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Structured condition numbers and statistical condition

estimation for the LDU factorization

Mahvish Samar* Aamir Farooq MU Chun-lai

Abstract. In this article, we consider the structured condition numbers for LD U, factorization
by using the modified matrix-vector approach and the differential calculus, which can be repre-
sented by sets of parameters. By setting the specific norms and weight parameters, we present
the expressions of the structured normwise, mixed, componentwise condition numbers and the
corresponding results for unstructured ones. In addition, we investigate the statistical estima-
tion of condition numbers of LDU factorization using the probabilistic spectral norm estimator
and the small-sample statistical condition estimation method, and devise three algorithms. Fi-
nally, we compare the structured condition numbers with the corresponding unstructured ones

in numerical experiments.

81 Introduction

As a real n x n matrix A whose first n — 1 leading principal submarines are all nonsingular
there exists a unique unit lower triangular matrix L, unit upper triangular matrix U and
diagonal matrix D such that A € R™*" have the following unique LDU factorization

A=LDU, (1.1)
Since L, D and U in (1.1) are uniquely determined by A. where L is a unit lower triangular
and U is a unit upper triangular and D is diagonal matrix. The difference between LDU and
LU factorizations in upper triangular matrix U , i.e. U is unit upper triangular matrix in LDU
factorization.

The LDU factorization is one of the most important matrix factorizations and has many
applications, such as solving systems of linear equations, inverting matrices, and computing
determinants [1,2]. The componentwise perturbation bounds were first discussed by Galdntai

[3]. Later, the acquired first-order bounds for LDU factorization were enhanced by Wenjun
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[4]. The obtained bounds [4] are optimal, which leads to the normwise condition numbers for
LDU factorization. The structured perturbation theory for the LDU factorization of diagonally
dominant matrices was presented by Dopico and Koev [5] and later it was extended by Dailey
et. al [6].

It is necessary to mention that the systematic theory for normwise condition number was
first given by Rice [7] and the terminologies of mixed and componentwise condition numbers
were first introduced by Gohberg and Koltracht [8]. The normwise condition numbers for LU,
Cholesky, and QR factorizations can be found in [9-11]. As we know that the normwise con-
dition numbers may overestimate the illness of problem because they ignore the structure of
coefficient matrices with respect to sparsity or scaling. To tackle this drawback some researchers
have paid attention to the mixed and componentwise condition numbers for the above three
matrix factorizations; see [12, 13]. Considering the applications in structured algorithms of
matrix factorizations and structured problems involved with matrix factorizations [14], some
scholars investigated the structured condition numbers for the above three matrix factoriza-
tions; see [14-18] and the references therein.

In this paper, we continue the research of structured condition numbers for LDU factor-
ization. However, to our best knowledge, there is no work on structured condition numbers
of LDU factorization so far. Specifically, we will discuss the structured condition numbers for
LDU factorization, whose explicit expressions are given in Section 3. Meanwhile, in this section,
we also discuss how to recover the expressions of structured normwise, mixed and component-
wise condition numbers for LDU factorization and the corresponding results for unstructured
ones. Statistical condition estimation is also applied to this factorization which can be figured
effectively in Section 4. In addition, Section 2 provides some useful notation and preliminaries

and Section 5 presents some numerical examples to show the obtained results.

82 Notations and preliminaries

Throughout this paper, we let R™*™ be the set of m x n real matrices and R"*™ be the
subset of R"*" consisting of matrices with rank . Accordingly, R™ denotes the vector space
of dimension m. For the matrix A = (o, a2, , o] = (a;5) € R™*™, we denote the vector of
()
J
adopt the following operators defined in [19],

the first 7 entries of o; by a;” and the vector of the last 7 entries of a; by a;ﬂ. With these, we

04[21] O[[171—1]
o2 )
3 - 2 -
suvec(A) := . € R™, slvec(A) := . eER™,
[n—1] (1]

Qam, an1
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Q11 g
Q22 Q2 2
dgvec(A) := . € R™, vec(A) := . eR™,
ann an
a1 0 0 a1 as a1n
0 a922 0 0 a2 agn
dg(A) :== s ut(A) = ;
0 0 Ann 0 0 Ann

where 71 =n(n—1)/2 and 7, = n(n+1)/2 and slt(A4) := A —ut(A), sut(A) :=slt(A4").
Considering the structures of these operators, we have

suvec(A) = Mgyvecvec(A), slvec(A) = Mgyecvec(A4), dgvec(A) = Mygyecvec(A) (2.1)
and

vec(dg(A)) = Magvec(A), vec(sut(A)) = Mgurvec(A), vec(slt(A)) = Mgvec(A), (2.2)
where

Mawvee = [Ory sns diag (Jo, J3 -, J,,)] € R J; = [Lic1, 0i1xn—(io1)] € ROTDX™

Mgvec = [dlag (‘717 :f27 T ajn—l) ; Ony ><n:| € Rnan) tfz = [O(nfi)xia In—i] € R(n—i)xn,

Mdgvec = (dlag (j\lu j\Qa e 7j\n71) ) Inxn) S RT2X”27 j; = [I’Lv O’LXZ] € Rixma

Mdg = diag (Sl, SQ, s ,Sn_l,Ian) S anxnz’ Si = diag (Ii,Oixi) S Rnxn,

Msut = dlag (Onxn7 527 §3a T agn) € Rn2><n2, §Z = dlag (Iza 0(n72)><(nfl)) € Rnxna

Mslt = dlag (S\l, §27 T 7§n7170n><n> S Rn2xn2v §2 = dlag(olxm Infi) € Rnxn.

Here, I,. denotes the identity matrix of order r and Osx; is the s X ¢ zero matrix. It is easy to

verify that

MsuvecMsj;vec =1, MslvecMgvec =1, MdgvecMggvec = I, (2-3)
and
ML oe Mauyee = Msus, M2yoeMaivee = M, M(g;vechgvec = Mgg. (2.4)
As a result,
vec(sut(A)) = ML suvec(A),
vec(slt(A)) = MZ . .slvec(A),
vec(dg(4)) = Mggvecdgvec(A). (2.5)
For the vectors a € R and B = [by, b, -+ ,b,]T € RP, following [20], we define the entry-wise

division between o and g by
% = diag'(8)a, (2.6)



Mahvish Samar, et al. Structured condition numbers and statistical condition... 335

where diagi(ﬁ) is diagonal with diagonal entries b%, bg, e ,bli,. Here, for a number ¢ € R, ¢f is
defined by
I %7 c 7& 07
C ==
1, ¢=0.

Using (2.6), we now define a new condition number.

Definition 2.1. Let F : R? — R? be a continuous mapping defined on an open set Dom(F) €
RP, the domain of definition of F. Then the condition number of F at x € Dom(F) is defined

by
H F(z+Az)—F(z)
3

kp(x) = lim  sup v
ool |4
where || - ||, and || - ||, are the vector norms defined on RP and R?, respectively, and 8 € R? and

& € R? are parameters with a requirement that if some entry of B is zero, then the corresponding

entry of Az must be zero.

When the mapping F' in Definition 2.1 is Fréchet differentiable, the following lemma gives
an easily computable form of the unified condition number kp(z).

Lemma 2.2. (see [18]) Assume that the mapping F in Definition 2.1 is Fréchet differentiable.
Then

ke(e) = |ding'(©DF@)diag(8)| . (27)

v
where DF(x) is the Fréchet derivative of F' at x, diag(f) is a diagonal matriz with entries b;

on the diagonal, and || - ||, is the induced matriz norm by the vector norms || - ||, and || - ..

To obtain the Fréchet derivative, we need the well-known Kronecker product [21] which is
denoted by A ® B with A € R™*" and B € RP*4. From [21], we have the following equalities

vec(AXB) = (BT ® A)vec(X), (2.8)
vec(AT) = I1,,,, vec(A), (2.9)

(A ® B) = (B @ A)ll,n, (2.10)
(A® B)(C ® D) = (AC) ® (BD), (2.11)

where X € R™"¥P, II,; € R is the vec-permutation matrix depending only on the dimensions
s and t, and the matrices C' and D are of suitable orders. In addition, from [21], we also have
that if A and B are nonsingular, then A ® B is also nonsingular and

(Ao B '=A"1® B L (2.12)
83 Structured condition numbers for LDU factorization

In this section, we assume that the entries of the matrix A are the differentiable functions
of a set parameters Q = [wi,ws, - ,ws]T € R® and denote the matrix by A(Q). For LDU
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factorization (1.1), we first define the following mapping
or : Q = slvec(L), ¢p: Q— dgvec(D), ¢y :Q — suvec(U).

In the following, we present the Fréchet derivatives of ¢, ¢p and ¢y at 2, from which we can
obtain the unified structured condition numbers for LDU factorization.

Theorem 3.1. Let the unique LDU factorization of A(Q2) € R?*™ be as in (1.1). Then the
Fréchet derivatives of w1, ¢p and oy at Q are given respectively by

Der(@) = M 225 o) = 2 gy =y 280 3
where
My, = Mayee(D™T @ L)Ma(U™T @ L7Y),
Mp = Magyec(I" @ I)Mag (U™ @ L),
My = Muyee(U™" @ D) Mg (U™ @ L71). (3.2)

Proof. Differentiating the equation (1.1) with respect to w; (1 < i < s) gives

DA(Q) oL oD oU
o = 9, DU+ L5 U+ LDy

Premultiplying the above equation by L~! and postmultiplying it by U, we have
oL oD ou 0A(Q)

D D_—U'=L""—
awi + 8wi + awi &ui

Note that the diagonal entries of % are zero, and so are the diagonal entries of L_l%. Thus,

Lt U1t

using the operators ‘slt’ ,‘sut’ and ‘dg’ defined in Section 2, we obtain

0L CLOAQ)
1 _ 1 1
L7 gD =slt (L U ) , (3.3)
oD _10A(Q)
— =dg (L ! 4
U (040
D U™ = sut (L U (3.5)
Applying the operator ‘vec’ to (3.3), (3.4) and (3.5) and using (2.2) and (2.8) implies
L 0A(Q
(DT @ L™ ")vec (a%) = Mg (U™T ® L™ )vec ( &ii )> , (3.6)
D A(Q
(I" ® I)vec (g ) = Mag (U™ @ L™ ")vec (aa )> ) (3.7)
W Wi
oUu OA(Q
(U™T @ D)vec <8wi> = Mo (U™ @ L™ ")vec < &E}i )> . (3.8)
Thus, multiplying (3.6), (3.7) and (3.8) from the left side by D~7 ® L, I' ® I and UT ® D,
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respectively, and noting (2.11) and (2.12) leads to

vec (gf) (DT @ L)Ma(U™T @ L™ )ve <8A(Q)) (3.9)

oD T
vec (&ui) (I"@ My (U T ® L™ ( a% ) (3.10)

oU T
vec (a%) (UT @ D)YMy (U™ @ L™ )ve ( O > . (3.11)

Considering (2.5) and (2.3), we have
slvec < OL ) = Myee(D™T @ L)Myg (U7 @ L™ 1)vec <82(Q)> , (3.12)

w;

dgvec ) = Magvec(I” @ I)Myag(U™" @ L™")vec (%ﬁ)@) , (3.13)
suvec ) = MsuveC(UT ® D)Msut(U_T ® L™ )vec (61(;152)> . (3.14)

Further, premultiplyl ng (3.12), (3.13) and (3.14) by MT |
and using (2.5) and (2.4) yields

vec ( oL ) = My (DT @ L)YMya (U™ @ L™ )vec (M(Q)) ;

Mggvec and MT

suvecs espectively,

Ow; Ow;
oD _ _ DA(Q)
vec (aw) = Mag(I" @ I)Mag(U™" @ L™ ")vec < o ) :
ou OA(Q
vec (6%) = My (UT @ D)Mo (U™7 @ L™ 1)vec ( &(ui )> .

From the structures of Mg and Mgy, we can verify that Mg (D ® L)Mgy = (D ® L)Mgy
and My, (UT @ D)Mgy = (UT ® D)Mgy;. Consequently, (3.9) is equivalent to (3.12), (3.10) is
equivalent to (3.13) and (3.11) is equivalent to (3.14).
Note that
- oL
slvec (AL) = slvec (L(Q + AQ) — L(Q)) = Z slvec (8wi> ow; + (h.o.t),

i=1

dgvec (AD) = dgvec (D(Q2 + AQ) — D(Q)) = ngvec (gf) ow; + (h.o.t),

suvee (AU) = suvee (U(Q+ AQ) = U(€2)) = Y suvee ( gU

Wi

) Sw; + (h.o.t),

where AQ = [dwy, dwa, - -, 6ws]T and (h.o.t) is the abbreviation of ‘higher order terms’. Then

slvec (AL) = Myvee(D™T @ LYMy (U1 @ L71) Z vec (82(Q)> dw; + (h.o.t),

s
i=1 v

° A(Q
dgvec (AD) = MdgveC(IT ® I)Mdg(U_T ® L) g vec (aa( )> dw; + (h.o.t),
Wi
i=1

suvec (AU) = Myuee (U @ D)Mo (U™T @ L71) Zvec <82(Q)) dw; + (h.o.t).

0,
i=1 v
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Set
0A(Q) 0A(S) 0A(Q) 0A(Q)
6T = |:VeC < 8w1 , vec an N , vec aws .
Thus,
slvec (AL) = Myyee(D™T @ L)YMg (U7 ® L—l)%gz)AQ + (h.o.t), (3.15)
T 1 ¢ -1y 9AY)
dgvec (AD) = Magyec(I” @ I)Mag(U™" ® L )WAQ + (h.o.t), (3.16)
T 1 o 7 -1y 9A)
suvec (AU) = Mgyvec(U™ @ D)Mo (U™ @ L )aTAQ + (h.o.t). (3.17)

From (3.15), (3.16) and (3.17) and the definitions of the mappings ¢, ¢p and ¢y and the
Fréchet derivative, we have desired results. [J

Now we present the unified structured condition numbers for LDU factorization.

Theorem 3.2. Under the same assumptions of Theorem 3.1, we have

o1 () = | ding! (€11, 22 o (9)]| (3.18)
() = ‘ aia! (€)M 0D dian(8)| (3.19)
(@) = |[aiast (€01 2 diag(3)] (3.20)

where & and B are parameter vectors with suitable dimensions and B has a requirement like the

one in Definition 2.1.

Proof. The proof is straightforward by considering Lemma 2.2 and Theorem 3.1. [J

Remark 3.3. When we set the parameters in € to be the entries of A, we can deduce the

unstructured unified condition numbers for LDU factorization:

rL(A) = ||diag? (€) Meding(8)| (3.21)
rp(4) = |[diag!(€) Mpdiag(8)| (3.22)
v
o (4) = |[ding!(€) Mudiag(B)]| (3.23)
because, in this case, it is easy to check that a,ggn =1,2.
Remark 3.4. Setting u = v =2, and 8 = [||Q|2,-- -, [|]]2]* € R® with Q # 0 and

[
¢ = [llslvec(L)|l2, -+, llslvec(L)[l2]" = [IIL]|p,- -~ , I LI[F]" € R,
¢ = [lldgvec(D)]l2, -+, [ldgvec(D)|l2]" = [IIDl|r,--- . [IDl|lF]" € R™,
¢ = [llsuvec(U)]l2, -+ , lsuvec(U) 2" = [IUllr, -, |Ullr]" € R™.
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We obtain the structured normwise condition number for the LDU factors L, D and U;

314(9)‘ 1€2]]2
K Q) =M )
i) = o 250 e
QA || 1IS2]2
e Ty
i 02 ||, 1Dl
oA || lIUl2
Koy () = ’M .
. o |, Uk
Setting 4 = v = oo, and 8 = Q # 0 and & = [[[slvec(L)||oo, ", ||slvec(L)||o]? € R™
(€ = slvec(L)), & = [||dgvec(D)| s ,||dgvec(D)||]’ € R™ (¢ = dgvec(D)) and & =
[|lsuvec(U) oo, -+ » [Isuvec(U)]|oo]f € R (¢ = suvec(U)), we obtain the structured mixed
(componentwise) condition number for the LDU factors L, D and U;
[l e]| 0, 24
m Q = ) C = T arn )
fom. (1) [svec(D)]oc "t slvec(|L|)
o sl 10242 0
Km, = , Re = U"Fa /AN ’
K ldgvec(D)[los * " dgvec(|D) | _
o _ 1Mo 252001 My 242 g
Fomu () = lsuvec(U)||oo et suvec(|U])

o0
Similarly we can obtain the unstructured condition numbers for LDU factorization by setting
specific parameters and norms in (3.21), (3.22), and (3.23), respectively. We have the following
unstructured normwise condition number for the LDU factors L, D and U ;
MLy Al 1Ml [|All7 [ Ml [|All e
Kor(A) = —=———, Kop(A) = ——=——, —
LIl 7 DI IUNlF
and the unstructured mixed (componentwise) condition number for the LDU factors L, D and
U;

Koy (A) = (3.24)

|| M [[vec(A)]l| |Mp|[vec(A)|
A =

Fm () = e slvec( |L| OO’

|| Mp]lvec(A)]] |Mp||vec(A)]
m 'A = C A - Ty TN b
mmo () = e D) "W = | TdgvectD]) |,

|| My|[vec(A)|]l | My ||vec(A)]
m A) = c A =||————F"FF 2
0 (A) = e VA = | Towveo(oD) || (3.25)

Corollary 3.5. Suppose all the assumptions of of Theorem 3.1 holds, and A(2) € RI}*™ be a

symmetric positive definite matriz, then A(Q) has unique LDLT factorization, we have

1(@) = [ding! (©Mawee( DT © L) (17 0 179 28 giag )
v
5(0) = |[diag? () Magvee (17 © D57 © L9 20 ding(3) |
v

where £ and B are parameter vectors with suitable dimensions and B has a requirement like the
one in Definition 2.1.
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Proof. The proof is straightforward by considering Lemma 2.2 and Theorem 3.1. [J

Remark 3.6. When we set the parameters in 2 to be the entries of A, we can deduce the

unstructured unified condition numbers for LDLT factorization:

HL(A) = ‘ diagi(g)Mslvec(D_T & L)Mslt(L_l &® L_l)diag(ﬁ) ,
w,v
i (4) = [[diagh (€ Magvee (I  I) Mg (L™ @ L) diag(8)]| .
8%
because, in this case, it is easy to check that azggz) =1,2.

84 Statistical condition estimates

In this part, we focus on estimating the normwise, mixed and componentwise condition

numbers for LDU factorization.

4.1. Estimating normwise condition number

We use two algorithms to estimate the normwise condition number. The first one is from
[22] and has been applied to estimate the normwise condition number for matrix equations
[24,25], equality constrained linear least squares problem [26], and K-weighted pseudoinverse
LTK [27]. The second one is based on the SSCE method [23] and has ever been used for some
least squares problems [26-28].

Algorithm 1 Probabilistic condition estimator

Input: ¢, d (d is the dimension of Krylov space and usually determined by the algorithm itself)
and matrix M, Mp and My in (3.2).

Output: Probabilistic spectral norm estimator of the normwise condition numbers (3.24):
:“EQL(A), KQD(A) and FLQU(A).

1. Choose a starting random vector vg from U(S;_1) with ¢ = n?, the uniform distribution
over unit sphere S;_; in R

2. Compute the guaranteed lower bound a; and the probabilistic upper bound s of || M |2,
[|Mp]||2 and ||My |2 by the probabilistic spectral norm estimator [22].

3. Estimate the normwise condition numbers (3.24) by

(1 + az)||Al|F
2| L|lr

(a1 + )| Aflr

(1 + as)|| Al
2| D|lr

kpar(A) =
i) 2[0»

; kp2p(A) = and fpou (A) =

4.2. Estimating mixed and componentwise condition numbers

To estimate the mixed and componentwise condition numbers, we need the following SSCE

method, which is from [23] and has been applied to many problems (see e.g., [25-27]).
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Algorithm 2 SSCE method for the normwise condition number

Input: Sample size k£ and matrix My, Mp and My in (3.2).
Output: SSCE estimates of the normwise condition number of LDU factorization: rsar(A4),
HSQD(A) and HSQU(A)

1.
2.

Let t = n?. Generate q random vectors [z, , zx] — Z from U(S;_1).
Orthonormalize these vectors using the QR factorization [Z,~] = QR(Z).
For i =1,-- ,k, compute kior(A), kiap(A) and ko (A) by:

M;p||Allr
ILlIlF

P ( ): MZDHAHF
b D] r

My ||AllF
1Ulr

Ki2L(A) = and KigU(A) =

where
M;p, = 28 Mgyee(D™7 @ L)Mg (U™ @ L™Y) 2,
M;p = 2zl Magyec(I” @ NMag(U™T @ L™Y)z;,
My = 2] Mywyee(U™T @ D)Mo (U7 @ L71) 2.

. Approximate wy and w, by:
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Algorithm 3 SSCE method for the mixed and componentwise condition numbers

Input: Sample size k and matrix My, Mp and My in (3.2).
Output: SSCE estimates of mixed and componentwise condition numbers of LDU factoriza-
tion: Kpmr(A), ker(A4), Emp(A), ken(A), kmu(A) and key(A).

1. Let t = n%. Generate ¢ random vectors [zy,- -+, 2x] — Z from U(S;_1).
2. Orthonormalize these vectors using the QR factorization [Z, ~] = QR(Z).
3. Compute u; L = My z;, u;D = Mpz;, u;U = Myz; , and estimate the mixed and compo-

nentwise condition numbers in (3.25) by

| Kimr(
sm A - 77
Fismr(4) [[slvec(L)]|oo

||K:imD(A)Hoo wanD(A)
A = Y A =
“om ) = agvee(D)loe” " = | Gavec( ).
[£imu (A)|loo Kimu (A)
sm A) = ) sc A) = ;
omu (4) [lsuvec(U)|| 0o Fioct (4) suvec(U) ||
where
w k % w k % w k
Kim A :l uiL2 , Kim A = i uiD2 s Kim A :i uiUQ
L(4) o ;:1' | p(4) o ;:1' | v(4) o ;:1' |

and the power and square root operation are performed on each entry of u;, i =1,--- | k.

1
2

)
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85 Numerical experiments

In this section, we first, illustrate the reliability of Algorithms 1, 2, 3 and then compare the

structured condition numbers and the unstructured ones. All computations are carried out in

MATLAB 2016a.

Example 5.1. The matrices have the form A = D;BDs, where Dy = diag(1,dy,--- ,d" ™),

Dy = diag(1,dy, -+ ,dy" ') and B is an n x n random matrix produced by MATLAB function
randn. The result for n = 10, dy,ds = 1 and the same matrix B. For Algorithm 1, we choose
the parameters to be § = 0.01 and € = 0.001. For Algorithms 2 and 3, we set kK = 2. We define

the ratios between exact condition numbers and the corresponding estimated ones as follows:

- fpn(4) - kpen(4) v (4),
rar(4) 7 rap(A) 7 rou(A)
T's2L = %(14)’ Ts2D = /{SL(AA)a T's2U = HJSQU(A)v
RQL(A) KRopD (A) KQU(A)
HsmL(A) RsmD (A) K:SmU(A)
fmb = "me(A) ’ fmb = HmD<A) ’ mt = "imU(A) ,
rop = KJSCL(A) o KJSCD(A) _ K/SCU(A)

he(A) P T k(@) VT k()

The ratios are displayed in Figures 1 and 2. Among 2000 tests, the ratios in most cases are of
order 1, except a few exceptional cases. The average values of 7par,, Tp2D, Tp2U, Ts2L, Ts2D T's2U
TmL, T"mDs TmU; TeL, Tep and 7oy are 1.0002, 1.0001, 1.0003, 1.0952, 1.8665, 1.1761, 1.5270,
1.7779, 1.3427, 1.2680, 1.5661 and 1.6355, respectively. We see that the Probabilistic condition

estimator and the small sample statistical method are quite effective for condition numbers
estimation.
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Figure 1: Efficiency of condition estimators of Algorithm 1 and 2.
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Figure 2: Efficiency of condition estimators of Algorithm 3.
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Example 5.2. Consider Toeplitz matrix, we will compare the structured normwise, mixed,
and componentwise condition numbers with the corresponding unstructured ones for LDU
factorization of linear structured unsymmetric Toeplitz matrix. In the numerical experiments,
we generate the test matrices, i.e., the Toeplitz matrices, by the Matlab function toeplitz(c, )
with ¢ = randn(m, 1) and r = randn(n, 1).

In the practical experiments for LDU factorization, we set ¢ = randn(n,1) and r =
randn(n, 1), and to make sure that the generated test matrix has the unique LDU factor-
ization, we will check its leading principal sub-matrices. In the specific experiments, we set
n = 10, 20, 30 and generate 2000 unsymmetric Toeplitz matrices. The numerical results on the
ratios defined by

ooy — :“EQL(A) (A) - H2U(A).
T @) P T wan(@) YT ()
o Kmr (A) ” fmp(A) S Kmu (A)
" () 7T Rp (@) 7T K (Q)
o o HCL(A) o o KJCD(A) - HCU(A)
L (@) 7P T k(@) T T k(@)

are presented in Table 1, we find that the structured condition numbers are always smaller than

the unstructured ones, however, the former is not much smaller than the latter.

Table 1: Comparisons of structured condition numbers and unstructured ones for LDU factor-
izations of unsymmetric Toeplitz matrices.

n 10 20 30
mean max mean max mean max
oL, 1.7610 2.6975 2.1584 3.3916 2.5600 4.4721
02D 1.7867 3.2464 2.2773 4.3897 2.6894 6.4786
o2U 1.7618 2.7497 2.1661 3.3774 2.5538 4.4717
OmL 1.2253 2.5830 1.4203 2.8633 1.5644 3.0865
OmD 1.3787 3.3006 1.6223 3.1454 1.8017 4.1569
OmU 1.2276 2.2803 1.4219 2.9426 1.5655 3.0989
OclL 1.2945 2.9710 1.5478 3.5392 1.7362 4.0040
OcD 1.4188 3.3016 1.7376 3.7993 1.9896 6.4452
ocU 1.2972 3.2643 1.5901 3.2439 1.7423 3.6081

Example 5.3. Now, we investigate the comparisons of condition numbers of non-linear struc-
tured matrices. We first consider Vandermonde matrix. In numerical experiments, we set
¢ = randn(n, 1) and v;; = ¢(j)" with i = 0,1, —1;7=0,1,--- ;n — 1 to generate the
m x n Vandermonde matrix V' = (v;;). In the spemﬁc experiments for LDU factorization, we
set m = n = 5,8,10. We generate 2000 nonsingular Vandermonde matrices, and report the
numerical results on the ratios in Table 2. These results show that, for Vandermonde matrices,
the structured condition numbers for LDU factorization can be much smaller than the corre-
sponding unstructured ones, which is very unlike the case for Toeplitz matrices. In a word, for
linear structured Toeplitz matrices, these are little differences between the structured condition
numbers and the corresponding unstructured ones for LDU factorization. Whereas, the results

for non-linear structured Vandermonde are very encouraging.
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Table 2: Comparisons of structured condition numbers and unstructured ones for LDU factor-
izations of Vandermonde matrices.

(1]
2]

3]

[4]

[5]

[6]

[11]

[12]

[13]

[14]

m,n 5,5 8,8 10, 10

mean max mean max mean max

oar, 2.5870e+03 3.8770e+06  6.9073e+04  4.9048e+07  8.2419e+06 1.3959e+09
02D 2.1502e+-01 1.3438e+03  2.6357e+4-03 1.8443e+06  6.9354e+04  7.3116e+-06
o2 2.4597e+-01 3.2133e+03  6.9219e+03  2.8603e+06  4.2975e+05  4.4017e+07

OmL 2.1021e+01 1.2118e+05 1.3092e+03  6.5363e+05  5.4926e+04  6.3929e+06
OmD 9.6708e+00  5.2805e+02  5.4654e+02  5.5244e+05 1.3198e+03  2.1332e+05
OmU 5.3874e4+00  5.9792e+02 1.8341e+02 1.1070e+05 1.7871e+03 1.9244e+05

OcL 1.1218e+02  4.9423e+04  2.0462e4-03 1.2126e+06  5.0450e+04  5.7688e+06
OcD 1.7428e+01 3.4426e+03  3.5746e+02 2.4314e+4-05 1.4742e+03  3.1332e4-05
o.U 7.5854e4-00  5.4458e4-02  2.2005e4-02 7.9495e+04  2.5060e+03  2.3320e+05
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