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Positive definiteness of fourth-order partially symmetric

tensors

WANG Hua-ge

Abstract. In this paper, we consider the positive definiteness of fourth-order partially symmet-
ric tensors. First, two analytically sufficient and necessary conditions of positive definiteness
are provided for fourth-order two dimensional partially symmetric tensors. Then, we obtain
several sufficient conditions for rank-one positive definiteness of fourth-order three dimensional

partially symmetric tensors.

81 Introduction

Let R™ be the set of all n dimensional real vectors, and [n] = {1,2,...,n}, R be the set of
all real numbers. A fourth-order n dimensional real tensor A consists of n* entries in the real
field R, i.e.

A= (aijir), aijr €R, 1,7, k,1 € [n].
A = (aijr) is called fourth-order partially symmetric tensor, if the entries of A satisfy the
following symmetry condition
Qijki = Qijik = Gklij, 1, J, k,1 € [n]. (1.1)

In the theory of elasticity [3], for a linearly anisotropic elastic solid the components ¢;;z; of

the tensor of elastic moduli satisfy
Cijkl = Cijlk = Chklij> 1, J, Kk, 1 € [3].
That is, the tensor of elastic moduli for elastic materials is exactly partially symmetric.

We say that the elasticity modulus tensor C = (c¢;jx:1) is strongly elliptic if and only if
3

fxy)=Cxyxy = > cijuziy;zpy >0 (1.2)
W4k, l=1

for all nonzero vectors x,y € R3.
In 2009, Qi et al.[1] presented that the strong ellipticity condition holds if and only if the
partially symmetric tensor A is positive definite.
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Definition 1.1. [1] Suppose that A = (a;;x;) is a fourth-order real partially symmetric tensor

where
Qijki = Gijik = Gkiij, ok € [m], 4,1 € [n]. (1.3)
Let mon
f(x,y) = Axyxy = Z Z Qi k1T Y TR (1.4)
k=1 4,1=1

If f(x,y) >0forallx e R™, x#0,y € R” y # 0, then we say that A is positive definite.

The elasticity tensor A is called rank-one positive definite [2] if for all x € R, x #£ 0,

n
f(x,x) = Ax? = Axxxx = Z Q1T T Tpx; > 0 (1.5)
1,5,k 1=1
Clearly, if the strong ellipticity holds, then A is positive definite, and vice versa. However, if
the strong ellipticity holds, then A is rank-one positive definite, and the reverse conclusion is
not true.

In recent decades, many efforts have been made to judge strong ellipticity (see, Refs.[1-9]),
and recently, Qi, Dai and Han [1] studied the strong ellipticity condition via M-eigenvalues. The
strong ellipticity condition holds if and only if the smallest M-eigenvalue of the elasticity tensor
is positive. Han, Dai and Qi [2] provided a necessary and sufficient condition for the strong
ellipticity condition of anisotropic elastic materials. The authors link the condition to the rank-
one positive definiteness of three fourth-order tensors and a sixth-order tensor. The positive
definiteness of tensors and partially symmetric tensors has been an important issue in many
areas, and has been discussed extensively [10-17]. However, few papers discuss the analytical
expression of positive definiteness of partially symmetric tensor. Therefore, it is necessary to
find the analytical expressions of the positive definiteness and rank-one positive definiteness of
the fourth-order partially symmetric tensors.

In this paper, we first derive two necessary and sufficient conditions for the positive definite-
ness of fourth-order two dimensional partially symmetric tensors in Section 2. However, it is
still difficult to find the analytical expression of the necessary and sufficient conditions for the
positive definiteness of fourth-order three dimensional partially symmetric tensors. In Section
3, we obtain several sufficient conditions for the rank-one positive definiteness of fourth-order
three dimensional partially symmetric tensor.

Next, we give some lemmas that need to be used in the following conclusions. The first
lemma should be well-known, and, was shown hundreds of years ago.

Lemma 1.1. Let f(t) be a quadratic polynomial,
f(t)=at* + bt +c

with a > 0. Then f(t) > 0(>0) for all t € R if and only if 4ac — b* > 0(> 0).
Lemma 1.2. [18][19] A real symmetric matriz is positive definite if and only if all its leading
principal minors are positive. A real symmetric matriz is positive semidefinite if and only if all
its principal minors are nonnegative.
Lemma 1.3. [10] Let g(u) be a quartic polynomial with a > 0 and e > 0,

g(u) = au® + bu® + cu® + du + e.
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Then g(u) > 0 for all u if and only if A > 0,|by/e — dv/a| < 4+/ace + 2ae+/ae and either
(i) —2y/ae < ¢ < 6+/ae; or

(i1) ¢ > 6+y/ae and |bv/e + dv/a] < 4\/ace — 2ae+/ae.

Furthermore, g(u) > 0 for all w if and only if

(1) A =0, by/e = dv/a, b* + 8ar/ae = dac < 24a./ae;

(2) A >0, |by/e — dv/a| < 4+/ace + 2aer/ae and either

(1) —2v/ae < ¢ < 6+y/ae, or (i) ¢ > 6+y/ae and |by/e + dv/a| < 4+y/ace — 2ae+/ae.

Where A = 4(12ae — 3bd + ¢2)3 — (T2ace + 9bed — 2¢® — 27ad? — 27b%e)?.

82 Positive definiteness of fourth-order two dimensional partially
symmetric tensor

Let A be a fourth-order two dimensional partially symmetric tensor defined in (1.1). Then
for two vectors x and y, x = (z1,22) ",y = (y1,%2) "

f(x,y) =Axyxy
=a1111:zrfyf + 2a111233fy1y2 + 2a1121331:r2yf + 2(a1122 + @1221)T1T2Y1 Y2 (2.1)

)

2 2 2 2 9 2 2 9
+ a121277Y5 + 2012201 T2Y5 + A2121T5Y7 + 202122T5Y1Y2 + A2222T5Y5.

Theorem 2.1. Let A be a fourth-order two dimensional partially symmetric tensor with a1111 >
0, az222 > 0, ay212 > 0 and let
M =12(a111102121 — 719;) (0222201212 — GF995) — 3(2a111102122 — 20112101122) (20111202202 —

2a1222a1122) + (@111102222 + 20111202122 — AT195 — 2a112201221)°,

N =72(a1111a2121 — @3101)(A111102222 + 20111202122 — @3 199 — 2a112201221)(A222201212 — A3905)
+9(2a1111a2122 — 2a1121a1122)(@111102222 + 20111202122 — G195 — 2a1122G1221)
(20111202222 — 2a1222a1122) — 2(A111102222 + 24111202122 — 7199 — 20112201221)°
— 27(a1111a9121 — G3191) (20111202292 — 201222G1122)°

2 2
— 27(2a111102122 — 2a112161122)° (@2222Q1212 — AT999)-
Then A is positive definite if and only if a1111a1212 — a%112 > 0, a9222G2121 — a%122 >0 and

3 2 _ 2 _
(1)4M° — N= =0, (ai111a2122 — a1121a1122)\/a2222a1212 — QY999 =

2 2
(@1112G2222 — a1222a1122)\/a1111a2121 —a3191, (@111102122 — G1121G1122)°+

2(ar111a2121 — aflgl)\/(anuazm — a3191)(A2222a1212 — A3990) =

2 2
(a1111a2121 - 01121)(611111(12222 + 2a1112602122 — A1199 — 2611122C11221) <

6(@1111@2121 - a?lzl)\/(alllla2121 - a%121)(£’/2222a1212 - a%222);

3 2 2
(2)4M° — N= > 0, |(a111102122 — a1121a1122)\/a2222a1212 — Af999—

2
(a1112a2222 — a1222a1122)\/a1111a2121 —afy| <

2 2 2
2[(a1111a2121 — @7191)(@1111G2222 + 2a1112G2122 — Q7199 — 2G112201221) (@2222G1212 — AT992)
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1
+ 2(6l1111612121 - a%ul)(a222201212 - a?gzg)\/(allllaaul - a%ml)(amzzauu - a%222)]§,
and either

: 2 2
(i) — 2\/(a1111a2121 — G319 )(A222201212 — AT909) < @1111G2222 + 2a111202122

2 2 2
— Q1199 — 2a112201221 < 6\/(a1111a2121 - a1121)(a2222a1212 - a1222)7 or

.. 2
(”)alllla2222 + 2a111202122 — a1122 — 2a112201221

2 2
> 6\/(&111102121 - 01121)(612222&1212 - a1222) and

2
|(6L11116l2122 - a11216l1122)\/a2222a1212 — Q7990+

2 2
(a1112a2222 - a1222a1122)\/a1111a2121 - a1121| < 2[(111111@2121 - 01121)

2 2
(a1111a2222 + 2a111202122 — a1122 — 2(11122a1221)(0/2222a1212 - a1222)_

1
2(0111102121 - 0%121)((12222&1212 - a%ggz)\/(a1111a2121 - 0%121)(@222@1212 - 6%222)] 2.

Proof. (2.1) can be rewritten as
f(x,y) =Axyxy
:z%(alllly% + 2a11129192 + 0121295)

+2z122(a112195 + (a1122 + a1221) Y192 + a122293) + 5 (a212195 + 202120912 + a222293).
Without loss of generality, we may assume x5 # 0, y2 # 0. Then for two vectors x and y,

X = (ml,xg)T #0,y = (yl,yg)T # 0, we have
Axyxy T
5 =(a1111yf + 2a11120192 + amzy%)(fl)Q

5 L2
1
+2(a11z1yf + (a1122 + a1221)1Y2 + a1222y§)(;) + a2121yf + 2az2122y192 + a2222y§-
2
_ _ A :

Let &£ =7 and f(7) = %, ie.,

f(r) =(a1111yf + 2a1112Y1Y2 + a1212y§)7'2 + 2(a1121yf + (a1122 + a1221)y1y2 + a1222y§)7'
+a2121yf + 2a212091Y2 + a2222y§-

Clearly, f(7) > 0 if and only if Axyxy > 0. It follows from Lemma 1.1, f(7) > 0 if and only if

a1111y% + 2a111291Y2 + amzy% >0, (2.2)
4(a11y? + 2a1112Y1Y2 + a121293) (a212197 + 2021229192 + 222293 ) (2.3)
- 4(1111212,/% + (a1122 + a1221)Y1Y2 + a1222y§)2 > 0.
Similar to the process discussed above, by Lemma 1.1, (2.2) holds if and only if

2
aiii1 > 0,a1111a@1212 — aj119 > 0
or (2.4)
2
ai212 > 0,a1111a1212 — @711 > 0.
(2.3) can be rewritten as
2 4 2) 2) 9 3
(a111102121 — aT121)Y] + (2a111102122 + 20111202121 — 201121 (1122 + G1221))Y1 Y2
2 2\, 2,2
+ (a1111a02222 + 4111202122 + 71219 — 26112101222 — (@122 + G1221)°) YT Y3 (2.5)

3 2 4
+ (2a111202222 + 2a1212a2122 — 2a1222(@1122 + @1221))Y1Y5 + (@2222G1212 — AT999)Ys > 0.
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(2.5) holds if and only if
g(u) = au* +bu® + cu® + du+e > 0, (2.6)

_ oy _ 2 _ _
where u = 2=, a = a111102121 — a7121, b = 26111102122 + 20111202121 — 2a1121(a1122 + a1221)=

2 2
2a111102122 — 20112101122, € = Q111102222 + 4111202122 + AT919 — 2G112101222 — (@122 + A1221)°=
2 _
a111102222 + 2a111202122 — Af199 — 20112201221, d = 2a111202222 + 20121202122 — 2a1222(G1122 +
_ _ 2
01221)7 2a1112a2222 — 2a122201122, € = A222201212 — A71999-
Thus, f(7) > 0 if and only if (2.4) and (2.6) are true.
Let
_ 23 3 2 2 2
A =4(12ae — 3bd 4 ¢*)° — (72ace + 9bed — 2¢° — 27ad* — 27b%€)

=4[12(a1111a2121 — a3121)(A2222a1212 — A3905) — 3(2a11112122 — 2a1121@1122) (20111202222 —
2a1222a1122) + (@1111G2222 + 20111202122 — AT195 — 2a112201221)° ] —
[72(a1111a2121 — @T11)(@1111G2202 + 2a1112G2122 — T 190 — 2a1122a1221) (A2222a1212 — A3995)
+9(2a1111a2122 — 2a112101122) (@111 02222 + 20111202122 — AT199 — 20112201221)
(20111202222 — 2a1222a1122) — 2(a111102222 + 24111202122 — 3199 — 2a112201221)°

2 2
— 27(a111102121 — @7121) (20111202222 — 2G1222G1122)

—27(2a111102122 — 2a112101122)* (0222201212 — A3995)]?

=4M?> — N2,
Combined with the above discussion and Lemma 1.3, the desired conclusion can be obtained
through a simple calculation. O

Remark 2.1. (1) It follows from the proof of Theorem 2.1 that Azyzy may be divided by x3
(x1 #0), then,

£(Q) =(a2121YF + 2a2120Y1Y2 + a220293)C* + 2(a1121y7 + (ar122 + a1221) Y192 + a122293 )C

+a1111Y7 + 2011125192 + a121295,
where ( = £2. Then (2.4) is replaced by

T

2121 > 0, 021212202 — @3199 > 0, O azazs > 0, a121a2222 — 3195 > 0.
The conclusion still holds.
(2) I’I’L (26), Zf we l@t u = %, then, a = a9222201212 — a%222, € = a111102121 — CL%121, b =
20,1112&2222 — 2&12220,1122, d = 20,1111@2122 — 2@1121(11122, and the value Of ¢ does not change.
Obviously, the conclusion still holds.

Using a similar argumentation technique, the following result can be obtained easily accord-
ing to Lemma 1.2 and Lemma 1.3.

Theorem 2.2. Let A be a fourth-order two dimensional partially symmetric tensor with a;111 >
0, agaoz > 0, ajoiz > 0. Then, A is positive semidefinite if and only if a1111a1212 — a3115 > 0,
222202121 — 3199 > 0 and

3 2 2
4M?° — N* >0, [(a111102122 — a1121a1122)\/a2222a1212 — Gf999—

2
(a1112a2222 — a1222a1122)\/a1111a2121 —afi9| <

2 2 2
2[(a111102121 — a7191)(a1111G2222 + 2111202122 — 7199 — 2a1122G1221)(A2222G1212 — AT992)
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1
+ 2(6l1111612121 - a%ul)(a222201212 - 0%222)\/(01111042121 - a%ml)(ammauu - a%222)] 2,
and either

: 2 2
(i) — 2\/(a1111a2121 — G319 )(A222201212 — AT909) < @1111G2222 + 2a111202122

2 2 2 .
— Q1199 — 2a112201221 < 6\/(a1111a2121 - a1121)(a2222a1212 - a1222), or

.. 2
(“)alllla2222 + 2a111202122 — a1122 — 2a112201221

2 2
> 6\/(a1111a2121 - a1121)(a2222a1212 - alggg) and

2
|(6L1111a2122 - Cl11216l1122)\/6l2222a1212 — Q7990+

2 2
(a1112a2222 - a1222a1122)\/a1111a2121 - a1121| < 2[(111111@2121 - 01121)

2 2
(a1111a2222 + 2a111202122 — a1122 — 2(11122a1221)(0/2222(11212 - a1222)_

1
2(0111102121 - 0%121)((12222&1212 - a%ggz)\/(annazlzl - 0%121)(%222@1212 - 6%222)] 2.

83 Rank-one positive definiteness of fourth-order three dimensional
partially symmetric tensor

For a fourth-order three dimensional partially symmetric tensor, Axyxy is a quartic poly-
nomial with six variables. Therefore, it is not easy to give an analytical expression of the
positive definiteness. However, we can give some sufficient conditions for the rank-one positive
definiteness of the fourth-order three dimensional partially symmetric tensors.

Let A be a fourth-order three dimensional partially symmetric tensor defined in (1.1). For

a vector x = (1,79, 23)" € R?, we have

3
Ax? = Axxxx = E ik TH T TR T
W5,k l=1
_ 4 4 4
= 0111177 + 02222%5 + 433333 (3.1)

3 3 3 3 3 3
+4a11127772 + 4011137377 + 4a12020%1 75 + 4022237375 + 4013337123 + 423337203
2 2 2 2 2 2
+ (2a1122 + 4a1212)xix; + (201133 + 4a1313) 725 + (202233 + 4aszas)T525

+ (4a1193 + 8a1213)xiw9xs + (dasoz + 8agiaz)r175w3 + (daszis + 8azize)riTars.

For simplicity, we abbreviate the above formula as follows
3

4
Ax® = g Qi1 Ti T TRy

1,5,k,1=1 (3 2)
! 4 4 3 3 3 3 3 3 ’
=a1x7 + Q225 + a3x3 + A4T7T2 + A523XT] + AgT1T5 + A7T3T5 + AgT1X3 + AgXT2Xy

2.2 2.2 2.2 2 2 2
+ a10x7T5 + 4117103 + A1225203 + A13X7T2T3 + A14T1 X523 + A15012223,

where aq, as, as, - -, a5 correspond to the coefficients in equation (3.1), respectively.

Theorem 3.1. Let A be a fourth-order three dimensional partially symmetric tensor defined
in (1.1). Suppose that

a; > 0, as > 0, asz > 0, aig > O7 ail > O,CL12 > 0, 2a1a19 — ai > 0, 2a10a9 — CL% > O7
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aniaiz — ajs > 0,2aza12 — aj > 0,2azar; — aj > 0,
2 2 2
2a1a10a11 + 2a4a5a13 — azaio — ajair — 2a1ay3 > 0,
2 2 2
2a10a2a12 + 2a6a7a14 — 2a14a2 — a6a12 — a7a10 > O

2aza11a12 + 2agagais — a12a8 2a3a15 — anag > 0.
Then, A is rank-one positive definite.

Proof. Let x = (:cl,x27x3)—r € R3 be an nonzero vector. Redistribute and combine the terms

of polynomial (3.2), we can obtain

1 1
2 2
GGED + asx1x3 + a13T2x3 + 5@11‘%3}

Ax? :x?[alx% + asx1T9 + 5

~ay273)

1
2 2 2
+ xQ[ang + agxr1x2 + §a10x1 + a7xox3 + a14x13 + 5

1 1
2 2
20T+ AgT2T3 + ar5T1 T + 5@12962]

2 2
+ z5azzs + agrws +
x" Rx
= (m% x3 x%) x ' Sx
x Tx
where R, S, and T are three symmetric matrices,
1

1 1 1 1 1 1 1
ai 504 3505 5010 306 3014 3011 3015 308
_ 1 1 1 _ 1 1 _ 1 1 1
R=|3as 5010 za13|,S=1]3a azx a7 |,T=]35015 5012 309
la la la lCL la la la la Qa,
5 U5 2413 2 ¢11 o U14 Phedl o ¢12 2 U8 249 3
From Lemma 1.2, it follows that R is positive definite if and only if
1 1 1 1
2 2 2 2
ay > 0,2a1a19 — ay > 0, det(R) = Zalaloau + 1(14(15@13 — §a5a10 — §a4a11 — 10,10113 > 0.
S is positive definite if and only if
2 1 1 Ly 2 L
aig > 0,2a9a0 — ag > O,det(S) = 1&10@2&12 + Za6a7a14 — Zal4a2 — §a6a12 — §a7a10 > 0.

T is positive semidefinite if and only if
ai1 > 0,a12 > 0,a3 > 0,a11a12 — afs > 0,2aza12 — ag > 0, 2azar; — a3 > 0,
det(T) = ia3a11a12 + iagagaw — %algag — Zaga%5 — éallag > 0.
Thus, the assumptions imply that both R and S are positive definite and T is positive semidef-
inite, i.e.,
x"Rx>0,x"'Sx>0 and x ' Tx>0 forall xeR?, x#0.

On the other hand, for each x = (21,29, 23) ", it is obvious that the vector (2%, 22, 22)T >0
and Ax* = azzi > 0 for x = (0,0,z3)" # 0, Ax* = azz3 > 0 for x = (0,22,0)7 # 0
Ax* = a1} > 0 for x = (21,0,0) " # 0. Then for all x = (z1,z2,23)" #0,

Ax? = 22(x " Rx) + 23(x " Sx) + 22(x ' Tx) > 0.

That is, A is rank-one positive definite, as expected. O

From the proof of Theorem 3.1, the following conclusion can be obtained easily when S is
positive semidefinite and both R and T are positive definite.
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Theorem 3.2. Let A be a fourth-order three dimensional partially symmetric tensor. Suppose

that
a; > 0,a2 > 0,a3 > 0,a10 > 0,a11 > 0,a12 > 0,

2a1a19 — aj > 0,2a10a2 — ag > 0,a10a12 — a3, > 0,2aza12 — a3 > 0,
2 2 2 2
a11a12 — Qg > 0, 2a1a1oa11 + 2@4&5&13 — Q5a10 — AyuQ11 — 2@1@13 > 0,
2 2 2
2&10&2@12 + 2a6a7a14 — 2(114CL2 — (16(112 — a7a10 Z O,

2 2 2
2azaq11a12 + 2agagars — ajgag — 2a3a15 —ajiag > 0.
Then, A is rank-one positive definite.

When R is positive semidefinite and both S and T are positive definite, it is easy to obtain
the following theorem.
Theorem 3.3. Let A be a fourth-order three dimensional partially symmetric tensor. Suppose

that
a1 > 0,a2 > 0,a3 > 0,a19 > 0,a11 > 0,a12 >0,

2 2 2 2 2
2a1a19 — ay > 0, 2a1a11 — as > O,aloan — ajs > 0, 2a10a2 — ag > O,analg —ajs > 0,
2 2 2
2(11(110@11 -+ 2a4a5a13 — Q510 — aya11 — 2&1&13 Z 0,
2 2 2
2a10a2a12 + 2asara14 — 2a7,a2 — agai2 — azaig > 0,

2 2 2
2asa11a12 + 2aga9a15 — a1203 — 2a3ais — a6y > 0.
Then, A is rank-one positive definite.

When R, S, and T are positive definite, it is easy to obtain the following corollary.
Corollary 3.4. Let A be a fourth-order three dimensional partially symmetric tensor. Suppose

that
ap > O,Clg > 0,(13 > O,alo > 0,a11 > 0,2&1&10 — ai > O,2a10a2 — ag > O,a11a12 — af5 > O,

2 2 2
2(11&1()&11 + 20,40,5(113 — Q510 — Aya11 — 2(11(113 > 0,
2 2 2
2a10a2a12 + 2asarais — 2a7,02 — agaiz2 — azaig > 0,

2 2 2
2asa11a12 + 2aga9a1s — a1203 — 2azais — aiiag > 0.
Then, A is rank-one positive definite.

If we redistribute and combine the terms of polynomial (3.2)

t

1 1

1, z 1

Axt =23[( 2 1o 2 ! 1 4 YW1+ (z 2 2
1, 1 z 1

4 2@ 2 2

2

e o
= oo
~
N
8 8
W =
~_

8] Sl L LTI

1 1
2010 2210 ag il
+(.’L‘2 xg) 411 +.%‘2 $2) 41
5013 4(111 506 az T2
1 1 1 1
2010 35014 SQ2  sar x2
4 2 2 2
+ (xl 1'3) 1 1 T2 l’g) 1 1 ]+
5014 7012 57 Z0A12 T3
1 1 1 1
2 2011 501 2011 508 Z1
xS[(xl acg) H % —|— 1 xg) 4 2 +
§a15 Za 5048 5013 I3

(J

—~
=
¥
8
w
-
/
‘,_.th—l
[N
] Q
w
\_/
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Let

|
Q

[

w

b
Il
VRS

N Do~
L 2
[ =
IN|
o A
=N
o
N———
S
I

1 1 1 1

501 305 C = 7410 3013
log Llayy )’ 7\ L Lo ]’
o W5 2911 2 2%11

1 1

1 1 1 1
D= 7210 306 E = 1010 3014 F= 302 347
— |1 1 ’ - 1 [
506 302 5014 Q12 5a7  z0a12
1 1 1 1
G = 17011 3015 H— 2011 30s K — 1012 309
—\1 1 ) - ) — |1 1 )
3015  7a12 2a8 343 209 30a3

and x1 = (x1,x2), X2 = (z1,23), X3 = (x2,23). Then,

Ax?t =22 (x1 Ax| + x9Bxg 4 x30%3 ) + 22(x1 Dx{ +x2Ex5 + x3Fx; )

+22(x,G%] +x2Hxg + x3K%3 ).

Obviously, we only need the matrices A, B, C, D, E, F, G, H, K to be positive definite, then
Ax* > 0 for all x # 0. Thus, the following theorem can be obtained immediately.

Theorem 3.5. Let A be a fourth-order three dimensional partially symmetric tensor. If

a1 > 0,a2 > 0,a3 > 0,a19 > 0,a11 > 0,a12 > 0,a1a19 — 2@?1 > 0,a1a11 — 2&% > 0,
ajpall — 4a53 > 0, asa19 — 2a§ > O,a10a12 — 4(1%4 > O, as2a12 — 2&? > 0,

ajlaly — 4(1%5 > 0,as3a11 — 20,% > 0,aza12 — 2@3 > 0.

Then, A is rank-one positive definite.
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