ℓ(p; p)k(q; q)ℓ(p; p)r

(
pa+k

)r

xℓyk

=
(pa; p)∞
(pd; p)∞

∞∑
ℓ,k=0

(qb; q)ℓ(p
c; p)k

(pd+k; p)ℓ(p; p)k(q; q)ℓ
xℓyk

∞∑
r=0

(pd−a; p)rp
(a+k)r

(p; p)r

=
(pa; p)∞
(pd; p)∞

∞∑
ℓ,k=0

(qb; q)ℓ(p
c; p)k

(pd+k; p)ℓ(p; p)k(q; q)ℓ
xℓyk 1Φ0(p

d−a;−; p, pa+k).

Similarly, we can prove (37)-(38).

Theorem 2.11. The following recursion formula holds true for Ξ1

Ξ1(p
a, qb, pc; pd; p, q, x, y)

=

∞∑
ℓ=0

(qb; q)ℓ(yp
a+c−d−ℓ; p)∞

(pd; p)ℓ(q; q)ℓ(y; p)∞
xℓ

2ϕ1(p
d+ℓ−a, pd+ℓ−c; pd+ℓ; p, ypa+c−d−ℓ)

=
∞∑
ℓ=0

(qb; q)ℓ(p
c; p)∞(ypa; p)∞

(pd; p)ℓ(q; q)ℓ(pd+ℓ; p)∞(y; p)∞
xℓ

2ϕ1(p
d+ℓ−c, y; ypa; p, pc)

=
∞∑
ℓ=0

(qb; q)ℓ(p
d+ℓ−c; p)∞(ypc; p)∞

(pd; p)ℓ(q; q)ℓ(pd+ℓ; p)∞(y; p)∞
xℓ

2ϕ1(yp
a+c−d−ℓ, pc; ypc; p, pd+ℓ−c)

=

∞∑
ℓ=0

(qb; q)ℓ(yp
a; p)∞

(pd; p)ℓ(q; q)ℓ(y; p)∞
xℓ

2ϕ2(p
a, pd+ℓ−c; pd+ℓ, ypa; p, ypc).

(39)

Proof. On the other hand, we shall need the Heine’s transformations formulas for p-hypergeometric
functions:(see )

2ϕ1(p
a, pb; pc; p, y) =

(ypa+b−c; p)∞
(y; p)∞

2ϕ1(p
c−a, pc−b; pc; p, ypa+b−c)

=
(pb; p)∞(ypa; p)∞
(pc; p)∞(x; p)∞

2ϕ1(p
c−b, y; ypa; p, pb)

=
(pc−b; p)∞(ypb; p)∞
(pc; p)∞(y; p)∞

2ϕ1(yp
a+b−c, pb; ypb; p, pc−b)

=
(ypa; p)∞
(y; p)∞

2ϕ2(p
a, pc−b; pc, ypa; p, ypb).

(40)

In order to derive a list of p-analogues of transformation formulas for bibasic Humbert hyper-
geometric functions. Replacing pa, pb and pc in (40) by pa, pc and pd+ℓ, gives

2ϕ1(p
a, pc; pd+ℓ; p, y) =

(ypa+c−d−ℓ; p)∞
(y; p)∞

2ϕ1(p
d+ℓ−a, pd+ℓ−c; pd+ℓ; p, ypa+c−d−ℓ)

=
(pc; p)∞(ypa; p)∞
(pd+ℓ; p)∞(y; p)∞

2ϕ1(p
d+ℓ−c, y; ypa; p, pc)

=
(pd+ℓ−c; p)∞(ypc; p)∞
(pd+ℓ; p)∞(y; p)∞

2ϕ1(yp
a+c−d−ℓ, pc; ypc; p, pd+ℓ−c)
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=
(ypa; p)∞
(x; p)∞

2ϕ2(p
a, pd+ℓ−c; pd+ℓ, ypa; p, ypc). (41)

Remark 2.12. The basic functions Ξ1 and Ξ2 are a q-analogue of the Humbert confluent
hypergeometric functions Ξ1 and Ξ2 defined by ( [7], page 225, Equations (20)-(22)):

lim
q−→1

Ξ1(p
a, qb, pc; pd; q, p,

1− p

1− q
x,

1

1− p
y) =Ξ1(a, b; c, d;x, y) (42)

and

lim
q−→1

Ξ2(p
a; qb, qc; q, p,

1− p

1− q
x, y) =Ξ2(a, b; c, d;x, y). (43)

Proof. Using the limit

lim
q−→1

(qβ ; q)n
(1− q)n

= (β)n,

we obtain (42)-(43).

Theorem 2.13. The following relationship holds true between the basic functions Ξ1 and Ξ2:

lim
c−→∞

Ξ1(p
a, qb, pc; pd; p, q, x, y) = Ξ2(p

a, qb; pd; q, p, x, y). (44)

Proof. Using the limit

lim
c−→∞

(pc; q)n = (0; q)n = 1,

we obtain (44).

§3 Some properties of new special cases

Here, we take p = q in the above section and apply the techniques of the p-derivative
operator for Humbert series Ξ1 and Ξ2, simplification gives the desired results.

Theorem 3.1. The following equalities hold true:[
Θy,p

]
p
Ξ1 =

[a]p[c]p
[d]p

yΞ1(p
a+1, pc+1; pd+1), (45)

[
Θx,p

]
p
Ξ1 =

[b]p
(1− p)[d]p

xΞ1(p
b+1; pd+1),

[
Θy,p

]
p
Ξ2 =

[a]p
(1− p)[c]p

yΞ2(p
a+1; pc+1),

[
Θx,p

]
p
Ξ2 =

[b]p
(1− p)[c]p

xΞ2(p
b+1; pc+1).

(46)

Proof. Using the relations of (7),(8) and (9) and simplifying, we get (45) and (46).

Theorem 3.2. The following equalities hold true:[
Θy,p + a

]
p
Ξ1 = [a]pΞ1(p

a+1),[
Θx,p + b

]
p
Ξ1 = [b]pΞ1(p

b+1),[
Θy,p + c

]
p
Ξ1 = [c]pΞ1(p

c+1),[
Θx,p +Θy,p + d− 1

]
p
Ξ1 = [d− 1]pΞ1(p

d−1)

(47)
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and [
Θy,p + a

]
p
Ξ2 = [a]pΞ2(p

a+1),[
Θx,p + b

]
p
Ξ2 = [b]pΞ2(p

b+1),[
Θx,p +Θy,p + c− 1

]
p
Ξ1 = [c− 1]pΞ2(p

c−1).

(48)

Proof. Using the relations (7) and (9), simplifying, we get (47)-(48).

Theorem 3.3. The following equalities hold true:([
Θy,p

]
p

[
Θx,p +Θy,p + d− 1

]
p
− y

[
Θy,p + a

]
p

[
Θy,p + c

]
p

)
Ξ1 = 0, (49)([

Θx,p

]
p

[
Θx,p +Θy,p + d− 1

]
p
− x

1− p

[
Θx,p + b

]
p

)
Ξ1 = 0 (50)

and ([
Θy,p

]
p

[
Θx,p +Θy,p + c− 1

]
p
− y

1− p

[
Θy,p + a

]
p

)
Ξ2 = 0,([

Θx,p

]
p

[
Θx,p +Θy,p + c− 1

]
p
− x

1− p

[
Θx,p + b

]
p

)
Ξ2 = 0.

(51)

Proof. Using the relations (7) and (9)and simplifying, we get (49)-(51).

Corollary 3.4. The following relations hold true:[(
pd−1pΘx,p − ypa+c

)[
Θy,p

]
p

[
Θy,p

]
p
+ pd−1

[
Θy,p

]
p

[
Θx,p

]
p

−
(
pd−1 −

[
d
]
p
+ y

(
pa
[
c
]
p
+ pc

[
a
]
p

))[
Θy,p

]
p
− y[a]p[c]p

]
Ξ1 = 0,[(

pd−1 − ypa+c

)[
Θy,p

]
p

[
Θy,p

]
p
+ pd−1pΘy,p

[
Θy,p

]
p

[
Θx,p

]
p

−
(
pd−1 −

[
d
]
p
+ y

(
pa
[
c
]
p
+ pc

[
a
]
p

))[
Θy,p

]
p
− y[a]p[c]p

]
Ξ1 = 0,[

pd−1pΘx,p
[
Θx,p

]
p

[
Θy,p

]
p
+ pd−1

[
Θx,p

]
p

[
Θx,p

]
p

−
(
pd−1 −

[
d
]
p
+

xpb

1− p

)[
Θy,p

]
p
− x

1− p
[b]p

]
Ξ1 = 0,

pd−1
[
Θy,p

]
p

[
Θx,p

]
p
+ pd−1pΘy,p

[
Θx,p

]
p

[
Θx,p

]
p

−
(
pd−1 −

[
d
]
p
+

xpb

1− p

)[
Θx,p

]
p
− x

1− p
[b]p

]
Ξ1 = 0

(52)

and [
pc−1pΘx,p

[
Θy,p

]
p

[
Θy,p

]
p
+ pc−1

[
Θy,p

]
p

[
Θx,p

]
p

−
(
pc−1 −

[
c
]
p
+

ypa

1− p

)[
Θy,p

]
p
− y

1− p
[a]p

]
Ξ2 = 0,
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pc−1
[
Θy,p

]
p

[
Θy,p

]
p
+ pc−1pΘy,p

[
Θy,p

]
p

[
Θx,p

]
p

−
(
pc−1 −

[
c
]
p
+

ypa

1− p

)[
Θy,p

]
p
− y

1− p
[a]p

]
Ξ2 = 0,[

pc−1pΘx,p
[
Θx,p

]
p

[
Θy,p

]
p
+ pc−1

[
Θx,p

]
p

[
Θx,p

]
p

−
(
pc−1 −

[
c
]
p
+

xpb

1− p

)[
Θy,p

]
p
− x

1− p
[b]p

]
Ξ2 = 0,

pc−1
[
Θy,p

]
p

[
Θx,p

]
p
+ pc−1pΘy,p

[
Θx,p

]
p

[
Θx,p

]
p

−
(
pc−1 −

[
c
]
p
+

xpb

1− p

)[
Θx,p

]
p
− x

1− p
[b]p

]
Ξ2 = 0.

(53)

Proof. Using the relation

[µ+ ν]q = [µ]q + qµ[ν]q = [ν]q + qν [µ]q (54)

we obtain our relations (52) and (53).

Theorem 3.5. The following recursion formulas hold true for Ξ1 and Ξ2

Ξ1(p
a, pb, pc; pd; p, x, y) =

∞∑
ℓ=0

(pb; p)ℓ
(pd; p)ℓ(p; p)ℓ

xℓ
2ϕ1(p

a, pc; pd+ℓ; p, y),

Ξ1(p
a, pb, pc; pd; p, x, y) =

∞∑
k=0

(pa; p)k(p
c; p)k

(pd; p)k(p; p)k
yk 2ϕ1(0, p

b; pd+k; p, x)

(55)

and

Ξ2(p
a, pb; pc; p, x, y) =

∞∑
ℓ=0

(pb; p)ℓ
(pc; p)ℓ(p; p)ℓ

xℓ
2ϕ1(p

a, 0; pc+ℓ; p, y),

Ξ2(p
a, pb; pc; p, x, y) =

∞∑
k=0

(pa; p)k
(pc; p)k(p; p)k

yk 2ϕ1(0, p
b; pc+k; p, x).

(56)

Proof. Using relations (7) and (9) and simplifying, we get (55) and (56).

Corollary 3.6. The following formulas hold true:

Ξ1(p
a, pb, pc; pd; p, x, 0) = 2ϕ1(0, p

b; pd; p, x),

Ξ1(p
a; pb, pc; pd; p, 0, y) = 2ϕ1(p

a, pc; pd; p, y)
(57)

and
Ξ2(p

a, pb; pc; p, x, 0) = 2ϕ1(0, p
b; pd; p, x),

Ξ2(p
a; pb; pc; p, 0, y) = 2ϕ1(p

a, 0; pc; p, y).
(58)

Proof. By using (6) and (7), and setting x = 0 and y = 0 in relations (55) respectively and
simplifying we get (57), similarly by using (6) and (8), and setting x = and y = 0 in relations
(56) respectively and simplifying, we get the relation (58).
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[4] A Al édamat, A Shehata. On Bibasic Humbert hypergeometric function Φ1, Malaysian
Journal for Mathematical Sciences, 2023, 17(1): 77-86.

[5] A Aral, V Gupta.On the analogue of Stancu-Beta operators, Applied Mathematics Letters,
2012, 25(1): 67-71.

[6] A Aral, V Gupta, R P Agarwal. Applications of q-Calculus in Operator Theory, Springer,
New Yerk, 2013.

[7] A Erdlyi, W Mangus, F Oberhettinger, F G Tricomi. Higher Transcendental Functions-
Vol. I, McGraw-Hill Book Company, New York, Toronto and London, 1953.

[8] T Ernst. A Method for q-Calculus, J Nonlinear Math Phys, 2003, 10(4): 487-525.

[9] T Ernst. A Comprehensive Treatment of q-Calculus, Birkhauser, Basel, 2012.

[10] S Z H Eweis, Z S I Mansour. Generalized q-Bernoulli Polynomials Generated by Jackson
q-Bessel Functions, Results in Mathematics, 2022, 77(3): 1-37.

[11] G Gasper. Summation, Transformation, and Expansion formulas for bibasic series, Amer-
ican mathematical society, 1989, 312(1): 257-277.

[12] G Gasper, M Rahman. Basic Hypergeometric Series, Cambridge, Encyclopedia of Mathe-
matics and its Applications, 2004.

[13] G Gasper, M Rahman. An Indefinite Bibasic Summation Formula and Some Quadratic,
Cubic and Quartic Summation and Transformation Formulas, Can J Math, 1990, XLII(1):
1-27.

[14] H A Ghany. q-Derivative of basic hypergeometric series with respect to parameters, Int J
Math Anal, 2009, 3(33): 1617-1632.

[15] F H Jackson. Basic double hypergeometric functions, Quart J Math, 1944, 15: 49-61.

[16] V K Jain. Some expansions involving basic hypergeometric functions of two variables, Pa-
cific J Math, 1980, 91(2): 349-361.



CAI Qing-bo, et al. On some properties of the bibasic Humbert hypergeometric functions... 629

[17] M Mursaleen, S Tabassum, R Fatma. On q-statistical summability method and its proper-
ties, Iranian Jour Sci Tech Trans A: Sci, 2022, 46(2): 455-460.

[18] N Mehmudov, V Gupta.On certain q-analogue of Szász Kantorovich operators, J Appl
Math and Computing, 2011, 37: 407-419.

[19] G V Milovanovi, V Gupta, N Malik. (p, q)-Beta functions and applications in approxima-
tion, Bolet́ın de la Sociedad Matemática Mexicana, 2016, 24(1): 219-237.
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