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Characterizations of product Hardy space associated to

Schrodinger operators

ZHAO Kai* LIU Su-ying JIANG Xiju-tian

Abstract. Let L; and L2 be the Schrodinger operators on R™ and R™, respectively. By using
different maximal functions and Littlewood-Paley g function on distinct variables, in this paper,
some characterizations for functions in the product Hardy space H%l,L2 (R™ x R™) associated

to operators L; and L are obtained.

81 Introduction

It is well known that modern harmonic analysis played a very important role in partial
differential equations. The theories of function spaces constitute the most of harmonic analy-
sis. Thus, the characterizations of function spaces are very critical in harmonic analysis. For
example, the classical Hardy spaces on R™ can be equivalently characterized via, such as, max-
imal functions, Lusin-area function, Littlewood-Paley ¢ function, and atoms [7,8, 11, 21, 32],
etc. The product Hardy spaces are the Hardy spaces on product domains, which were first
introduced by Malliavin and Malliavin [26], and Gundy and Stein [15]. Then, the properties
of these product spaces have been studied by Chang and Fefferman [3,5]. Other results for
product spaces can be seen in [4,6,7,12,13,23,30]. We know that, the product Hardy space
HY(R™ x R™) is also characterized in terms of the area function, maximal functions, atoms,
and Riesz transforms [3,5,15], etc.

In 2011, Li, Song and Tan [22] studied some new characterizations of the Hardy space
H' on Euclidean product spaces R™ x R™ using different norms on distinct variables. They
considered non-tangential maximal function and the Littlewood-Paley square function, as well
as vertical maximal function, and obtained some characterizations of the product Hardy space
HY(R™ x R™) as follows.
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Proposition 1.1 ( [22]).
HY(R" x R™) = H}; 5(R" x R™) =~ HY \(R" x R™)
~ Hy (R" x R™) ~ H! (R" x R™) ~ H! 5(R" x R™)
~ H! (R" x R™) ~ HS , (R” x R™) =~ H!  (R" x R™).

On the other hand, due to some important situations in which the theory of classical Hardy
spaces is not applicable, the Hardy spaces associated to operators are introduced. Especially
over the past ten years, many authors studied function spaces associated to operators, showed
some characterizations of them [1,2,9,10,14,16-19,24,31], etc. In 2011 and 2012, Song and Tan
discussed Hardy spaces associated to Schrodinger operators on product spaces. They obtained
some characterizations of the Hardy space associated to Schrodinger operators on product
domains, such as, atomic decomposition, the characterizations by Lusin area integral and the
maximal functions [28,29].

A natural question is to establish some characterizations similar to Proposition 1.1 for the
product Hardy space associated to Schrodinger operators Hil, 1, (R™ x R™) by using different
maximal functions and Littlewood-Paley functions on distinct variables.

The Schrodinger operators Ly and Ly are defined by

Li=—-A1+V;, and Ly =—-As+ Vs, (1)
where /A1 and A, are the Laplacians, and Vi, V5 are non-negative functions on R™ and R™,
respectively.

As we know, the operator L; is a self-adjoint positive definite operator on L?(R™). Then
from the Feynman-Kac formula, the kernel p;, (z1,y1) of the semigroup e *111 satisfies the

estimate
1 ,%
7(47rt1)”/2 e T (2)

toLo

0 <ps,(21,91) <

For the self-adjoint positive definite operator Ly on L?(R™), the kernel py, (w2, ys2) of e~
satisfies the similar estimate to (2).

Given a function f on R™ x R™, the area integral function Sf associated to operators L,
and Lo is defined by

Sf(x1,z2) = (//yl_xlkth

ly2—z2|<t2

2 dyldtl ddetQ ) 1/2

2 42
t2Lie 1 @ 2 Lqe t2L2f(y1,yz)| AT ml
1 2

Definition 1.1. Suppose that Ly and Ly are the Schrédinger operators as in (1). The Hardy
space H} (R™ x R™) associated to L1 and Lo is defined as the completion of
Ly,Lo

{f S LQ(RTL X Rm) . ||Sf||L1(Rn><]Rm) < OO}

with respect to the norm Hf||H£1’L2 ®nxrm) = [|SFll L1 ®n xRm)-

We known that if operators L; and Lo are the Laplacians A; and A on R™ and R™,
respectively, it follows from the area integral characterization by using convolution that the
Hardy space H'(R" x R™) coincides with the space Hx  A,(R™ x R™), and their norms are
equivalent [3,4,12], etc.
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Recently, motivated by the Proposition 1.1, constituting by two of non-tangential maximal
function, vertical maximal function and Lusin area integral, we obtained some characterizations
for functions in the product Hardy space H}JhL2 (R™ x R™) associated to L and Lo by using
different maximal functions and Lusin area integral on distinct variables. We have the following

proposition.

Proposition 1.2 ( [25]). Suppose that Ly and Lo are the Schridinger operators as in (1).
Then
Hil,LQ (R x R™) =~ Hil,Lz,Nsp(Rn x R™) =~ HL,LZ,S,)N(R” x R™)
~ Hil,Lz,Sp,q—(Rn X R™) ~ Hll/l;L27+ySp(Rn x R™).

In this paper, we will consider the combination among non-tangential maximal function,
vertical maximal function and Littlewood-Paley g function to establish the similar characteri-
zations for functions in the product Hardy space H}, ;, (R™ x R™) associated to Ly and Ly also
by different characterized on distinct variables. These results are complementary for Proposition
1.2 respect to Proposition 1.1.

Suppose that L; and Lo are the Schrédinger operators as in (1). By using different
Littlewood-Paley functions on distinct variables, we define far 4 and fy 4 functions as

= dty\1/2
Ing(x1,22) =  sup (/ |€7t1m®t2*/Lzeftz‘/i?f(yl,xz)\ztf;) :

|ylfa:1|<t1 0
RPN . o i\ 1/2
f+.g(@1,22) = sup ( €7V @ g/ Loe” PV 2 f(an, w2)) *) :
t1>0 \Jo to
Similarly, we define product spaces Hy . s (R" x R™) and Hf ;. . (R" xR™) by
Hi, ,ng®R*XR™) ={f € L*(R" xR™): fxr,g € L'(R" x R™)},
Hi 1,4 R xR™) ={f € L*(R" xR™): fy , € L"(R" x R™)},

with the norms

(malys!

Lo ®xkm) = [ nglli@nxermy and ([fllgy o @exee) = (140l @nxrm),

respectively.
Then, the main result of this article, the characterizations for functions in product Hardy
space Hil,LQ (R™ x R™) associated to the Schrédinger operators Ly and Lo, is given by
1 1 1
Hi 1, (R" xR™) =~ HLI’L%N’Q(R” x R™) ~ HLI)Lz’Jr’g(R" x R™).
This result will be proved in Section 3. In the next section, we will recall some definitions,

and introduce some important lemmas.

82 Definitions and lemmas

In this section, in order to obtain our main result, we recall the definitions of the atomic
product Hardy space, tent space, and introduce some key lemmas.

Suppose that Q C R™ x R™ is an open set with finite measure. Denote by m({2) the maximal
dyadic subrectangles of Q. Let m4(2) denote those dyadic subrectangles R C 2, R = I x J that
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are maximal in the first variable. In other words, if O = I; x J O R is a dyadic subrectangle of
Q , then I = I. Define m2(Q) for the second variable similarly.

In [28], Song, Tan and Yan introduced the definition of product (1,2)-atom associated to
the Schrodinger operators, and established the atomic decomposition for the product Hardy

space associated to Schrodinger operators.

Definition 2.1 ( [28]). Let L1 and Lo be the Schridinger operators as in (1). A function
a(z1,72) € L>(R™ x R™) is called a product (1,2)-atom if it satisfies
(1) supp a C Q, where Q is an open set of R™ x R™ with finite measure;
(2) a can be further decomposed into a = 3 pe,, o) AR, where for each R € m(Q), there exists
a function bgr belonging to the domain of Ly ® Ly in L?>(R™ x R™) such that

(Z) arp = (Ll & Lz)bR;

(it) supp(L] ® LE)br C 10R, j, k=0,1;

(iii) |Jall 2wy < 19172 and

> 21: 6(1)4j—4g(J)4k_4“(L{ ® L’;)bR‘

Rem(Q) j,k=0

2
<lal™,

L2(Rm xR™)
where LY denotes the identity operator, i = 1,2.

The atomic product Hardy space Hil, Lo.at(R™ X R™) is defined as follows.
Definition 2.2 ( [28]). Let Ly and Ly be the Schridinger operators as in (1). The atomic
product Hardy space Hil,L%at(R" x R™) is defined as follows. We say that f = Zj Ajaj is a
product atomic (1,2)-representation of f if {\;}; € €', each a; is a product (1,2)-atom, and
the sum converges in L>(R™ x R™). Then

HILhLQ?at(R" x R™) ={f: f has a product atomic (1,2)-representation},

with the norm given by

1 1l

Li,Lg,at

oo
= inf { Z INj: f = Z Aja; is a product atomic (1,2)-representati0n}.
j=0 J
The space Hp 1. . (R™ x R™) is then defined as the completion of Hp ;. ,,(R™ x R™) with

respect to this norm.
Then, we recall Journé’s covering lemma and some useful results.

Lemma 2.1 ( [20,27]). Let Q* = {z € R" x R™ : M(Xo)(x) > 1/2}, where M denotes the

strong maximal operator. For any R = I X J, suppose y1(R) = sup %, v2(R) is
LCIIxXJCOx
similarly. Then for any § > 0,
Y. BMTB) <elQ and Y[Rl (R) < o0, (3)

Rem2(Q2) Rem1(Q)
Lemma 2.2 ( [25]). Suppose that T is a bounded sublinear operator on L?*(R™ x R™), and
for every product (1,2)-atom a(x) on product domains, |Ta| 1 (gnxrm) < C, with constant C

independent of a. Then for any decomposition of f in Definition 2.2,

”TfHLl(]R"x]Rm) < C”f”Hil,LZ(R"XR"L)'
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In the following, we shall assume that ¢ € C}(R") is a nonnegative, radial and nonincreasing
function, ¢ = 1 on B(0,1/2), supp ¢ C B(0,1) and [ ¢(x)dz = 1. Let ¢ be a function with
the same support as ¢ and mean value 0.

Lemma 2.3 ( [25]). Let f € L*(R"xR™) and g € L*(R"), u(z,t) = e " VEr@e VT2 f (1) xy).

Then
2 dIl dtl

// ‘tle1u<x’t)|2|(pt1 *g(xl)‘
Ri+1 ty
_ dxy dt
g/ lt21/Loe t2mf(x)|2|g(x1)|2dx1+// N lu(z, ) [* |, * g(a1)]? Tt
R~ RY

tq
(4)

If £ = (x1,22) € R® x R™, let T'(x) denote the product cone I'(z) = T'(z1) X ['(x3) where
F(Il) = {(ylatl) S Ri—i_l . |y1 — SC1| < tl} and F(l‘g) = {(y27t2) S RT+1 . |y2 — 172| <
to}. Before giving the following lemma, we define the non-tangential fnction, Littlewood-Paley

square function and Littlewood-Paley G function associated with L; and Lo as follows.
N(f)(z) = sup e VB @ eV £y, o),

|w1—y1|<ti,|za—y2|<t2

_ 0T dyydty dyadte \1/2
S(f)(z) = (//F(m) ltiv/ Lie t1m®t2\/l}2€ K ﬁf(yl’y2)|2 t7fl+11 t,;_HQ) 5

G(f)(x) = (/O" /oo |t1\/Ee‘hx/ﬂ®t2me—t2¢5f(x)‘2%)l/2.
0 0 102

Then, similarly, we can also define product spaces Hy ;. \(R* xR™), Hy ; o(R" xR™) and

HL,LQ,Q(R" x R™) associated to Schrédinger operators Li and Lo as
HE, o (R < R™) = {f € X(R™ x R™) : N(f) € LHR™ x R™)},
Hi 1, s(R"xR™) = {f € L*(R" x R™): S(f) € L'(R" x R™)},
H}, 1, o(R" xR™) = {f € L*(R" x R™) : §(f) € L'(R" x R™)}
with norms

||fHH£1,L21N(]R"><Rm) = HN(f)HLl(]R"me)y

||fHH£1,L2YS(Ranm) = ||S(f)HL1(R"><]Rm)7
”fHHil,L%g(R"xR"") = |Gz ®rxrm),

respectively.
Therefore, according to [25, Lemma 3.3 and Theorem 3.4], and the g function is equivalent

to the area function on LP, we can obtain the following lemma.

Lemma 2.4. H} , (R*xR™)~H} | (R"xR™) ~H} | (R" x R™)
~H} ;. s(R"xR™) ~H} | (R xR™).

In order to obtain our main results, we recall the definition of tent space as well as its atomic

decomposition.
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Definition 2.3 ( [7]). For any function f(y,t) on R”+1 define

dy dt 1/2
. 5
//r(x) tntt 1) ©)

The tent space Ty is defined as the space of functions f such that A(f) € L*(R™) with norm
£l = IAWD L@y

Lemma 2.5 ( [7]). Suppose that a T} -atom a(x,t) is a function supported on Q with

dx dt _
/ laz, )" —— < 1QI™", (6)
where @ is the tent of Q. The atomic decomposition of f in the tent space is:
f= Z)\jaj, forany f € Ty (R%T), (7)

J
where every a; is a Ty-atom, and furthermore, 225 Ml < Ol fllg -

83 Characterization of product Hardy space

With the above discussion, we show our main results in the following.
Theorem 3.1. Hy ; (R"xR™)~H} v (R* xR™)~Hp ; . (R"xR™).

Proof. Since the proof of Hf ; (R™ xR™) ~ H} ; . (R" x R™) is similar to H} ,, (R" x
R™) ~ Hil,LQ,N,g(Rn x R™), we only show that

Hp ., (R"xR™)~Hj ;. (R" xR™). (8)
Obviously, (8) is the direct result of the following two inclusions.

Hi xR xR™) C Hp  (R* X R™), (9)

Hi, ,(R" xR™) C H}, 1, v (R" xR™). (10)

To prove (9), by Lemma 2.4, it suffices to show that

dto dt1\1/2
// / / 1V Iae™ YR @ tay/Tae™ VP (a0, 22) P2 TE)  daades
—t.VI —tov/I 2dt2 1/2
<C// sup / le VI @ to\/Loe 2V E2 f(y) 15)] . ) dxidxs,
2

[y1— I1|<t1

(11)
for any f € H} ;. o (R* x R™) N L*(R" x R™).
Let B denote the functions {Fy, 4, (y1) : 11 € R", 5 € (0,00), 2 € R™} with norm

oo dt2 1/2
1P sl = ([ 1P )P52)

Obviously, if we can prove the following two inequalities, then (11) holds.

o /Ts dy:dt
// // [t1v/Lie VI @ toy/Loe V2 f(y1, 20) |13 y:b+11> drydzy
T'(z1)
5 dt
< C// sup / \eft“Ll ®t2\/L267t“L2f(y1,x2)| —2) dzidxs,

[y1—z1|<t1
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dto dty\1/2
// / / |ti1\/L Lie "WV @ to1/L et“L2fx 1:2)|2 2 1) dxidxs
—t —tov/T dyldtl
<cC [t1/Lie™ VI @ tyn/Loe ™2V f (21, 29) |3 t"“) dzrdzs.
I'(z1)

(13)

Firstly, we prove (12). Notice that

1 Vy e VI @ty /Toe V2P > Clty/Lie™ VI @ tgy/Loe™ VP22,
Let Fy, ., (y1) = tov/Ioe VT2 f(y, x). Define the square function and non-tengential maxi-

mal function of F' as
dyidty\1/2
S(F)(xlax2 // ||t Ve tl\/7®t2 \/ 2€ tZ\/Ef yl) Q)HB y;_i_ll)
I'(z1)

and
F*(xl,xQ) = sup ||67t1m®t2\/ Lgeitsz(yhl'g)ug,
[z1—y1]|<t1
respectively. Then, to prove (12), we only need to show that
/ S(F)(J?l,xQ)d.’Eldl‘Q S C F*($1,Z‘2)d]}1dl‘2. (14)
RTZ XR’VYL R’!L XR’"’L

It is well know that, in order to obtain (14), it suffices to prove that for « > 0 and zo € R™,
the following estimate (15) holds.

/ (S(F) (1, :vg))del
MO (Xprs o) (z1)<2- (D}

< Co®l{zy: F*(z1,22) > a}| + C (F*(z1,2)) dz. (15)
{z1:F*(z1,22)<a}

Notice that for any a > 0, 2 € R™,

/n S(F)(x1,z2)dx = /000 {x1: S(F)(21,22) > a}|da,

and the following fact which was given in [22],

C
o1 S(F) rae) > o < 5
Q% Nz :F*(z1,02)<a}

Then by (15), integrating on both sides of the inequality above for a and x2, we can obtain

(F*(zl,xg))2dx1 + C{zy : F*(x1,22) > a}l.

(14). Hence, it is remaining to prove (15). Note that

/ (S(F)(x1,22)) dzy
{MO) (X o) (1) <2- (41}

<[/ J[, mvetrE () e drndl
1 27 2 .
{MD) (Xps s o) (z1)<2— (14D} (z1) x tn+1

However,
/ // |t1Ve_tlmFt2,z2 (y1)|2dylff1dx1
(MO (Xpr o) (@1) <2~ 0} () ty
dyrdt
= [ Ve B Fry () PIB(n, 2) 0 (MO (o)1) < 270} T
<

dy, dt
¢ [ vt VEE, L )P
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where R* = {(y1,t1) : |B(y1,t1) N {z : F*(2,22) > a}| < 2= Y| B(yy,t1)|}.
Therefore,
dy1dt1

/ (S(F) (1, 22)) s < / 1V Y B 4 ()13
{MO) (Xpxs o) (z1)<2—(7+D}

It is easy to check that if |B(y1,t1) N {z : F*(z,22) > a}| < 2~ (”+1)|B(y1,t1)\, then
g * ¢, (y1) > C for some constant C' > 0, where p € C}(R") is as in Lemma 2.3 and g(x) =
X{F*(21,02)<a} (7). Together with Lemma 2.3, we have

/ (S(F)($1,$2))2d$1
{MD (Xps s o) (z1)<2-(nHD}

_ dy,dt
< O NnVe YR Ey w)lElen * o) =
R*
o _ dy,dty dt
= C/ / t1Ve VI, oy (1) Plen, * g(y1)] Nt
o Jrott tr 12
e dta
< [ VP )Plotn)Pdn 2
> _ dyldtl dtz
aC [ [ e Fe )Pl g
0 Ry to
= C [ WP @)llof) Py
- dy,dt,
40 [ 1B B ) [l + )P
+
= M+ M.

For the term My, by the definitions of g(x) and F*(z1,z2), we obtain
M, <C (F*(ml,xg))2dx1.
{z1:F*(z1,22)<a}
For Ms, we only need to consider v, * g(y1) # 0. In this case, B(y1,t1) N{z : F*(z,22) <
a} # 0. Thus, there exists a point 2{ € R™ such that [2{ — y1| < t; and F*(29,25) < a.
Therefore,

le™ VP Fy ou(y)llis < sup  [le” VI, 4y (n1)lls = F*(21, 22) < a.

|20 —z1|<s1

Hence, by the cancellation condition of 1, we can get that

dydt
My < Cao® /}Rn+1 |, *XF*(-,mz)Sa(yl)F&
+

31
< CaP{yr : F*(y1,22) > a}l.
Combining with the estimates of M; and Ms, we can see that (15) holds, which implies (12) is
valid.
Secondly, we prove (13). In order to do this, we first show the fact that

[ 102 ) ] <l ) reneiz) ™

According to the Definition 2.3, the right hand of the inequality (16) is F(x,t)’s Ty norm.
By the atomic decomposition of the tent space (7), in order to prove (16), it suffices to show that

. 16
Ll(Rn) ( )
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for any Ti-atom a(z,t) supported on Q, there exists a constant C' independent of a, satisfying

([ lawor)”|

Actually, by Hélder’s inequality and the definition of T3-atom, we have

h dt\1/2 H@ dty\1/2
[ ettt ), = [ ([ P ) as
0 t LI(R”) Q 0 t

dtdz\1/2 _
< ([ 1ot 0P =) Vil < cir e < o

<C.
LY(R™)

Thus, (16) holds.
Suppose F = ([f;° [tivIie "Vt @ tyy/Loe~2VE2 f (21, 25)[?42) /2, Substituting F into
(16), then it tells us

dto dt1\1/2
/ // ti/Lie "V @ t54/L etz“L2f$17562)|2 - 1) dry
n 2
dto dyydt;\1/2
] [yt
R™ T'(xz1) 2

Therefore, (13) holds. Combining with (12), we know that (11) is correct. Then (9) is proved.
To prove (10), by Lemma 2.4, we only need to prove

Hllzl,Lz,at(Rn X Rm) C Hllzl,Lz,N,g(Rn X Rm)' (17)

From estimate (2), we know that for every k € N, there exists a constant Cj such that the

kernel py 1, of the operator (tv/L)Fe VT satisfies
t

(t+ |z =yt
Thus, for any f € L?(R™ x R™), using the kernel estimate (18) and the fact that non-tangential
maximal function is dominated by Hardy-Littlewood maximal operator on L?(R"), we have

- - dt
101172 (e xcomy :// sup / le=" VIt @ ty/Loe t2mf(y1,x2)|2t—22dx1dx2

‘y1—321|<t1 0

< C’/ / / M(l)(tz\/geftsz(-,:1:2))2(9;1) %dxldxz
n m 0 2

§O/(/|ﬂhwﬁwﬁmbzammmwwp (19)

where M) is the Hardy-Littlewood maximal operator on the first variable which is bounded

[pek(,9)] < Ch Vit>0, 2,y €R™ (18)

on L?(R™), and the third step also uses the L? boundedness of g function.
For any f € H}, ;, (R" x R™), suppose f(x) = 3, Aja;(x), where each a; is a product
(1,2)-atom and > _; [A;j| < oo. Then noting that Lemma 2.2, it is enough to show that for every

product (1,2)-atom a, there exists a constant C independent of a, such that

| y < C. (20)

Suppose that

a=a(ry,v)= » ar= » (L1®Ly)bg
Rem(Q) Rem(Q)
is a product (1,2)-atom supported in some open set 2 of R® x R™. For any R =1 x J € m(Q),

let I(I),1(J) be the side-length of I and J, respectively. Suppose I; is the biggest dyadic cube
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containing I such that I1y x J C Q* = {x € R" xR™ : M(Xq)(x) > 1/2}, then I; x J € mq(Q2*).
Let J; be the biggest dyadic cube such that J; O J and I} x J; C Q" = {z € R" x R™ :
M(Xo+)(z) > 1/2}. Let R be the 10-fold dilate of I; x J; concentric with I; x .J;. Obviously,
the boundedness of the strong maximal function shows that | U R| < C|Q**| < C|Q*| < C|Q.
Set

laxallpreszny = [ awglade+ [ ax (o). 1)

UR (UR)e

Then, (19) and the size condition of (1,2)-atom a tell us

/~a_/\/"g(flf)d$ S C| U E‘l/QHGN’gHLQ(RnX]Rm) S C|Q|1/2||a||L2(Rn XR"") S C (22)
UR

To estimate the second part of the right hand in (21), we write

an g(z)dr < / (ap)ng(z)dx + / (ag)n g(x)dx =D + E.
/(UE)C o 2 L1001 ol 2 ’

Rem(Q) Rem(Q) 22¢10J;
We only estimate the term D, since the estimate of E is similarly. Let

D= Z / / / / (ar)ng(x)dz = Dy + Dy.

Rem(Q) 4 101, 22€10J  1¢101 22¢10J
For D1, by using Holder’s inequality and the L? boundedness of g function on R™, we have

Dl < C Z |J|1/2/ ||(a’R)N,g('CL‘1) ')HLQ(Rm)dJ,'l
Rem(Q) 1 101y
<C Z |J|1/2/ (/ sup ‘e—tlmaR(yl,$2)|2d$2)1/2dx1
Rem(Q) 1 €101 JR™ |zy—y1|<ti,t1<U(])
b S [ s et E () Pde)
Rem(Q) 1 €101 JR™ |z1—y1|<t1,t1>1(I)
= Dl,l —|— D1’2.

Let 21 be the center of cube I. Noting that x1 ¢ 101, 21 € I, if |x1 — y1] < t; < I(I), then

ly1 — 21| ~ |z1 — z1|. Tt follows from estimate (18) that

4
|e—tlmaR(,’x2)(yl)| < C/]R ( 1 e lar (21, 2)|d21

n (B +ly— 21
I(I) I(I)
= CW”CLR("xﬁHD(R") < C|IM? 2 lar (-, z2)||l L2 ®n)-

lz1 — |z —
Thus, by Lemma 2.1 and the size condition of product (1,2)-atom, we can obtain that
(I
R S ==y T L s
Rem(Q) wgion |71 — 21
<
< C Z |J|1/2|[|1/2||aR||L2 Rnka)/ r(L+)1 gy
Rem(Q) or(ry) "
el
< O Y IRManl agmm 1ok
R (1)
em()
< CC Y RPERNYZC Y llaglie@exzny)/* < C.

Rem(Q) Rem(Q)
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For the term D o, since z1 ¢ 1001, |21 — 31| < t1, I(I) < t1 and 21 € I, it is easy to check that
t1 + |y1 — 21| > |z1 — x1|/2. Therefore, we apply the definition of the product (1,2)-atom to

obtain
I(I)\2 _ _
e Panyn,aa)| < (S2) 1L VI (08 & Lbaln, w2)

1)

<ot )2/R : L © Lhbn(er, )i

ti+ [y1 — 21)
I(I) —270 o 71
WHZ(I) (L1 ® Ly)br(+ z2)[ L (). (23)

Thus, combining with Lemma 2.1, we have

<C

(I _
D, < C Y \J|1/2|I|1/2/ %dmnzu) 2(LY ® L)br| 2 (re xcm)
Rem(Q) wgion [T1 — 1]
1/2(711/2 2,70 1 < ()
< ¢ N0 MRV AL @ LY)brl| e xzm) ~ar
Rem(Q) i) T
1/2 —2/70 1 l(I)
< C Z |RIM=([I(1) (Ll®L2)bR||L2(R"><]R"")m
Rem(Q) 1
B 1/2 _ 1/2
< o X IrnA®) (X MDY @ LbalRe o cam))
Rem(Q) Rem(Q)
< clo <

Hence, the estimates of D; ; and D; o show that D; < C.

Let us estimate the term Ds. Suppose x is the center of J, write

5 dt
(aR)jZ\/g(x) < / / le™ 1YL @ ty\/Lae tzmaR (y1,22)] 272
' |z1— y1|<t1’t1<l(1 ta

1(J) dt
+ sup / +/ >|€7tlm Dt/ Loe™ Y 2ap(yy, w2) >
t1>1(I) ) 2

|z1—y1|<t1,
= D21+ D322+ D23+ Day.

Let

1(J) s dtQ
Ay :/ lta/Loe >V 2ap (y1, 22) P —
0
& J dt
Ay :/ ltay/Loe™ 2V 2ap (y1, 20) P 2.
100J) t2
Since xo ¢ 10.J, when t5 < I(J), it follows from (18) that

1 t dt
A4 < C 2 ,2)|dz)? =2
L= O e 21

1 ) 1(J)
< CW|GR(y17')L1(Rm,)A t2dt2
1(J)"
WHCLR(M, ')H%l(Rm).

When to > I(J), by the definition of the product (1,2)-atom as well as (18), we obtain
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|zo—w |
1 dt
i< [T (DY T ) L © Lol SE
) t2
* 3 —tovTarl N—2/71 o 70 dfz
[ (—2) (t2v/Lo)*e™*VEU() (LY @ LYbrlyr, v2) P2
= C/ / 1(J) (L1 ® LY)br (1 z)ldz)QdE
- 1) (t2 + |Z - $2|)m+1 e ’ t3
_ dt
)" 2(LE @ L9)b dz)2 =2
/Tz 2l / t2+|z—$2|)m+1| ()L ® Lo)brlun, )ldz) 3
()" - * 1
< Opry )0 © Ebn(on e ([ e
1(J)2 _
< ) ()AL © Lba(u, ) .

|zg — s [20mHD)
Then, by the estimates of A; and Aj, we can get the estimates of Dy, ¢ = 1,2,3,4. For
example, in the following, we estimate Dy 4. According to the estimate of A, and (23),

1(J)?

Dyy < y ‘S<11pt o Wﬂl( ) (e*tl\/LiLi®Lg)bR(y1,.)||%1(Rm)
1—21 1,01
1(J)? 1(1)°

S D) ALY © L)br(y1, ) s g e

Taking together the estimates of Do 4, + = 1,2, 3,4, we have

> |x2 _ xJ|2(m+1) |x1 _ x1|2(n+1

Z(I) Z(J) 1/2 2k72 2j—2 k 7
(aR)N’y( ) < C|x1 — xl‘n-&-l ‘$2 —xyJ |m+1| ‘ kg:o l(‘]) ”(Ll & L2)bR||L2(R"><]Rm)'
Hence, by Lemma 2.1 and the definition of product (1,2)-atom, as well as Holder’s inequality,
we obtain
]:)2 < Z ( |R|1/2 Z l 2/€ 2 2J_2||<Llf ®Lg)bR||L2(RnXRm)
Rem(Q) k,j=0
_g 1/2 Ak—4;, NAG—4) 1k o T3] 2 1/2
< o X ) (S ST Unt I © bl
Rem(Q) Rem(Q) k,j=0
< o~V 2 < c.

Combining with the estimate of D1, we estimate the term D. Then together with (22), we know
that (20) is proved. Thus, (17) holds. Therefore, (10) is proved. Hence, the proof of Theorem
3.1 is finished. O
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