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Some limit results on supremum of Shepp statistics for

fractional Brownian motion

TAN Zhong-quan’? CHEN Yang®

Abstract. Define the incremental fractional Brownian field Zg(7,s) = Bu(s + 7) — Bu(s),
where Bp(s) is a standard fractional Brownian motion with Hurst parameter H € (0,1). In
this paper, we first derive an exact asymptotic of distribution of the maximum Mg (Ty) =
SUP, ¢[0,1],5€[0,2Tw] 2H (T; 8), Which holds uniformly for » € [A, B] with A, B two positive con-
stants. We apply the findings to analyse the tail asymptotic and limit theorem of My (T) with
a random index 7. In the end, we also prove an almost sure limit theorem for the maximum

M ;5(T) with non-random index 7.

81 Introduction

In this paper, we are interested in the limit properties of the maximum of the Shepp statistics
for fractional Brownian motion (fBm). Let {Bg(t),t > 0} be a standard fBm with Hurst
parameter H € (0,1). In applied probability (see e.g., [3, 27]), the following random field
defined in terms of fBm plays an important role,

Zy(t,8) = Bu(s+71) — Bu(s), s,7€0,00).
The process {Zp(7;s), 7 > 0} is referd to as Shepp statistics in applied probability by various
authors, see for example [5,9,10,12,14,20-23,28].

Let

My(T) = sup Zy(1,8)

T7€[0,1],5€[0,T]
and denote by U(-) the tail distribution function of a standard normal random variable.

Paper [28] presents some asymptotic results on My (T') for the case H = 1/2.
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Theorem 1.1. IfT, is a positive constant such that limy T,u? = 0o and limy_, o TuuQ\I'(u) =
0, then

P (M, 5(T,) > u) = T,Hu®¥(u)(1 + o(1)), u— oo, (1)
and
T1313>0P (ar(Mio(T) — Br) < x) = exp{—e "}, (2)

with a positive constant H defined by
~ o . . 1 — a+b .
H = all)n;o b]il'goa e 2 E<exp < 81’2%}[(; Bl/g(t—i—s—l—a) Bl/g(t)>>

and
~ 1
ar =V2InT, Br=ar+a; ' In(H+ 2(lnlnT —Inm)).

Result (1) has been extended by [12] to the case H € (0,1/2) as follows:

Theorem 1.2. For any H € (0,1/2) and any fized T > 0

1

1/H ,
2) HEun 2 (u)(1 +o(1), u— oco. (3)

1
P(Mu(T)>u) =T (
Here Hop denotes the well-known Pickands constant (see e.g., [16,18,19]), which is defined
as Hog = limy_, HQH()\)/)\, with

Houw(\) =E (exp (E}é*,’i] V2B (t) — tQH)> .

Recently, [5] completed the above results, where the case of H € (1/2,1) was treated as an
application of their main result.

Theorem 1.3. For any H € (1/2,1) and any fized T > 0
P(My(T) >u) = THagun U(u)(1+o(1), u— oc. (4)

In this paper, we will make some extensions on the above results. Firstly, we derive an exact

asymptotic of P (Sup‘rG[O,l], 0.0 ZH(T:8) < u) as u — 00, where wy (u) is some function

swH(uw)e
defined later. Secondly, with rrioznivations from applications in queuing theory, insurance, and
hydrodynamics (see [15]), by using the first result, we extend Theorems 1.1-1.3 to the random
time case, ie. we will replace T by a positive random variable 7, which is independent of
{Bg(t),t > 0} and satisfies one of the following assumptions:

Al. T is integrable, i.e., ET < oc;

A2. T has regularly varying tail distribution with parameter A € [0,1), i.e., P(T > t) =
L(t)t=*, where L(-) is slowly varying at oo.

For some related studies, we refer to [1,2,4,6-8,17,29]. Thirdly, inspired by the second
problem, we also consider the limit theorem of the maximum of the Shepp statistics with
random index. Finally, we extended the second assertion of Theorem 1.1 to the almost sure
version. For some related results in this field, we refer to [24] and the references therein.

The paper is organized as follows. Section 2 describes the main results. The proofs of the
main results are shown in Section 3.
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82 Main results

Define "
5 (3) M A 20 (), H € (0,1/2);
wir(u) =mg (u) = Hu?¥(u), H=1/2

Hopu i U(u), He (1/2,1).
We state next our first main result:

Theorem 2.1. For any 0 < Ag < Ass < 00 and H € (0,1), we have
P(Mg(empg(u)) <u) —e *

uniformly for x € [Ag, Ax], as u — co.
As an application of Theorem 2.1, we have the following result.

Theorem 2.2. Let T be a positive random variable independent of {Bg(t),t > 0} with H €

0,1).
Ei) ]])07‘ satisfies Assumption A1, then we have
P(Mg(T)>u)=E(Twg(u)(l+0(1)), u— occ. (5)
(ii) If T satisfies Assumption A2, then we have
P(My(T)>u)=TA=XNP(T >mpu(u)(1+o0(1)), u— oo, (6)

where T is the Gamma function.

Remark 2.1. A similar result for the extreme of standardised Shepp statistics has been ob-

tained by [26], where the maximum is defined as

My (T) = sup  [Bu(s+7)— By(s)r
T€la,b],s€[0,T]

with 0 < a < b < co. Note that [By(s + 7) — Bu(s)]7~ is a locally stationary Gaussian

random filed.

It is intuitive that when 7 is a non-negative random variable, then there is a certain con-

nection between the result in (6) and the limit law for the normalised maximum.

Theorem 2.3. Let My (T) be defined as before and let T; be a nonnegative random process
such that T;/t — T in probability, as t — co. If further, By (t) and T; are independent, then

lim sup|P (ar (Mu(Tr) — fr) < x) —Eexp{-Te “}| =0, (7)

T—o0 TER
where ar = /2InT, and for H € (0,1/2)

1 3
Br = ar +az’ <(H — 2) InlnT + 111(2*3/2H§HH*1(27T)*1/2))

for H=1/2
1 ~
Br = ar + ap' (2 InlnT + 1n(7—[71'_1/2)>
and for H € (1/2,1)
1

1
b= (T Do)
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Remark 2.2. (i) Theorem 2.3 still holds if we do not impose the independence between By (t)
and 7p. We omit that result since it can be shown with similar arguments as in [11,25].
(ii) Let 77 = T in Theorem 2.3, we get the Gumbel limit theorem for My (T') immediately.

Our last result is as follows:

Theorem 2.4. Under the conditions of Theorem 1.1, we have

.1 [T .
Tlgrclx) lnT/l tl(at(Ml/Q(t)—ﬁt)gx) dt = exp{—e"} a.s.,

where I(-) denotes the indicator function and oy, By are defined in Theorem 2.3 for case H = 1/2.

83 Proofs

In this section, we give the proofs of the main results. In the following, C will denote positive

constants whose values may vary from place to place.

3.1 Proof of Theorem 2.1

The proof of Theorem 2.1 is split into two cases: case H € (0,1/2] and case H € (1/2,1)

and based on the following five lemmas. In this subsection, define n, := zmg(u).
Lemma 3.1. For any constant x € (0,1 — (Inu)?/u?] and H € (0,1), we have as u — 0o
P Z < =P Z < 1 1 8
(o, Zatro)<u)=P( _ mec  Za(r)<u)0rom) @
uniformly for x € [Ag, Aso)-
Proof. The result follows from Lemma 3.1 of [12].

Fix positive constants L and 6 € (0, L). For k > 1 and some constant x > 0 we define
I, =[x, 1] x [(k—=1)L,kL —9¢), I =[r,1] x[kL—9d,kL).

Setting
Ny
Km::[L}GI\L 9)
where [z] denotes the integral part of x, we have
K
[0,1] X [k, ng] = U (I UI;) UIk, 41, where I 11 = [k, 1] X [KzL,ng]
k=1

implying the length of the last interval |[K,L,ny]| < L. Since 6 and L are independent of u, we
can apply Theorems 1.1-1.3 for all rectangles I, and I}, respectively. In the sequel, K, always
refers to the definition given in (9).

Lemma 3.2. For H € (0,1), with the definitions of I, k > 1 it follows that for u — oo and
510
P < max Zg(1,8) < u) =P max  Zg(1,s) <u | (1+0(1)), (10)
T€[0,1],5€[0,n4] (T,S)eufillk

uniformly for x € [Ag, Aso)-
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Proof. By the construction of the rectangles we may write

P< max Zy(r,s) <u> = P max Zy(r,s) <u].
T€[0,1],5€[0,n4] (T,S)GU?ZJJI(I]@UI;Q)UIKI_Fl
Thus, in order to prove (10), it suffices to show that
I, := |P max Zg(r,s)<u| —P max  Zg(r,s) <u||—0. (11)
(T,S)EU?;I(IkUIz)UIKI+1 (T,S)EUleIk

uniformly for z € [Ag, Ax] holds as u — oo and § | 0. Since for all u large

P < max Zy(r,8) > u>
(7:8)

€U Uk, +1

1L,

IN

IN

7,8)ElK,+1

K,
ZP((m)aXI ZH(T,8)>U) —|—P(( max ZH(T,8)>U) . (12)
T,s)€l;
k=1 ’ k
By Theorems 1.1-1.3 the right-hand side of (12) is bounded by
K, L
CoKywg(u) + CLwg(u) = C6 " ngwpr (u) + Cn ngwp (u)

x x

Cz + Can(l +0o(1))

L
coMH (u)
Since L is a positive constant, we conclude that the right-hand side of (13) tends to 0 uniformly
for x € [Ap, Aso] as u — oo and § | 0. Thus (11) follows, and hence the proof is complete.

< cg +C, (1+o(1)). (13)

In Lemmas 3.3-3.5, we suppose H € (0,1/2]. As in [13] we shall apply Berman’s inequality
to prove that the maximum on the rectangles Iy are asymptotically independent. Since the
Berman’s inequality only holds for sequences of Gaussian random variables, for some small
d > 0 and any u, we define a family of grid points as follows. Let

qg=qu) = du~# and d= d(u) = (Inu)™*
and define the grid of points

sky=(k—1)L+1q and 7, =1— jq, (14)
with (75, s1,) € Ij for all integers j,1 > 0, £ > 1. These grid points are denoted simply by
(1,8) € I, NR for fixed k, without mentioning the dependence on u.

Lemma 3.3. Suppose H € (0,1/2]. If ¢ denotes the probability density function of a standard
Gaussian random variable, for the process Zy(7,s) we get for any k < K,
r (( max  Zy(1,s) <u—d?/u, max Zy(r,s) > u) =0(d" K1), (15)

7,8)ELLNR (7,8)€I}
as u — 0Q.

Proof. The proof is similar to that of Lemmas Al and A2 in [26], so we omit it.

Remark 3.1. When H € (1/2,1), the field Zg(7,s) degenerates into one dimension case in
some sense, so Lemma 3.3 doesn’t hold for case H € (1/2,1). We will see this point from the
proof of case H € (1/2,1) of Theorem 2.1 below.
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Lemma 3.4. For any H € (0,1/2] and any k > 1 we have as u — 0o

O<P< max ZH(T7S)<U>—P< max ZH(T7S)<U>—>O

(1,8)€EUIL,NR (1,8)€UIL
and also
K, Koy
0< P max Zg(r,s) <u | — P| max Zg(r,s) <u| —0,
<ITP (s 7o) <) = TP (e, 2060 <)

uniformly for x € [Ag, Aso)-

Proof. By Theorems 1.1-1.3, we have
P <( m;axl Zg(T,s) > u) =14+ o1))(L—-0)wnu(u)
7,8)€lE
for any k, as u — oo. We show now that for any k also
P ( max  Zy(r,s) > u) =(140(1))P ( max Zpy(r,s) > u)
(1,8)€ILNR (1,8)€I}
holds as u — oo. This is true since by Lemma 3.3 (set ug := u — d /u)

P( max Zg(T,s) > u) < P( max Zg(T,s) > ud>
(7,8) €1y (1,8)€ILNR

+P (( max Zg(1,s) <wug, max Zy(1,8) > u

7,8)EL,NR (7:8) €Tk

< (14+0@")p (( m)axI Zy(r,s) > ud>
T,8)€Ely

= (1+0(@@")P ((gr;)&g(lk Zy(T,8) > u)

(16)

(17)

(18)

)

using (ug)? = u? — 2d + o(u=?) for large u. From this result, it is easy to see that for large u

P (ud < max Zg(r,s) < u) = 0(1)d" (L — d)wg (u).

(1,8)€ILNR
Consequently,
0 < P( max Zg(1,s) < u) —P( max Zg(71,s) < u)
(r,5)€ELNR (1,8)EIL

(1,8)€ILNR (1,8)€ILNR

= P<ud< max ZH(T,3)§u>+P< max ZH(T,S)Sud)

—P( max Zg(7,s) < u)
(7,8)€I}

< O(dH)LwH(u)7

where d* = (d(u))® — 0 as u — oo, which completes the proof of (18).
Next, utilizing (19) we obtain

0 < P<( max ZH(T,3)§u>—P< max ZH(T,3)§u>

JEULLNR (r,5)€ UL,
Ky
= P Z <u)-P Z <
a kz:‘: ( <(r,sI)n€%§mR n(rs) < u) ((TIE)aé(Ik m(7,8) < u))
< O(d") LK wr (u)

(19)
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= O(dMnywg (u)
< 0" A =0

uniformly for z € [Ag, Ax], as u — oo, which completes the proof of (16). Since

K,
HP( max Zg(T,s) <u> HP(max ZH(TS)<U>
i (1,8)€EILNR

(7,8)€I}

K,
< ; (P ((T’Sr)neaﬁcm2 Zu(r,s) < u) - P ((T{I;?ék Zy(r,s) < u))

the proof of (17) follows easily with similar arguments.

Lemma 3.5. Suppose H € (0,1/2]. With the above definitions and properties of Z (T, s) we
have

=

p( max ZH(T,3)§u>—

o P( max ZH(T,S)SU)—H), u — 00, (20)
,8)EULLN

Pt (1,8)€ELLNR

uniformly for x € [Ag, Aso)-

Proof. The correlation function r(7,s;7’,s") of Zg (7, s) equals

r(r,s;7,8") = o i IH[|8+T—S/|2H—|—|S—SI—7’/|2H—|8—|—T—SI—7’/|2H—|8—SI|2H] (21)

and thus by Taylor expansion

1
o (L oM)(ls +7 =" = 7P 4 s = 5'[*7)

as 7,711, s—s = 0and 7 — 7 — 0. Applying Berman’s inequality (see [16,19]) we have

P( max  Zy(t,s) <u> HP( max ZH(T,S)SU)

(7,8)EUIL.NR (1,8)€ELLNR

r(r,s;7',8)=1-

Ko
P < max  Zg(r,s)r 1 < UT_H> - H P ( max  Zy(r,s)7 7 < UT_H)
(7,8)EUIL.NR (1,8)EILNR

D S 3 L A I
>~ r ijsk,l77—jvsk/,l’ exp | —
kAR (755, € NR 2(1+T(TJ’S‘““ 7 Sk0))
(le.,sk,yl/)elgcﬁﬁ
u2
< Z Z |7(75, Skyis Ty Sk ) exp | — , :
5 J ; 1+’I"( . '7sk/,l/)

Ti, S T
k#£k! (7j,55,1)€NR 725k T

(ij.sk,yl,)elgcmz
Since [sg, — skrir| > 0 by definition, (75, sk, 7}, sk/) < p < 1. In view of (21) for any 7,7’
with0<rk<7,7 <1
r(r,s;7,8) < Cls — s'|2H 2
for all s,s" with |s — §'| sufficiently large. Consequently,

sup 7(Tj, Sk,05 T}, Sk 1) < cs?
[ski—=spr 1|2

for A\ = 2H — 2 < 0, if s is large. Here we only deal with the case H € (0,1/2), since the
case H = 1/2 is obvious. Set 8 < (1 — p)/(1 + p) and split the last sum into two parts S;
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and Sy with [sg; — spr /| < nf and |sg; — sg /| > 2, respectively. For the first sum there are
n}jﬁ / ¢* combinations of two points Sk, Sk, € Uply. Together with the 7; combinations there
are (n17%/¢%)(1/¢%) terms in the sum S;. Note that
nywg(u) = 0(1), u— oo,
which implies for H € (0,1/2)
u? =2Inn, + (2. —3)Inlnn, + O(1).
Thus, S is bounded by

n;-ﬂ-ﬁex <_ u2)
P ey,

pexp <(1 + B8)Inn, +4In[1/21n(2Inn, ) (2Inn, ) /2H] — 2(11—:_0;()1)) lnnw>

2(1+o0(1)) In[1/2In(2Inn,)(21nn,) 2"
1+p 4 Inn, D

0 n[(2In(Asmp (u)))/2H+1
p exp <(1n(AoomH(u))) [(1 +B) — 2(11++ ;()1)) +41 21 gf(Aoanfl(i)))) ’ ]]) -0

uniformly for @ € [Ag, Ax], as u — oo since 1 + 8 < 2/(1 + p) by the choice of 8, using
d=(Inu)"' and ¢ = du=/H,
For the second sum Sy with |sg; — sk /| > nf, we use that

IN

— pe (o) [0+ 5) -

IN

! A
sup T(Tj7sk,l77j7sk’,l’) S Cng 5
sk,1—spr 111>

with A\ = 2H — 2 < 0. In this case there are (n,/q)? many combinations of two points

Sk, Sk € Uka Hence S5 is bounded by

nB 21 p( u? )
T ex
2 q? 1+Ccn?

< Cexp < Anng +2Inn, +41n[1/2In(21Inn,)(2Inn, ) /2] — 21(1—|—+C(')75;) lnnw)
B 2(1 4 o(1)) In[1/21n(2Inn,)(21nn,)2H]
= Cexp < Inn,) {5)\ +2- 14+ O +4 Inn, )]>
2(1+o(1)) In[(2 In(Acomr (u))) /2]
< Cexp <( Acomp (u))) [5)‘ +2- 1+ C(Asompr(u))BA 4 In(Accmp (u)) ]>

< Cexp ((In(Acomp(u))) [BA+0(1)]) = 0, u— o0

uniformly for x € [Ag, Ax], since A < 0, thus the proof is complete.

Proof of Theorem 2.1. Case H € (0,1/2]: First note that by the stationarity of Zy (7, s) with
respect to the second component, Theorems 1.1-1.3 and the definition on K, we have

Ko

HP (( m;axl Zu(tys) < u) ~  exp <—K$P< max Zg(7,s) > u))
7,8)€lk

k=1

(7,8)€Iy
~ exp (—Ko(L — 0)wn (u))

— exp(—z), 010, u— oo,
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uniformly for = € [Ag, Ax]. Since further by Lemmas 3.1-3.5 as u — oo

P max Zy(t,s) <u ~ P max Zy(t,s) <u
<(‘r,s)6[0,1]><[0,nz] H( ) ) <(‘r,s)6[n,1]><[0,nz] H( )
)

s)
~ P< max  Zg(t,s <u>
<u

(1,s)€URI

~ p( max  Zutrs) <)

(1,8)€EULILNR

Ko
~ HP( max ZH(T7S)<U>
e (1,8)€ILNR

uniformly for = € [Ap, Ax], the claim follows.
Case H € (1/2,1): First, noting that Zy(1,s) = B (s+1) — By (s) is a stationary Gaussian
process with correlation function r(¢) satisfying
1
rt) = 1P [ — 1P 22
= 1|t +o(|t*)
ast — 0, and
r(t) <1, for t#0.
Thus, by Pickands theorem (see e.g., [16,18,19]), we have for any fixed h > 0
P ( sup Zg(1,s) > u> = WHoru H W (u)(1 + o(1)), (22)
s€[0,h]
as u — o0o. Furthermore, it is easy to check that
()] < Cl*72,
as t — 00. So by Lemma 4.3 of [2], we have for each 0 < Ay < Ase < 0
r ( sup  Zp(l,s) < u> —e "’
sE|

0,xm g (u))

uniformly for z € [Ag, Ax], as u — o0. So, by Lemma 3.1, if we can show that

P ( sup Zy(r,s) < u) - P ( sup  Zp(l,s) < u>

—0

T€[kK,1],s€[0,2m g (u)] s€[0,zmpu (u)]

holds uniformly for x € [Ag, Ax], as u — oo, then Theorem 2.1 is proved. Note that

P sup Zy(r,s)<u|—P sup  Zp(l,s) <wu
T€[k,1],s€[0,xm g (u)] s€[0,zmp (u)]

P ( sup Zg(T,s) > u> — K,P ( sup Zu(t,s) > u)

T€[k,1],s€[0,xm g (u)] T€[k,1],5€[0,L—3)

IN

+

K,P ( sup Zg(T,s) > u> — K,P ( sup  Zpu(l,s) > u)

T€[k,1],5€[0,L—0) s€[0,L—9)

+
s€[0,xmpg (u)] s€[0,L—0)

= PI+P+ P

P < sup  Zu(l,s) > u> — K,P ( sup  Zpu(l,s) > u>
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For P, we have

P( sup ZH(T,8)>u>—P< sup ZH(T,3)>u>|
) (

T€[r,1],5€[0,2mpy (u 7,5) UL

P <

+

P sup Zg(r,8) >u | — K, P sup Zy(r,8) >u || =: P11 + Pia.
(1,8)€UI} T€[k,1],5€[0,L—0)

By Lemma 3.2, we have Pi; = o(1) uniformly for = € [Ag, Ax], as u — co. To bound Pia,
define the Gaussian random field

Y(r,8,7,8)=Zy(r,s) + Zu(r',s).
It is easy to see that the Gaussian random field has the variance function on Iy x I;

Var(Y(r,s,7’,5"))

T+ +2r(r, 5,7, 8) <2+ 2r(r, 5,7, )
4— (1 +oM)(|s+7—5 =7 +|s = s'[*7).

By the stationarity, we have

Py < ZP sup Zg(r,s) >wu, sup Zg(1,8) >u
Py (1,8)EIL (7,8)€l;

IN

ZP( sup Zy(r,8) + Zy(r',s) >2u>

k#l (T,S,T’,S’)le xI;
= D PO+ > pl)
lk—l|=1 h—1]>1
Note that Var(Y (7,s,7',5")) < 4—2(1—¢)6 for some € > 0 when |k—1| = 1. Thus, by Piterbarg
Theorem (see e.g., Theorem 8.1 in [19]), we have
S P() < CKuMU(2u//4-2(1 - <))

|k—1]=1
< CKrUQ/H\I,(u)e—i(l—s)Suz
< CnuH0(u)o(1)
< Aso(l),

using ngu# ~tp(u) = O(1). When |k — I| > 1, the distance between I, and I, is at least L. So
we have Var(Y (7,s,7',5")) <4—2(1 —¢)L for some ¢ > 0. Applying Piterbarg Theorem again,
by choosing the constant L > 135 we have

Y P() < CKHM(2u/\/4-2(1-¢)L)
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< Aso(1),
using npu i~ 'p(u) = O(1) again. Thus, P, = o(1) uniformly for 2 € [Ag, As], as u — co. By
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the same arguments, we can show that P; = o(1) uniformly for = € [Ag, Ax], as u — co. For
P,, by Lemma 3.1, Theorem 1.3 and (22), we have

P, < K,|P sup Zi(1,8) > u | — (L = 0)Hopu/H W (u)
T€[k,1],s€[0,L—0)
+K, |P < sup  Zy(1l,s) > u> — (L = §)Hopu W (u)
s€[0,L—9)
< 2LK Hopu'/ T (u)o(1)
< 2A,0(1).
Thus, P, = o(1) uniformly for = € [Ag, Ax], as u — 0. O

3.2 Proof of Theorem 2.2

Since the proof of Theorem 2.2 is the same as that of Theorem 3.2 of [2], we omit the details.

3.3 Proof of Theorem 2.3

By Theorem 2.1, it is easy to check that
P(ar (Mu(T) = fr) < x) —exp{—e""}| =0

holds. Noting that the following convergence

lim sup
T—00 zcR

T 51, ar(ar —Br) > I T
QTr
holds in probability, then it is easy to see that
@
Plar (Ma(Te)~pr) <0) = P (7 ar, (Mu(7r) - fr) + ar(br, — fr) <)
T

— P(A+InT <),
where A is a random variable with Gumbel distribution function being further independent of

T, and thus the proof is complete. O

3.4 Proof of Theorem 2.4

Let M([l,t]) = sup.cpo1 seftg Z1/2(7,8) and n(t) = I(M([1,1]) < w) — P(M([1,1]) < uy)
with u; = B¢ + a; 'x. Notice that 7(t) is a real-valued random process with continuous and
bounded sample paths and Var(n(t)) < 1. First, we estimate Var( flT in(t)dt). Clearly

1 T ?
Var ( / n(t)dt) B ( / n(t)dt)
1 t 1 t
2// E(n(l)n(t))dtdl.
1<I<t<T It
For 1 <1<t <T, write

[EmOn®)] = |Cov(I(M([L,1]) < w), I(M([1,1]) < ut))l

IN
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< |Cov(I(M([1,1]) < wp), [T(M([1,4]) < ug) = I(M ([ + 1,2]) < ug)])|
+ |Cov(I(M([1,1]) < us), I(M([l,1]) < ur))|
< 2E(M([L1]) <up) = I(M([1+1,8]) < )]
1

+ |Cov (I (M(]
= Wi+ Wipa.
Noting that M([1,1]) and M ([l + 1,t]) are independent, we have W, o = 0. For W, 1, using the
fact that for fixed s, Z;/5(-, s) is a stationary process and by Theorem 1.1, we get that

E[I(M([1,1]) < ug) = I(M([l +1,1]) < u)|
=P(M([l +1,1]) < us) = P(M([1,1]) < uy)
= P([l 4+ 1,¢]) < ugy, M([1,€]) > us)

< P(M([1,1+1)) > w)

< IP(M(]0,1]) > us) by the stationarity
< lwy a(ug) by Theorem 1.1

) <), IIM([1+1,1]) < uy))

l
= thlur)

x

l
< Ct7 using the condition that twy /o (us) — e~

C// tdldt
1<i<e<r Ut

CInT < C(InT)*(InlnT)~ 4+,

Consequently

Wi

IA

IN

Hence
1
Var / ()t | < C(in T)?(InlnT)~(+),
1
From Theorem 1.1, we have
tlirn P(M([1,t]) <wu) = tle P(M([0,t]) < uy) = exp{—e"}.
Clearly, this implies

< = —e "L
dm L / POM([1,1)) < us)dt = exp{—e—7} (23)
Now, the result of the theorem follows from Lemma 3.1 in [24] and (23). O
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