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On some properties of the bibasic Humbert
hypergeometric functions =; and =,
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Abstract. The main object of this paper is to deduce the bibasic Humbert functions Z; and Zg
Some interesting results and elementary summations technique that was successfully employed,
q—recursion, g—derivatives relations, the g—differential recursion relations, the g—integral rep-
resentations for Z; and Z are given. The summation formula derives a list of p—analogues
of transformation formulas for bibasic Humbert functions that have been studied, also some
hypergeometric functions properties of some new interesting special cases have been given.

81 Introduction

The bibasic summation formula and multivariable hypergeometric functions have been in-
vestigated and have a long history see, for example, [3,11,13,36], also for two variables or more
multivariable basic hypergeometric functions see, for example, [1,16,21,29,33,40]. Recently,
considerable attention from several researchers and mathematicians has been developed and
studied the bibasic hypergeometric functions in [2,4, 14, 20, 23, 29] were presented, the basic
hypergeometric functions, which namely g—analogue generalizations of the ordinary hypergeo-
metric series have a long history [23]. The derivatives, g—derivatives of the generalization of the
hypergeometric series and basic hypergeometric series with respect to the parameters see, also
for example, [14,24-26]. Bibasic g—Appell functions with contiguous bibasic ¢g—Appell function-
s, g—statistical summability method [17] and certain g—partial derivative relations have been
derived in [36]. Also, the authors [36,37] introduce some summation formulas for the bibasic
g—Appell function and the relation between the bibasic Appell series and continued fractions
of Ramanujan. Some multivariable generalizations of the bibasic summation formula have been
studied in [3,11,22]. Also, some transformation formulas expressing certain sums of bibasic
series by using contour integrals and the calculus of residues defined by Agarwal and Verma,
see [11], for ¢— calculus and g—analogue, see some examples as [5,6,8,9,18]. Some extensions of
the bibasic indefinite summation formula to derive bibasic extensions of Euler’s transformation
formula and of fields and Wimp expansion formula have been obtained by Gasper [13].
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Because of their utility and applications in a variety of research fields, the bibasic hyperge-
ometric functions associated with special matrix functions, matrix series have received recent
attention see, e.g., [4,31,32], and also see, e.g., [10,19, 27,28, 30,34, 35,39] for some g-function
of different type of matrix functions.

The g-analogue of 7, also known as the g-number or g-bracket number [7], is defined by [12]

1—4q"

[flg=1+q+¢+...+¢ ' = l_q;TE(C. (1)
For r the factorial [r],! is defined by [12]
1 2 o N;
[T]q! — [ ]q + [ ]q + + [r]tp re ’ (2)
1, r=0.
The g-shifted factorial is defined by [12]
T—1
rmo(l=qF7), 7>1;
(@%5q)r = ol )
1, T=0.
(3)

1 x€C, 0<]gl <1, geC—{1}.

The p-analogue of gamma functions I'y(c) is defined by the g-integral representations as follows

)

_{ 1=g)Q =) ... (1= 1Y), 7€N, ¢¢eC \{1,1/¢,1/¢* ..., 1/¢" '}

1

T,(c) = / 7 By (—puutdyu, (4)
0
where
B,(a) i p3)
r) = T
g o [7]5!
The g-binomial theorem is
(zp™; p)oo
o (P —ipyx) = ————, [z[ < L. 5

In [12], the basic or ¢-hypergeometric function has been defined as follows

oo
(p*;p)- ("5 p)~ s
o1 (p% PV pSipw) = Y T p A L g g e < L 6
;) (% p)r (P D) (©)
Now we may define a bibasic Humbert functions =; and Z5 on the two independent bases p

and ¢, for 0 < |p| < 1,0 < |g| < 1, p,q € C, as follows:
210", ¢ 0% 0%, 0,2, y)

0 a b c
P iP)\q75q)e\DPiP)k _ _
=S WP DD iy g1 02, ) < 1, gl < 1 (7)
o ) e (i P)k (g5 0)e

and
Ea(p®, "% p. 0, 7, y)

0 a b

3 PPl . 4

= C'( ) (. ). xeyk7p #17q 17q 27"‘7|x|<17|y|<1' (8)
o (0°p)esk (P P)k (45 @)

Also, g-difference operator defined by [15]
Dyaf W) = [f) ~ Flya)] [1 - )y] (9)

where f is a function real or complex -valued and D, ,f(0) = f/(0) provided f(0) exists.
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82 Some new auxiliary results

Here we utilize the interesting results and elementary summations technique that was suc-
cessfully employed in the bibasic Humbert confluent hypergeometric functions =; and =y on
two independent bases p and ¢ of two variables.

Theorem 2.1. The following q-recursion relations for Z1 and Eo are true

(™, ¢ % 0% pa, 2, y) =0 (0%, @0, 0% 0% Py 4, 2, y)
p(1—p°)y_ (10)
+177 E ™t T g p s y) T # 1,

=", ¢ 0% g, 2 y) = E1(p% ¢ 0% ph P g, 2L y)

Pl —p")y_
+ 1_7})(1:1(]3@“7qb,PCH;PdH;CI»PaﬂU,y)»qd #1,
"% p, 2, y)
1 ptt b d
WE (0% 4", 0% 0% 4, p, 2, y) — WEl(pa,q P 0% ¢, p, P, Y)

d—1 a c
P =pM) (L =Py . g1 pi-1
+ — E1 (", ¢ p s p g, pyy #1,
T 01— ph) h2

d—1 a c

- p (1 =p") A =p)y_ . ,

=E1(p% ¢", 0% p% 0 0 1, y) + (1(pd1))((1pd)) ("t ¢ p T g p, s, y)
d—1 d—1

Pt _ B
+ Wzl(p?qb,pc;pd;q,pw,py) - 1_7]9(1,1:1(p“,qb7pc;pd;q,p,px,py)md,pd £

and

Eo(ptt

@505 p g, T, Y)

- EQ(paaqb;pc;pv anay) + 7,‘:2(1) ,q ;pc+1;q’p,z7y)’pc 7& 17
(", 0% 0 Y, p 2, y)
1 = a b., c p071 —_ a b, ¢
=7 _pc_lzz(p ¢3¢, P T, Y) — W:z(p +q3D%1 ¢, D, PT, Y)

P -pYy
(1_pc(_1)(1_)pc):z(p““,qb;p 1 ¢, pa,y), 05,7 # L

+

= P =DP)Y a1 b et
=% ¢" 0%y, y)+(1_p6,1)(1_p6)~2( 04,0, 7, Y)
pc—l c—1

177;067152(17@’(]17%]90;(171)7%10@_ﬁﬁﬂp ;0% 4, p, 0z, py), 50 A L.

+

Proof. To prove (10), we proceed as follows

a 1 _pa+k a al _pk a
"5 p)k ZW(P Pk = [1 +p 1= pe %Pk,
and
(P* )k =(1 = p") (P i)k,

(0% Pk =(1 = p) (5 )i,
d

P)esitr =1 = p) ()i,

(p
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we have

gt % phip, a2, y) — E1(0%, 4% 0 ph P g 7, Y)

(1]

1(p
_ o N [12] 00k e @tin)k o
> h—w](pd;pm( D Y
i (0% )k (@* Qe D)k 4

T 2 e i)

£,k=0

oo

__P $ (p“;p)kﬂ(qb;q)z(pc;p)kﬂxz 1
1—p® e heo % D) erkt1 (P06 (45 @)

a

P = p)y
= (1 d) 1(p
-p
Similarly, by same manner the relations (11)-(12) can be obtained.

ot pb ettt g p 2 y).

Theorem 2.2. The following relations for =1 and Zo are true

=1 (0% ¢ p% ph aop 2, y) = Ea(p®, ¢ 0% phi py gs 7, y)
qu = (. a b+l _c. d+1 d
+ E1(p®, ¢ %" g, ), 0 # L,

1-p?
(1= g"Z1(p% "% 0% a,p 2 y) + 421 (0% ¢, 0% 0% 4, py g, y)
=& (p“ ¢, p% %0, 2,y),

"% % g,p, L y)

a

(1]

=

1

SE0 (0%, ¢ % p g, y), pt £ 1

= E1(p" ", P 002, y) + 5 ~
and

(1= "=, " 0% ¢, p, 2, y) + " 22 (0%, 4% 0% 4,y a2, y) = E2 (", 4% 0% P, ¢, 2, ),

Z2(p", " 0% 4,0y 3, y)
b.,c qu b+1., c+1 .
= S0 a2 y) + SR L g p s, y), 0t # 1,
Z2(p%, "% 4 p, w,y)
—_ . T —_ . .
= (0" ¢" 0% 0 p,az,y) + B0 ¢ g p ) 0 A L

Proof. Using the relation
(@ q)er1 = (1= ¢")(@" 5 0)e = (1= ") (¢ 5 q)e,
we have

(8

(0% "% 0% 4 p,y) — E1(0%, 4% 0% 0% D, 4, 2, y)
" i [1—q ] % p)i(q b"])é(pc§p)kxéyk
(0% D) e (03 )45 Q)

£,k=0

- 2y
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(p?

b C.
1—qb Z (p s 0)i (4" Q)l’-i-l(p(vp)kxeyk.

P D) k1 (05 )k (05 Q)

£,k=0

617

(13)

(15)
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Now, by making use of the relation (7), we obtain

¢z _

= Tt
Similarly, we can easily prove the subsequent results (14)-(15). O

(¢, p% M g, p, 2, y), p #£ L

Theorem 2.3. The q-derivatives relations for =1 and =9 holds true
(@":@)m
L—q)™(p%p)m

PYD)n (D% P)n —

(1]

a b+m, c. d+m, )7 (16)

DI E1(p®, q", 0% p%p, ¢, 1, y) = ( 1% " % p T g p 2y

Dy E1(p", ¢, 0% p%p, ¢, y) =

DDy Ei(p®,q", 0% p%p, ¢, 2, y) (17)
%Dl D)@ P)n =L g e
(1 =)™ (1= p)"(p% P)m+n r T
and
D™ =y (p®, q°; p°; )—(qb;—Q)m:(a b+m., c+m, )
z,q—2 p,q9:p;p,q,%,Y) = (1 _q)m(qc’q)mr—Q q ,q P q4,P,T,Y),
= b. . _ (paap)n - + b. +n.
Dy =2, €395 0, ¢ 0, y) = muz(qa " g, 1, y), a8)
Dy Dy Es(p*,q% 0% p, 4w, y)
(" 9)n(¢"q) _
— n m _.Q(qa+n;pb+m; qc+m+n;q7p7x7y).

(1=q)m(1 =p)" (0 P)mtn
Proof. From g¢-derivative in (9), we yield
Dy Z1(p%, ¢", 0% p% 0, ¢, 2, y)
_ i 1—q" (0" p)k(d"; @)e(P°; P)k 1y
o 14 (0%p)err (03 p)i(a5 9)e

Ty

_ i "3 P)@’s Der1 (PP (L —a) ™t 4
Pyt (0% ) e+ 1+1 (D3 P)1 (45 @) (19)

(1-¢") 5~ 0%Pe(@™ 0 *5p)k o
(=) =p?) A=, P P)ern (05 0)k (a5 0)e

- &: (p* b+1 e, d+1, )
- (lfq)(l—pd)ul p,q9 PP 54,p,T,Y

and
Dy =1 (p% ¢, p% 0% p g, 2, y)
= 1 0%p)e(@ )@k ¢ 5

_ d. . .
oy L= P (P P) ek (P )i—1 (a3 )

1 —pc > a+1; b; c+1; ] (20)
(1;;)) >y (P Q(q @)e(p p)kxg 5
(

= D) ek (s p)k(a; @)e

ot gt pthptthi g p 2, y).



CAI Qing-bo, et al. On some properties of the bibasic Humbert hypergeometric functions... 619

Now by iterating g-derivative on =; for m-times and n-times, we get (16) and (17).
By applying the relation of the g-derivative in (8), we obtained (18). O

Theorem 2.4. The recursion relations of q-differential for Z1 and Zo holds true:

- 1-¢" [
2Dy 4Z1(p% ¢*, 0% p% 0, 4, 7, y) = [:1(p“7qb+1,pc;pd; 4D, %, Y)
(21)
—El(p“,qb,pc;pd;p,q,x,y)],
= (a b c. . d 17qbv—ab+1cd
2Dz qE1 (", ¢, P p% s g, 2, y) = = (0" P 0% 6P, s y)
- Z1(0% ¢", 0% 0" D 0, gz, y)} :
= (pa b c..d L—p" |2 at1 b ¢ d
yDy p=1(p", ¢, 0% 0% s ¢, 2, ) T Ei(p", 47 0% p% 4, p, 7, Y)
(22)
_El(pa,qbvpc;pd;p7Q7xvy):|7
b d —p° b 1..d
yDy pZ1 (0", ¢, 0% 0% D, 0,2, Y) u_p)pc{El(p“,q Y4 p,w,y)
- Z1(0% ¢", 0% %00, 2, y)}
and
= a b, c 1 _qb — a b+1,, ¢
2Dy qE2 (", ¢ 0% P, ¢, 2, Y) “0=o7F E2(p" 0% 4,02, Y)
Ez(p“,qb;pc;p,q,x,y)],
= 1—qg”|_
Da,gZ2(p", 4" P3P, 0, 7, y) =7 — p {:z(p“,qb“;pc;q,p,%y)
(23)

— E2(p*, ¢"; 0% s ¢, g, y)] :

— a+1

- 1-p*
yDy pZ2(p*, ¢"; 0% 0, q, 7, y) RS [:2(]9 4" 0% 4, py 2, Y)

1 —p)p®

— Za(p®, ¢"; 0% p, q,x,y)}

Proof. In view of equation (12) and (13), we get (21). In the same way we can also be obtained

(22)-(23). O
Corollary 2.5. The following relations for 21 and Z2 holds true:

(1=p" HZ100" ", 0% ¢ s ap, ) = 1 —p* )EL (R, ¢ 0% 00 0,2, y)

+ (1= p)p*tyDy =1 (0% & 0% ph pog, T y) + PP IEL (0, 60 0% 0 4 py w, Y) (24)

—p* =1 (0% ¢°, 0% 4% g, p, P, PY),

(1=p" HZ1 (" ¢" p% ¢ a0, p, 2, y)
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=Z1(0% ", 0% 0% 0 ¢, 2 y) — T EL®, & 0% 0% ps 4, L y)

+(1—pp*! yDypzl(p ¢, p%p%p. ¢, p2,Y),

(1=pE ("™ ¢ 0% 0% ¢, p, 2, y) = (1= p)yDy pE1 (0, ¢, 0% 0% 4, p, 2, y)
+ (1= p")E1 (0% ¢", 0% p%: ¢, . 7 py), (25)
(1= p)E (" ¢ 05 0% 40,2 y) = (1= p)yDy (0%, ¢ 0% 0% 0, 0, 2, )
+(1=p)21(", ¢ 0% 0% 4.0, 2, pY),
(1= ¢"=1 (" ¢" 0% 4, p 2, y) = (1= @)aDa pyEa (0%, ¢ 0% 0% 0, ¢, 2, )
+ (1= "2 ("% ¢, 1% 0% 4., g, y)
and
(1—phE, (p“ " ., y)
= (1—p" HEa2(p% ¢": 00, ¢, ,y) + (1= p)p* 'yDy pZa(p”, ¢ 0% P, 4, 7, y)
+p”’152(p“ ¢’ p° ,q Pz, py) —p° Ez(p“ ¢": 0 q% ¢, p, pz, pY),
(1-p 220", "¢ q,p, 2, y) = Ea (0%, 4" 0% P ¢, 2, Y)
o =" (p 0" 0% p. ¢, p,y) + (L= p)p° 'y Dy pZa (0%, "5 0% p, ¢, 2, y), (26)

(1= p")Z2(p"*, ¢": 0% 4,0, 2, y)

= (1 =p)yDy =2 (p", ¢"; 0% ¢, p, 2, y) + (1 — p*)Za (0%, ¢"; °, 0% 4, 1, 7, DY),
(1—¢")Z2(p", " s0% ¢, p, 2, y)

= (1 = Q)zDs,Z2(p", " 0% 0, ¢, 2, ) + (1 — ¢")Z2(0", ¢ 0% ¢, p, 42, ).

Proof. In view of (11) and (20)yields (24). Similarly, by same manner the relations (25)-(26)
can be obtained. O

Theorem 2.6. The following relations for =1 and =5 holds true:

- - 1 _
DagE1(p", 4", 0% 0% p, ¢, 2, y) = [yDy,qzl(pd“) + fpzl(pd“,py)

L= f o ! (27)
e 1(p", p, py)}
DagZ1(0%, ", 0% 0% p g, 2, y) = — ﬁwaEl,
Dy Z1(p%, ¢", 0% 0% p, g ) = — ﬁme,qu
D.pE1(p%, ¢", 0% 0% P, g, 2, y) = — T ¥Pua®n, (28)
DaqE1(p® ¢",p% 0% 0, g, 7, y) =1_71pd {yDy,qu(pd“,px) + ﬁEl(pd“)
1

- EE (Pdﬂvlm)}
and
1

DagE2(p, 4" 0% 0, 0, 2,y) = — T Do
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Dy pZ2 (", 6" 0% 0,4, 2,y) = = 750D 42,
— a b., c 1 —_ c+1 1 — c+1
DCJI‘:'Q(p yq 5P 3D q7x7y) :ﬁ yD%q.:Q(p ) + 7‘:2(1) ’py)
-p 1—»p
1 ) c+1
R 2(p“T pr,py) |
= a b C 1 — C+1 1 —_ C+1
DegB2(p", "3, 62, y) =7 [yDy,oZ2 (P, p2) + —Z2 (")
4 1-p
1

Proof. Now we have

DapZ1(p*, ", 0% 0% 0 ¢, 2, y)
1 1 } [N CETIICRTICRT I
L% (0" p)ere ] A —p)p* (mip)k(a39)e
1= } (NG I URTIICRT O
L 1= pR (A = p)p? (0% D) ek (93 P)i (a5 0)e

[1— pdtitk 1+pd} (0% )k (4" @)e(p%; P)k Sl
1 — pdtttk (1- p)pd(pd,p)uk(p,p)k(q, q)e

o

S
B
Il
<

o~

Il
AL

(=)

)

ot

5\
o~
Il
=

I 1=p" (0% p)k(d® e p)k oy
1—pt 4= 1—p (%p)e(a™;0)r(p;p)k(a:q)e
1 o [1-pF +p’“—p”’“ (P%P)k(a% Qe D)k 4 &
1-p T—p | 0@ S emipn(@ e

1 1

I8

_ _ 1
= d|:yDy7p:*1(pd+1)+ ——E1(¢" " py) — ——E1 (¢ pa,py) |

L=p L=p L=p
Proceeding along the same lines as above, formulas (28)-(29) can be proved.

Theorem 2.7. For 0 < R(a) < R(7), the g-integral representations for Z; is true
El(paa qb’pc; pd;p, q,, y)

1 1-p c—1— a
=7 / Ep(—pu)uZ2(p%, ¢"; p% p, ¢y, (1 — p)yu)dyu
»(€) Jo

621

(29)

(30)

Proof. Using the p-shifted factorials (p¢; p)r and the p-Gamma functions are defined as follows

(1= p)*Ty(c + k)
I'y(c)

(P Pk =

and
1

1-p
L) = [ E(pu .
0
we obtain (30).

Theorem 2.8. For s € N, the differentiation formulas for =1 and Eg hold true

(P%P)s a1

El(p“,qb,p“;pd;p,q,%y)] =Y Ei(ptt

s a+s—1
Dy |y

"% %, p, 2, y),

(31)
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a

b
0" q)s o
W50 o (g s, 4t g, ),

(1-q)*

- PP =
Dz)p{xC“ 1:1(p“,qb7pc;pd;q,p,x,y)} =((1p);yc Z10% ¢ p 0% a,pwy)

(1]

ID);q{ PETE (0, ¢ p% ph g, y)]
(32)

and

“ts b p%q,p 2, ),

(33)

]D);p{ a1, (p®, 4% p% p, g, 2, y)] vt Ealp
(1-p)
} ST b E (g, P pC g, py 2L ).

D5, {b“ 20" 4% 0% 4, py 7, )

Proof. Using

DS [ a+k+s—1] - M atk-1
Y,p (1 — p)s
and

atk. a-+ts.

%)@ p)s = (0% P)krs = 0 0)s(P" 5 D)k,

we get

Dj,p{y“” "2 (0, ¢ p%5 0% g,y y)]

a b.

_ — (p ;p)k(Q Q) (p p>7€ é s a+k+s—1
= 2 ekl o]

C

iD)e(@% ek (P 0)s aynn

o (p N
=2 (p% p) ek (p,p)k(q;q)e (1-p)*

£,k=0

_ 1 L e (¢ 0)e(P;p)
o Php)erk(p;

a(pcap)kxe k
(4 9)e
a. (

k+
P
_ (0%P)s ar N~ 0 D)(@ @) 05Dk
Ca-p’ MZ:O TR

A

1—-p)*

o~

—~
<

a

p ,P)s a—1m—
-l =1(p
p)* (

1-—
) are on the same lines as of Eq. (31). O

—~

“ts g % p% a4, p, 3, y).

W/—\

The proof Egs. (32)-(3

Theorem 2.9. The summation formula for =1 and =5 holds true:

= (¢"q)

l a ,c.,. d+¥?,
—————a" 51 (p*, p% "0y 34
= (p%:0)e(a5 ) ) 39

E1(p% ¢, 0% 0% p, g, 2, y) =

and
o0

q '(J)é ¢ a c+0
., T, § DR ,0; 05T poy). 35
(0", ¢% 0% . q, 7, Y) > 5 Dol 0 201(p", 0; 05 p, y) (35)

Proof. From the definition of Z; and (3), we have
210", ¢ 0% 0%, 0,2, y)
o= 0@ ek ok
= Z d Y
(0% D) ek (05 P)k (4 Q)

£,k=0
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- Z (qb 2! Z d+e P vt

= ( p)k
o0
q q :
= Z 0.7 2’ 201 (0%, 0% 0" 1, y).
0
O
Theorem 2.10. The summation formulas for =1 and =, holds true:
_ (P%;P)s (%) k(P p) oo 0k
=1 (0", 4% p% 0% p, 4,2, y) zty 36
( ’ Z;O d+k “*’“,p) el e~ (36)
(P°5P)oo K@) e ip)se 4
P q"p%php. g, 2, y) x 37
il o (P%:P)oo z:o d+k PR P)oo (P )k (05 0)e (37)
and
. o b. c+k.
_ b. ¢ (P P)oo (@”50) (P P) oo ¢k
(", q" 0% g, 1, y) = zy". 38
v ’ )= i) Z;(, (P p)e(P™T*: P)oo (3 D)k (a5 ) (38)
Proof. Using the identities
(P%; 1) oo
Pa'p k= )
v"p) (P p) oo
(P%P)ss
P D)k
#";p) (Pet*:p) oo
d
d (P% 1) oo
PYip)k = ,
#":p) (P D)oo

applying the ¢-binomial theorem
(i) S 00 (i)
a+k Z . p )
( p) (05 p)r

w ‘= (mp

P D)oo i (p?=;p)s (pc+k)T
(pc+ 2 iPos = (Bip)r ’
the familiar (Gaussian polynomials) ¢g-binomial coefficient defined by

. =~ (5D (P p)e
1<I’o(p;*;p7fv)zz( o { ) el <1

= (Dip)n (@3p)oo
and
0®o(——ipy) = i Sy lyl < 1.
T = (pipk (y;P)oo’

Substituting the above equations, we get
Ei(p® ¢ 0% 0% 0, 0, 2, y)

IR s ORI (s DTS

_e;o (p%; )k (Pd”“ )(p Dr@ae U
(D)o (P D)o 4 s

- Z d*‘f > D5 D)oo 03 D)@ Q)0

ZkO
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00 - ( )5( i ) ( d+k7p)00 o
p%p oo%::o( o ) (p 7 PG’
(

(r*;:p)
(p%:p)
_ (0"p)e i (4% @) P)i(P™ % p)s <pa+k)rl,£yk
(p4iP)o , 2 (P ‘“’“ P)e(p; P)k (45 4)e (P p)r
_ (0P)e i (4% 0)e(P%; D)k Z ~%;p),plath)r
(pip)oe 5=y (P ) RCT (p;p)r
(P*P)oo x~  (@50)e@5 Pk ath
=g CRTARE =P, p*).
(»%; p)oo g::o oo L P )
Similarly, we can prove (37)-(38). O
Theorem 2.11. The following recursion formula holds true for =,
21", 4", 0% p% Py 0, 2, y)
at+c—d—~L.
_Z (¢%; q yp 1P)oc ¢ pbn (P e, . patemd—t)
— $@)e(Y;P)oo

(qb; 0)e(P°;P)oc (yP"; P) o
« (0%0)e(@ Q)e(P™5P) oo (Y3 ) oo
d+l—c

2t 201 (p 0, Y yp® p, p°)

plqg

L

(39)
(@": @)@ p)oo (yr°; P) o
« (0% 0)e(¢; De(P™p)oc (Y3 D)oo

2t 21 (yp™ T Syt p, pTT)

o

12

(" Qe(yp*iP)o 4
o el Dl p)” 27

Proof. On the other hand, we shall need the Heine’s transformations formulas for p-hypergeometric
functions:(see )

a pd+2—c

)

st yp® p,yp®©).

tnqg

~
I

(Y5 P)oo
b. a.
B (Zzp;?;;o(géi- ;;71)))00 201 (0", v yp™; . ")
40
:(pcb)(ypp) v

yp*;p _
= ((y_i’n))“ 202 (0, 05 0%, yp™; 0, yp").
b oo

21 (0, %3 0% D, y) = 21 (p° %, p° 0 % p, yp* TP

201 (yp™ ¢, pPsyp” p, pP)

In order to derive a list of p-analogues of transformation formulas for bibasic Humbert hyper-
geometric functions. Replacing p®, p® and p€ in (40) by p?, p¢ and p®+¢, gives

(ypa+C - e,p) 2¢1(pd+6—a pd+ffc

(Y5 D)oo

P D)oo (YD; D _
= Epdw?m)( (y?p;: 2¢1(Pd+€ “ ysyp®;p, p°)

201 (0%, 0% p T p,y) = L ypote=d=t)

(P % P) oo (UP®; D) oo ate—d—t . e
= 201 (yp 5 yp%i D, p
(P D) oo (U5 D)oo (

d+€—c)
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yp*;p -
= ((x.z’)))oo 202 (p”, pT s pTTE yp®; p, yp©). (41)
) oo
O

Remark 2.12. The basic functions =1 and =2 are a q-analogue of the Humbert confluent
hypergeometric functions 1 and Zo defined by ( [7], page 225, Equations (20)-(22)):

1—p 1
i = (@ b pCdl _= . .
qh_r)nl'—*l(p 4D P 7q7p71_qxal_py) 1(aabacad7xay) (42)
and
im = (% a® o —Pp == . .
qh£>11~2(P 34,49 °54,D, 1_q9379) '—'2(a7b7cad7$7y)' (43)
Proof. Using the limit
B.
i @5 D _ (),
g¢—1(1—gq)"
we obtain (42)-(43). O
Theorem 2.13. The following relationship holds true between the basic functions =1 and Zy:
Jim E1(%¢" 0 ph g, n,y) =B 0", p ). (44)

Proof. Using the limit
im (p®;q)n = (05)n =1,

c—> 00

we obtain (44). 0

83 Some properties of new special cases

Here, we take p = ¢ in the above section and apply the techniques of the p-derivative
operator for Humbert series =1 and =9, simplification gives the desired results.

Theorem 3.1. The following equalities hold true:

- alp|C from) a c
[©y5],51 = dlylcly ]Z,[ le 2 (et et i), (45)
[d],
[@x p] El == L)]P l'El(pb+1'pd+1)
T (1= p)ldlp
= [a] = +1. c+1
Oyp),Z2 = E(p"p), 46
(OualyZ2 = T, v ) )
= blp (b1 er1
Oup) F2 = aBa(p" T pth).
(Ol = T, "= )
Proof. Using the relations of (7),(8) and (9) and simplifying, we get (45) and (46). O

Theorem 3.2. The following equalities hold true:
Oy + a]pEI = [a],E1 (p**1),
(€25 +b] E1 = 0,21 (0",

Oy + C]pEl = [,Z1 ("),

(©

op T Oyp+d— 1}1,51 = [d - 1]p51(pd_1)

(47)



626 Appl. Math. J. Chinese Univ.

and

Oy + a]pE2 = [a],Z2(p"")

I:@m,p + b}pEZ = [b]pEQ(pb+1),
[993’17 + ®y,p +c— 1]]351 = [C — 1]p52(pc—1).

)

Proof. Using the relations (7) and (9), simplifying, we get (47)-(48).

Theorem 3.3. The following equalities hold true:

([Gym]p [©0p+Oyp+d—1] —y[Oy, +a [0, + c]p> E1=0,

x —
([Gw,p}p [@a:,p + ®y7p + d— 1]17 - ﬁ [G):v,p + b] p) o1 = 0

and

Y -
<[@y,p]p [©0p+Oyp+ec— 1]p T1-p Oy + aL;) =2

0,

0.

z —
([@W]p 0+ 0y +e—1),~ [0, + b]p) =

Proof. Using the relations (7) and (9)and simplifying, we get (49)-(51).

Corollary 3.4. The following relations hold true:

[(pd—lpew - l/paJrC) [gy,p]p [@y,p]p +pt! [gy’p}p [ez’p]P
B (pdl _ [d:lp + y(pa [C]p +pc [a’]p)) [(-)y_’p}p - y[a]p[c]p- El = 07

(pdl - ypa+c> [vap]p [Gy,p]p + pdflpgy,p [Qy,p]p [®x,p

|
=
hS]

- (Pd_l = [d], +y(*[e], +p° [a]p)) (O], — lalplelp | B2 =0,

ptip®er [gw,p]p [@ym]p +p! [G%P} [@z,p]

P

b

_ rp €T _

_ (pd P [d], g _p) [©44], — = [b]p}:l —0,

pO,,) [0, 40" 0% [0,,] [0,,]
b

_ (pd—1 —[d], + 1xpp) [©25], — 121)[5]451 —0

i~

and

p

[pclp@w [@y,p]p [©,,] +p" [Qy,p]p [©.,] »

Vol. 38, No. 4

(49)

(50)

(51)

(52)
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p(:fl[@yp] [6 J +p7 lpgyp[gyp] [@ m]p

(R TSy
]

[p“p@w[ o) [©4s], + 11 [e, ]p[@w,p}p

b
c—1 _ I‘p —
—(p b, =9 =0,
( p) p[ b | =2

P [Gy,p]p@ J +p°7 1299“ [®z,p]p[®x7p]
X b X
_ (pcl —[e], + . fp) (O], — [b]p} S =0.

Proof. Using the relation

p

[+ v]g = [1g + ¢"[v]q = V]g + a"[1q
we obtain our relations (52) and (53).

Theorem 3.5. The following recursion formulas hold true for 21 and 2,

o0
- (" p)e
Er(p% 0" % 0% y) = mﬁ 201 (0%, 0% 00, y),
[ZO ) b

- b c..d - (p”;p) (p° p)k k

E1(p P05 phipm,y) = Y R 560 (0, % pTTE L )
kzzo W PPk

and

(% p)e

a1 (0%, 07 p, ),
 (p°ip)e (p e

Mg

E(p®, P 0% py 2, y) =

(o]
Ea(p®, 0" 0% 0, 2, y) Z ) — " 9610, p" i p, ).
= (v p)(pip

Proof. Using relations (7) and (9) and simplifying, we get (55) and (56).

Corollary 3.6. The following formulas hold true:
El(paapbapc;pd;pvxao) = 2¢1(07pb;pd;p7x)a

1 (%% 0% p% 0. 0,9) = 201(p%, % 0% 0, Y)
and
a

E2(p®, 0" p%p,2,0) = 261(0,p% % p, 2),
Za(p p% %0, 0,y) = 201 (p%, 0;p% D, y).

627

(53)

(54)

(55)

(56)

(57)

(58)

Proof. By using (6) and (7), and setting x = 0 and y = 0 in relations (55) respectively and
simplifying we get (57), similarly by using (6) and (8), and setting x = and y = 0 in relations

(56) respectively and simplifying, we get the relation (58).
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