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Some properties of the psi function and evaluations of v

QIU Song-liang ZHAO Xue

Abstract. In this paper, the authors show some monotonicity and concavity of the classical
psi function, by which several known results are improved and some new asymptotically sharp
estimates are obtained for this function. In addition, applying the new results to the psi function,
the authors improve the well-known lower and upper bounds for the approximate evaluation of

Euler’s constant ~.

81 Introduction and notation

For real and positive values of z, the real Euler gamma and psi functions are defined as
I R _ I'(z)

I'(z) = /0 t* et Y(x) = I'(z)’ (1)
respectively. For their extensions to complex variables and for their basic properties, the reader
is referred to [1,6,15]. It is well known that these functions have many applications to various
fields of mathematics [1,6,15] as well as to some other disciplines. During the past several
decades, many authors have obtained various properties and inequalities for these functions (see
[2-18] and bibliographies in these papers). Keeping with this tradition, we here present some
monotonicity and concavity of the psi function, from which its asymptotically sharp estimates
follow. Applying our new results to the psi function, we improve the known approximate
evaluations of Euler’s constant .

It is well known that Euler’s constant [1,6.1.3 & 6.3.2]

v = li_>m dp, dp —y=v(n+1)—logn (2)
for n € N, where d,, = >, _,(1/k) —logn. S.R. Tims and J.A. Tyrrell [17] obtained the bounds
1 1
dn - ) Z 27
on+1) ~ T Sy "
which was improved by R.M. Young [18] as
1 1
d, — _meN.
on41) STV S g ME )
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In 1995, G.D. Anderson et al.[5] proved

1-— 1
T <dy—y< . ,meN, (4)
n 2n
while H.Alzer [4,Theorem 3] improved (4) to the following double inequality
1 1
<d,—-—7v< , neN, 5
2n+a) =" TS oy " (5)

where o = 1/[2(1 — )] and 8 =1/6.

In [16,Theorem 2.1], it is proved that for z > 1,

1 1 2vy—1

logx — < (z) <logx —

2z 12x2 2x 222
from which the following estimates follow [16,Corollary 2.13]
1 « 1 I}
— dn —v < -, N, 7
o m2 " TS on T2 E @

with equality if n = 1, where the constants « = 1/12 and § = v — (1/2) are best possible.

In the sequel,let ((x) stand for the Riemann zeta function. We now state our results.

Theorem 1.1. (1) Let a = (72/6) +v—2=0.2221---, B = (72/6) + 1 — 2((3) = 0.2408 - - -
and fi(z) = 22 (x + 1) — ap(z + 1) +log'(z + 1). Define the function fo on (0,00) by

fa(x) = [fr(z) — o]/ logz for x # 1,

f2(1) = lim fo(a) = f1@) = 5.

Then f1 and fa are strictly increasing on (0, 00) with ranges f1((0,00)) = (0,00) and f2((0,00))
= (0,1/2). Howewver, fi is neither convex nor concave on (0,00). In particular,

a—i—ﬁlogwﬁfl(x)ga—l—;logx (8)
for x € [1,00), and

max{0,a+ flogz} < fi(z) < « (9)
for x € (0,1]. Equality holds in each instance if and only if v = 1.

(2) Let f3(x) = 2[zp(z + 1) —logl'(z + 1)] — 22y’ (z + 1), ¢ = 2¢(3)/3 = 0.8013---, C =
f3(1) =2(1—7)+1—(72/6) = 0.2006 - - - and D = f}(1) = =" (2) = 2[¢(3) — 1] = 0.4041 - - -,
Then f3 is conver on (0,00), fa(x) = fs(x)/log(x + 1) is strictly increasing from (0,00) onto
(0,00), while fs(x) = f3(x)/z3 is strictly decreasing from (0,00) onto (0,c). In particular, for
all x >0,

P(z) < f3(x) < Q(x), (10)
where P(z) = Cx® (C+D(z—1)) and Q(x) = min{cx?®, Dz} (min{Cxz3, C+z—1} for0 <z < 1
(1 <z < o0, respectively), with equality in each instance if and only if x = 1.

(3) Let fo(x) = [fs(z) — C]/logx for x # 1 and fe(1) = lim,_,1 fo(x) = D. Then fs is
strictly increasing on (0,00) with f6((0,1)) = (0,D) and fs([1,00)) = [D,00). In particular,

22/ (x + 1) + max{0,C + Dlogz} < 2[ztp(x + 1) —logT(z + 1)] < C + 2% (x +1)  (11)
for z € (0,1], and

2z(z + 1) —logN(x +1)] > C + Dlogz + z°¢/ (x + 1) (12)
for x € [1,00). Equality holds in each instance if and only if x = 1.
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(4) Let fr(z) = 2%/ (x +1)/[zp(z + 1) —log['(z + 1)]. Then for z € (0,00),
1= fr(00) =inf{f7(z) : 0 < 2 < 00} < fr(x) <sup{fr(z) : 0 <2 < oo} = fr(07)=2. (13)
]

Our following result improves (6) and (7).

Theorem 1.2. (1) The function fs(x) = 2*[¢(z) — logx + 1/(2z) + 1/(1222)] is strictly
increasing from (0,00) onto (0,1/120). Moreover, fs is neither conver nor concave on (0,00),
and fo(x) = fs(x)/2? is strictly decreasing from (0,00) onto (0,1/12).
(2) The function fio(x) = 22[(1/120) — fs(z)] is strictly increasing from (0,00) onto
(0,1/252). In particular,
1 1 1 1 1 1 1

logz — — — _ logz —  — 14
0BT =5 T 19p2 T 90pt T agags < V@) S1BT =y = s 0 F oge (14)
for z € (0,00).
(8) Forn € N,
1 1 1 b 1 1 1 a
— - dy—~v< - — e 15
on 1202 T 120n4  nS TS 90 T 1on2 T 120n8 T pe (15)

where the constants a = f19(1) = v — (23/40) = 0.00221--- and b = 1/252 = 0.00396 - - - are
best possible. The equality holds if and only if n = 1. |
82 Preliminary results

In this section, we establish a technical lemma needed for the proofs of our main results. In
the sequels, we shall often apply the expression [1,6.3.21]

1 o t
—logz — . —2 1
Vo) =logz =, /0 (12 + a?)(exrt — 1) " (16)
for x € (0,00), by which the following formulas hold:
) 11 /°° '
= 4 dt 1
Y () " + 92 +ax , (12 +a2)2(e2mt — 1) (17)
” 11 /°° t(t? — 32?)
=— _ - 4 dt 1
V(@) 22 23 + o (12 + 22)3(e2mt — 1) (18)
and
2 3 o0 t(x? —12)
" (z) = 4 . 1
" () o3 T T 83:/0 (12 + 22)A (27t 1)dt (19)

Lemma 2.1. (1) For each a € (0,1), the function Fy(z) = x(e®/® — ¢2®)/[(e*® — 1)(€*/* — 1))
is strictly decreasing from (0,00) onto (0, (1 — a?)/a).

(2) The function Fy(z) = 2?['(x + 1) + 29" (x + 1)] is strictly increasing from [0,00) onto
[0,1/2). However, the function F3(x) = Fa(x)/x is not monotone on (0, 00).

Proof. (1) By I’'Hpital Rule, one can obtain Fy(0) = (1 — a?)/a. It is easy to get Fy(oo) = 0.

Set t = e/ € (1,00),b = a2, Fy(t) = (t — t*)logt, F5(t) = (t* — 1)(t — 1) and Fs(t) =
[b(1 — b)logt + t'=0 + 1 — 2b]/[(1 + b)t + 1 — b]. Then Fy(1) = F5(1) = Fj(1) = Fi(1) =
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Fg(1) — (1 = b) = Fs(o0) = 0, Fi(z) = aFy(t)/F5(t), and

Fi(t 1—btP"Ylogt — =1 +1 FJ/(t) 1
F28 = (1 —i—b)t)b —gbtb 1 1+ ’ 8 p o) (20)
[(14+b)t — b+ 12Fi(t) = Fr(t), (21)
where
Fr(t) = (1=b)[A+bt—b+1]t " +bt") =1+t +b(1—b)logt+ 1 — 2b]

= b+t + 1 =02+ b1 — )2 —b(1 — b)) logt — (1 +b)(1 — b+ b?).
It is easy to obtain the limiting values F7(1) = 0 and F7(00) = —oo. Since
2F(t) = —b(1 = b)(t" " + D[(1+b)t + (1 —d)] <0
for all t € (1,00) and a € (0,1), F7 is strictly decreasing from (1,00) onto (—o0,0). Hence
the monotonicity of Fy follows from (20), (21) and the so-called Monotone 'Hépital’s Rule [6,
Theorem 1.25].

(2) Since [1, 6.3.5],
Y(x+1)=v()+1/z, (22)

it follows from (17) and (18) that

Fy(z) = a” { [w'(x) ~ ;2] +a [u/’(x) + ;3]} = ; + 8963/000 " ;5;2%;;2 e

Putting ¢t = zu, we have

1 e ru(u? — 1)
F = d
2(2) 9 + 8/0 (14 u2)3(e2mu — 1) u

1 ! ru(l —u?) e ru(u? — 1)

= -8 du + 8 d
2 A (1 + u2)3(e27ra:u _ 1) u+ /1 (1 +u )3(627ra:u _ ) u
1 ! ru(l — u?) ! ru(l — u?)

= -8 d 8 d
9 /0 (1 + u2)3(e2mau — 1) U+ /0 (1 + u2)3(e2me/u — 1) u

_ 1 4 /1 xu(l _ u2)(e27ra:/u _ e27rwu) i
2 0 (1 + u2)3(627rrcu _ 1)(627rrc/u _ 1)
14 (tul—u?)
5 . /0 (1 + u2)3 Fy(27x)du,

where F} is as in part (1) with a = u, so that the monotonicity of Fy follows from part (1).

By part (1),
1 1 4 L1 —u?)?
F: = Fy(0")= _ — "I, where I = du.
5(00) o 2(0™) o — 1> Where /0 (14 22)? u
Set w = tanv. Then, (1 —u?)?/(1 4+ u?)3 = (cos?v)(2cos? v — 1), du = (cos™2 v)dv and

/2 /2 -
I = 2/ cos* vdv — / coslvdv =
0 0 8

Finally, the conclusion for Fj follows from the fact that F3(0) = F3(c0) = 0. O

so that F»(01) = 0.
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3 Proof of the main results

In this section, we prove the main theorems stated in Section 1.

Proof of Theorem 1.1. (1) Clearly, f1(0) = 0. By the asymptotic properties of T'(x) and (z)
(see [1, 6.4.12, 6.3.18 & 6.1.41]), one can obtain fi(c0) = oo.
Differentiation gives
file) = z[(z + 1) + 29" (x + 1)] = Fy(x),
where Fj is as in Lemma 2.1(2). Hence, by Lemma 2.1(2), f; is strictly increasing from (0, co)
onto (0,00), and is neither convex nor concave on (0, 00).

Clearly, f1(1) = a. Let G1(z) = fi(z) — « and Ga(z) = logz. Then G;1(1) = G2(1) = 0,
fa(x) = G1(2)/Ga(x) and G (x)/GL(x) = Fa(x), where Fy is as in Lemma 2.1(2). Hence the
monotonicity of fa follows from Lemma 2.1(2) and [6, Theorem 1.25]. The remaining conclusions
in part (1) are clear.

(2) Clearly, f35(0) = 0. By [1, 6.3.18, 6.1.41 & 6.4.12], one can obtain the limiting value
f3(00) = co. Differentiation and [1, 6.4.1 & 6.4.10] give

fi(x) = —2%" (x + 1) = 222 ,; (n—&x)3 = /0 eu;;/x_ 1ue*“du, (23)
which is clearly strictly increasing from (0, co) onto (0, 1), and hence the convexity of f3 follows.

By (23), we have

) e = e [T e (24)
dx

which is strictly increasing on (0, 00), and hence the monotonicity of f4 follows from [6, Theorem
1.25).

Clearly, f4(0%) =0, and by [1,6.4.13 & 6.4.14], f4(c0) = oo.

It follows from (23) that

B@ 1L, & 1
dcf(aﬁ) __3¢ (w+1)= 3;(n+x)3’ (25)

which is clearly strictly decreasing from (0,00) onto (0,c¢), and hence the monotonicity of f5
follows from [6,Theorem 1.25]. By (25), the 'Hopital’s Rule and [1,6.4.2 & 6.4.13], f5(07) = ¢
and f5(00) = —(1/3) limy 00 ¥ (z + 1) = 0.

By the monotonicity of f4, we have

0< fi(z) < fi(1) = D, for z € (0,1), (26)
and
D < fi(z) < 1, for z € [1,00). (27)
Integrating (26) from 0 to z, we obtain
0 < f3(z) < Dz, for z € (0,1). (28)

Similarly, integrating (27) from 1 to x, we obtain
D(x —1) < f3(z) — f3(1) <z —1, for xz € [1,00). (29)
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On the other hand, it follows from the monotonicity of f5 that
Cz® < f3(x) < ca®, for x € (0,1),
and
0 < f3(x) < Ca®, for x € [1,00).
The double inequality (10) now follows from (28)—(31). The equality case is clear.
(3) By differentiation and (23),
EE@ ) [l
0

—uy
I (logz) eu/z 1" T

(32)

which is strictly increasing on (0, 00), and hence so is fg by [6,Theorem 1.25]. The remaining

conclusions in part (3) are clear.
(4) Applying 'Hopital’s Rule and [1, 6.4.12 & 6.4.13], we have

: "(x+1) (x4 1)
Hogpim T Ty — 241 —1.
FODZ2HI e yry =2 22 e )
By part (1),
22 (x+1) > ap(x +1) —logl'(x + 1), = € (0,00).
(13) now follows from (33), (34) and (10).
In [2, Lemma 2.1], it was proved that
N
> 0 f € [1,4),
T; (n+2)° or z € [1,4)
which can now been improved to the following conclusion by Theorem 1.1(1).
Corollary 3.1. For all x > 0,
N n—x 1
0 .
< 712::1 (n+x)3 < 942
Proof. By [1, 6.4.10],
/ — 20 1 " N = F — 22 n—
@) =P+ 1) 4 D = Py =22 3 (R

and hence (35) follows from Lemma 2.1(2).
Remark 3.2. Theorem 1.1(1) also improves Lemma 2.6 in [2] and simplifies its proof.

Proof of Theorem 1.2. (1) By (22),
1 1 1
) — i 4 — — =
fs(0T) = %mbx [w(x +1) . logx + 95 + 12332] 0,
while fs(o0) = 1/120 by [1,6.3.18].

Differentiation gives
1
o) = 42%0(0) = toga + o) — ||+ St ¢

Hence, by (16) and (17), it follows from (36) that

M) = i@ = =1 [ L) o

T e?mt — 1
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where Hy(z,t) = 2%(2? + 2t2)/(t? + 22)2. Clearly, H,(0%) = 1/6. Since [1, 6.4.1]
tnefwt

$ () = (~1) / ", (38)
0o 1l—e
1 > t 1 1 [ uye ¥
H = 4 dt = — d
(o) 6 /0 ert 17T 67 g2 /0 1 —e—u®™
1 1

I 11
= — 1=~ — =0
6 w2 v 6 w2 T; n? ’
where u = 2xt. It is easy to show that Hs is strictly increasing in = on (0,00) so that H; is
strictly decreasing from (0, 00) onto (0,1/6). The monotonicity of fs now follows from (37).

It is easy to obtain the limiting values f§(07) = fi(oc0) = 0 by (36). Hence f§ is not
monotonic on (0,00), so that fg is neither convex nor concave on (0, 00).

Since (@) ) )
€T /
d8(x2) = 2xf8(x) =

the result for fy follows from [6, Theorem 1.25] and the monotonicity of Hj.
(2) Let y = 1/x, H3(y) = (1/120) — fs(1/y), and Hy(y) = y*>. Then H3(0") = Hy(0) = 0,
fro(z) = Hs(y)/Ha(y), and

H'(y)_ T, /1y 1 1 ,
i = B () = g al0) = J o) (39)

Hl(x)v

By (37),
1 o t
— 4 _ 4
Hy(r) = Hy(a) = g 4/0 mt_y Hol ),
where Hg(z,t) = 2*Ho(z,t) = 25(2? 4 2t2) /(1 + 22)2. Let Hy(x) = Hs(y/x). Then

1 1 o t
L) = Hyw) = ) -8 /O oty Hol ), (40)
where Hg(z,t) = x(3t* 4 3zt? + 22)/(t* + ). Since
OHy 3t°

or (2 +x)¥
Hy is strictly increasing in z on (0,00) so that Hg is strictly decreasing on (0,00). Clearly,
Hg(0%) = 1/3. On the other hand, we have

Hy(oo) = - —8 b=t 2 "
3 0 0 h

e?mt — 1 3 72
with u = 27t, and hence by (38),
12 1 21
H =_ - "1)=_ — E =0.
8(00) 3 7_(_21/} ( ) 3 w2 — n2 0

Therefore, by (40), H7 is strictly increasing on (0, 00), and so is Hs. This yields the monotonicity
of f10 by (39) and [6,Theorem 1.25].

Clearly, fio(0") = 0. By [1.6.3.18],

1
_ 1 6 _ _
Fro(o0) = = lim 2% 1(z) —loga + o 4 15 2 = 190,

The double inequality (14) is clear.

1 1] 1
2527
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) Since

1 1 1
fom) = n° { 120nt [w(") ~logn+, + 12n2”

1 11
_ 6 _ _ _
- {120n4 [w("ﬂ) logn =, * 12n2]}

1 1 1
6
" [120714 ( M+ 2n 12n2}

by (2) and (22), we have

a = flO(]-) < flo(n) < b, neN

by part (2). Hence

a 1 (d )+ 1 1 < b
. gt = ao0pd T o g2 S0 .
for n € N, with equality 1f and only if n = 1. This yields the double inequality (15) and its
equality case. 0
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