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Hyper-exponential jump-diffusion model under the

barrier dividend strategy

DONG Ying-hui CHEN Yao ZHU Hai-fei

Abstract. In this paper, we consider a hyper-exponential jump-diffusion model with a constant
dividend barrier. Explicit solutions for the Laplace transform of the ruin time, and the Gerber-

Shiu function are obtained via martingale stopping.

81 Introduction

In recent years, the ruin problem and the issue of dividend payment strategies have been
received remarkable attention in the actuarial literature. Under a barrier strategy, when the
surplus of an insurance company reaches a barrier level, premium income no longer goes into
the surplus but is paid out as dividends to shareholders. Such a dividend-payment strategy was
first discussed in De Finetti (1957) for a Bernoulli model. In this paper, we consider the classical
problem of dividend payouts from a firm according to a dividend-barrier strategy, where the
excess of the firm asset value above a threshold barrier will be automatically paid out to the
shareholders.

Given a filtered complete probability space {2, ¥, {S¢}, P}, all random variables and stochas-
tic processes of this paper are assumed to be defined on it. Consider the surplus process of the
insurance company modeled by:

N(t)
Xp=u+ct+oWi+ > ZiZu+ct+oW, + 5, (1.1)

i=1
where u > 0 is the initial surplus, ¢ > 0 is a constant, o > 0 is a diffusion coefficient, {W;;t > 0}
is a standard Brownian motion, {N(¢);¢ > 0} is a Poisson process with intensity A > 0, {Z;,7 >
1} is a sequence of independent and identically distributed random variables. Furthermore, it
is assumed that {N(¢);t > 0}, {Z;,i > 1} and {Wy;¢ > 0} are mutually independent. If the
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jumps {Z;,7 > 1} are negative, then the risk model (1.1) reduces to the classical risk process
perturbed by diffusion introduced by Gerber (1970) in insurance mathematics. In this paper,
we consider a modified version of (1.1), in which the jumps are assumed to be two-sided. As
explained in Labbé, et al. (2012), if Z; is negative, then it is interpreted as a claim, while it
represents income from deceased annuitant if Z; is positive. Many authors considered this kind
of models, see for example, Zhang, et al. (2010) and Yuen and Yin (2011).

In recent years, studies of an insurance risk model have in general been focusing on analyzing
the Gerber-Shiu expected discounted penalty function, which was first introduced by Gerber
and Shiu (1998), and Gerber and Laudry (1998) to analyze the quantities, such as the time of
ruin, the surplus immediately before ruin and the deficit at ruin, in a unified manner. It has
proven to be a powerful analytical tool. The Gerber-Shiu function has been fully studied in
the compound Poisson risk models, and the one-sided jump-diffusion models with and without
dividend. Interestingly, Zhou (2005) made use of the fluctuation theory of Lévy processes to
obtain a representation of the Gerber-Shiu function for the Cramér-Lundberg risk model with
the barrier dividend strategy. But it is in general not easy to give a closed-form formula for the
Gerber-Shiu function in a two-sided jump-diffusion model with the dividend strategy.

The double exponential jump-diffusion model is a special case of the jump-diffusion model
with two-sided jumps which has been studied in finance by many authors due to its analytical
tractability. By connecting the ruin problem of the ex-dividend risk process with the first
passage problem of the Lévy process reflected at its running maximum, Bo, et al. (2012) gave the
explicit expressions for the Laplace transform of the ruin time and the distribution of the deficit
at ruin under the double exponential jump-diffusion model with a barrier dividend strategy.
The hyper-exponential jump-diffusion model is a generalization of the double exponential jump-
diffusion model. In fact, the hyper-exponential distribution is rich enough to approximate
many other distributions, including any discrete distribution, the normal distribution, and
various heavy-tailed distributions such as Gamma, Weibull and Pareto distributions. In this
paper, motivated by Bo, et al. (2012), we consider the Gerber-Shiu function under the hyper-

exponential jump-diffusion model with a barrier dividend strategy.
Assume the jump distribution has the common density function given by
m m
=p Zpiaie_aizl{xzo} +q)_ aiBie” " 1gcoy, (1.2)
i i=1

WhereO<p7q<1p+q—1Zpl—qu—1w1th0<pl,ql<1f0r2—l -,m and

=

B > > 02> 01 >0, apy, > am 1> > ag > 0. Let Dy be the aggregate dividends paid
from 0 to ¢t. Under the barrier dividend strategy, D; can be expressed as follows,
D; = sup (X, —b)", (1.3)
0<s<t

where b > 0 is a constant. Since the risk model (1.1) is a cadldg process, it is separable and
hence D, is well-defined. Let

X'=X,-D,<b
be the surplus process regulated by the dividend payment D;. Furthermore, the dividend
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process Dy can be rewritten as

Dt = / 1{X1b:b}th
(0,2] '

Define the ruin time as 7, = inf{t : X? < 0}, with 7, = +o0, if X > 0 for all ¢.
From now on, {P, : z € R} denotes probabilities such that under P,, X, = x with proba-
bility one. E,[.] denotes the expectation operator associated to P.
Define the Gerber-Shiu function, introduced by Gerber and Landry (1998), as
U(u) = Bule™ ™ n(1X2, D 1r,<00)); (1.4)

where ¢ > 0 is interpreted as the force of interest or the variable of a Laplace transform and 7(.)

u

is a non-negative function defined on [0,00). We remark that the penalty function 7(.) is not
necessarily continuous at 0. The function ¥(u) embraces various quantities of ruin including
the probability of ultimate ruin and the distribution of the deficit at ruin. For example, if we
let n(z) = 1, then ¥(u) = E,[e %71+, . o}] is the Laplace transform of the ruin time. If we let
n(z) = lyz—o}, then ¥(u) = E, [6_6%’L1{+,u<oo,xgu —oy) is the Laplace transform of the ruin time
due to oscillation. If we let n(z) = 1{,50y, then ¥(u) = E, [e“”ul{fu@o,‘xgu|>0}] is the Laplace
transform of the ruin time due to a jump. Furthermore, in order to know the distribution of the
deficit at ruin, we should consider n(x) = 1{;~s3,1 > 0. Then the Gerber-shiu function becomes
U(u) = B, [e*5+“1{+u<oo,|X$u\>l}]' These special cases have attracted a lot of attention.

In this paper, we shall obtain the explicit formula for ¥(u) and study several of its special
case. The rest of the paper is organized as follows. In Section 2 we present some prelimi-
nary results. In Section 3 we derive the closed-form formula for the Gerber-Shiu function via

martingale stopping. In Section 4, conclusions are given.

82 Preliminary results

Define the Laplace exponent of X; — u as
s(Xe—u m . 3,
gls) = L t( 'l ;(7232 +es— A+ A;(i’ff‘; + Aﬂqiqf;). (2.1)
In risk theory, the equation
g(s) =0, 6>0 (2.2)
is called the generalized Lundberg equation for the perturbed compound Poisson risk model
with two-sided jumps. The roots of equation (2.2) play an important role in deriving the formula
for the Gerber-Shiu function. Cai and Kou (2011) gave the following result.

Lemma 2.1. Ford > 0, equation (2.2) has exactly m+1 roots r1,72, -+ ,Tmi1, on the left-half
complex plane, and exactly m + 1 100ts T2, , Tom+2, on the right-half complex plane, with
—00 <11 < =P <712 < P11 < 0 < =01 <7 a1 <0< rpge < ap < o < Qpy <
Tom+2 < +00.

Define Y; = My — X; as the process X reflected at its running supremum M, where

M; = sup XsVO0.
0<s<t
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Define the entrance time of Y into [b, 00) as
7, = inf{t : Y} > b}, (2.3)
with inf () = co. By the spatial homogeneity of the surplus process X, Bo, et al. (2012) obtained

the following results concerning the Laplace transform of the ruin time and the deficit at ruin.

Lemma 2.2. For § > 0 and a nonnegative measurable function n(.)

B le™ T n(|X2 N1is,<o0}] = Busle *™n(Yy, —b)], 0<u<b. (2.4)
In particular, the Laplace transform of the ruin time is given by
Eyule 7] = B, _yle™°™]. (2.5)
For 1l > 0, the deficit at ruin satisfies
Eule™ ™ 1xo < )= Busple™ "1y, —oony). (2.6)

Therefore, it suffices to derive the expectation E, ,[e~°™n(Y;, — b)]. To this end, we first
investigate the property of the overshoot Y;, — b. Note that, either a downward jump of X or
the component ct + oW, may lead Y to cross b. Define the events Ag, A1, Ag, -+, Ay, by

Ao = {Y;, = b},
A; = {Ycrosses b by a downward jump of an Exzp(3;) — distributed random variable}.

Lemma 2.3. For any x > 0, we have

P(my <t,Yy, —b>x,A;) = e PP, <t,Y,, —b>0,4,). (2.7)

In particular,
P(Y;, —b>z|Y,, —b>0,4;) = e Pi®, (2.8)

Furthermore,

Py <t,Y,, —b>z|Y,, —b>0,4,)

= Pnp<tlYy,, —b>0,4)P(Y,, —b>z|Y, —b>04;). (2.9)
Proof. The proof is similar to that of Proposition 2.1 in Kou and Wang (2003). It suffices to
show that (2.7), since (2.8) can be easily obtained by letting ¢ — 400 in (2.7). Since z > 0, the

overshoot can only occur in the jump times of the Poisson process N. T;,i = 1,2,--- denote
the arrival times of the Poisson process N. Then

>

n=1

P(n, <Yy, —b>2,A) =Y P(ry=T,<t,Y,, —b>uxA)
n=1

We can compute P, as follows,

P, = P(min Y,-b<0,Yp —b>2zT, <t A)
0<s<Ty,

= E[P(YTn —-b> x’Ai|sT;7Tn)1{O<mi<nT stb<0,Tn§t}]
= E[PYp —Zr, —b>x,~Z1, ~ Exp(ﬁi)|gT;7Tn)l{O<mi<nT Yo—b<0,T5<t})

-3, —Bi(b=Y__)
= e 6$E[e Tn ]-{ min Ys—b<07Tn§t}]
0<s<Tn

= ¢ PTP(n =T, <t,Yr, —b>0,4).
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It follows that
P(n, <Yy, —b>2,A) =Y e P"P(r, =T, <t,Yr, —b>0,4)
n=1

= e PTP(n <Yy, —b>0,4).

From (2.7) and (2.8),

P(m, <t.Yr, —b>x, Aj)
P(ry <t,Yy, —b> 2|V, —b>0,4;) = ! |
(7 <, Y5, —b>a[Vy, —b>0,4) P(Ys, —b>0,A;)

e P P(r, < t, Vs, —b>0,A;)
P(Y;, —b>0,4;)
= P(n <tYs, —b>0,4)P(Y,, —b>zlYr, —b>0,4).

The proof is completed.

83 First passage time of the reflected process

In this section, we consider the first passage time problem for Y. From Lemma 2.3 we have,
conditional on A;,i = 1,---,m, 7, and Y, are independent and furthermore the overshoot

Y., — b is exponentially distributed with mean 1/3;. Consequently, for any § > 0 and 0 < y < b,

E_yle™™n(Yr, = b)] = E_y[e~"14,]n(0) + ZE—y[ef‘S”’lAi]/o n(z)Bie” " Fdz. (3.0)
i=1

So we only need to calculate E,y[e_‘STblAi],i = 0,1,---,m. To this end, we first define an
(2m 4+ 2) x (2m + 2) matrix as follows
1 1 e 1
B B1 . B
Bitr1 Bitr2 Bitram42
p Bm 5 Bm g Bm
o m+T1 m T2 mtTr2m42
A= plend pperab gy oeramiad | (3.2)
r1em? roe2? . TamgoeT2mi2b
a1 —T1 a1—To a1 —T2m+2
rpetb roe’2b T2m+2er2m+2b
Qm —7T1 Qm —T2 o Qm —T2m+2
Theorem 3.1. Consider a nonnegative measurable function n such that for eachi =1,2,--- ;m,
f0+oo n(y)e P¥dy < co. Then for § > 0, we have
m [e%e]
E_y[e7"™n(Yy, — b)] = con(0) + ch/ n(z)Bie P7dz, 0<y<b, (3.3)
i=1 70
where co, 1, ,Cm are determined by the following linear system
(Co-+-cm do- dm)A= (eh(b—y) coemr1(b=y)  ormpa(b—y) erzm+2(b—y))7 (3.4)

with matriz A defined by (3.2) and r1,--- ,romye are 2m + 2 distinct roots of the equation
g(x) = 9. If A is nonsingular, then co,c1,- - ,Cm,do,d1, - ,dm uniquely solves (3.4).
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In particular, we have for v < 1 and [ > 0,

E_yle"] =)« (3.5)
=0
E_ ey, spipy] = > e (3.6)
i=1
E_ —omp+v(Yr, —b) _ Ciﬂi . 3.7
y[e b ] Co + ; ﬂl — ( )

Proof. Consider a function f(t,Y;) = e~ *+t7(1=%) for any a > 0 and v with R(y) = 0. Applying
Ité’s formula to f(t,Y;), we obtain

t t
ety (Ye=b) e"yb(ew—/ ae_as*"yy'*ds—k/ 'ye_as*"yy'*d(Mc—Xc)
S S
0 0

1 t
+2 / ylo2em et e s 4 Z (emastYs _ gmasta¥o—y) (3.8)
0

0<s<t,AY;#0
Note that

t
MfZ/ Liy,—oyd My,
0

where Mf is the continuous part of M. Then (3.8) becomes

t t
1
e T = e /0 (,7%0% — ey —a)e™ 7 eds + /0 v~ Ly, =opd Mg

t
—/ ye WY g d W, + Z (em@st7Ye _gmasty¥o—y) - (3.9)
0 0<s<t,AY,#0
The last term of (3.9) can be rewritten as
Z (67GS+’YYS _ efas+'yYS,)
0<s<t,AY,#0
= > (lgam.—o0av.20p + L{an>0,av,0p) (e @ T7Ye — emas Yo,
0<s<t
It is obvious that if AMg; > 0, then My = X,. That is to say, if AM; > 0, then Y, = 0.
Therefore,

o (e —emestY

0<s5<t,AY,#0

Z Liay.20,a0,=0} (€

0<s<t
+ Z Liav.£0,an, >0y (6% — e 1Y)
0<s<t
_ Z (e—as—i-’y(YS, —-AX,) e—as+’yYS,)
0<s<t,AY,#0
+ ) Lamsop(e® —em e TrAM), (3.10)
0<s<t,AY,£0
where the last equality holds because Yy = Y- + AMy; — AX; =0 when AM; > 0.

—as+y(Y,- —AX,) _ e—as—i—’yYS_)
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Combining (3.9) with (3.10), we have that

t
Zy = e*vb(efaHth — e _/ (g(—) — a)e’“SJ”YSds

0

t

- Y emaee i [ ey g
0<5<t,AY,#0,A M. >0 0
t
= _e—wb(/ e W HYe g, — Z (emast (Vo —AXe) _ pmast¥,—)

0<s<t,AY,#0

+A / / et (777 — 1) f(2)dzds)

is a zero mean martingale. Then applying Doob’s optional stopping theorem we have E[Z,,] = 0.
An application of (3 1) yields

Tb
o3 0 ey [0 g
0

—E_y| / ye S TIAME] = E_y[ Y Liansope” @1 e AN = 0. (3.11)
0 0<s<t
Since M; jumps upward only driven by a positive jump of X, define the events Hy,--- , H,, by

H; = {M crosses the supremum by a jump of an Fxzp(a;) — distributed random variable}.

Note that due to the memoryless property of the exponential distribution, given H;, the over-
shoot that M crosses the supremum is exponentially distributed with mean 1/«;. Therefore,
the last term of (3.11) can be rewritten as

ol 1 —as=b(] _oTVAM —NT g, T b 3.12
ol Z {AM.>0}€ ( € )] Z: o +,y€ ( )

0<s<t =1
where d; = E—y[ E e_asl{AMs>0,Hi}]vi =1, ,m.

0<s<t
Write dg = E_,[f;" e~ **dM¢]. Then substituting (3.12) into (3.11), we have
b - _ diy
co + — WY _ ydpe™? — e

o) - B[ " eestiYegg = o

By analytic continuation, the above equation can be extended to hold for y€ C\{—ay, -+ ,—an }.
If we replace v by —m,i =1,---,2m + 2, then we can obtain
m
Clﬁz d;r b (b— .
C dr TJ + J eTJ :erj( y) :1 ...’fr .
0+Zﬁ + or;€ ;ai_’/‘] ) J ’ 2m~+2

Eqgs. (3.5)-(3.7) can be easﬂy obtained by taking particular forms of 7(.).

From Theorem 3.1 and Lemma 2.1, we can directly obtain the solution for the Gerber-Shiu
function for a general nonnegative measurable function 1. We also present some special cases
which are very useful in deriving the distributions of the ruin time and the deficit at ruin under
the Hyper-exponential jump-diffusion model with a constant dividend barrier.
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Corollary 3.1. Consider a nonnegative measurable function n(.) such that for i =1,--- 'm,
f0+oo n(y)e P¥dy < co. For § > 0, we have

Eu[e_éf“n(—Xgu)] = ¢on(0) + Z ci/ n(z)Bie Pidz, 0 <u<b, (3.13)
i=1 70
where ¢y, c1, -+, cm are determined by the following linear system
(CO c o Cmy dO “e. dm)A = (erlu “e. 6T771+1u 6T771+2u [ €T2m+2u), (3.14)
and ri,- -+ ,Tamy2 are 2m + 2 distinct roots of the equation g(z) = d. If A is nonsingular, then

€0,C1y " s Cm,do,d1, -+, dm uniquely solve (3.14).
In particular, we have for v < 1 and [ > 0,

Eu[ef‘%“] = ZC“ 0<u<b, (3.15)
i=0
Eu e ™1ixe <yl = D e 0<u<b, (3.16)
i=1
Eu[e_‘”u—“xﬁu] =cg+ Em: cifl , O<u<b. (3.17)
i=1 Bi—v

Remark. Based on equations (3.15)-(3.16), one can obtain the marginal distributions of the
ruin time and the deficit at ruin: P(7, < t), P(X2 < —I) and P(X2 = 0). The joint distri-
bution of the ruin time and the deficit at ruin can be obtained by inverting the joint Laplace
transform (3.17).
If the matrix A given by (3.2) is nonsingular, then solving equation (3.14) yields
(co - Cm do---dpy) = (e ..emtt  ermi2t. .. 67’2m+2U)A—1_
Therefore, substituting the solutions for ¢;,i = 0,1, --- ,m into equations (3.15)-(3.17), we have

the following theorems concerning the Laplace transforms of 7, and X Tb

Theorem 3.2. If the matriz A given by (3.2) is nonsingular, then for § > 0, we have the

following Laplace transforms concerning 7, and X?u :

2m—+2
Bule™™] = Y kie"™, 0<u<b, (3.18)
i=1
2m-+2
E, [e—‘”ul{xgu<,l}] = ) me™™, 0<u<bl>0, (3.19)
i=1
2m-+2
E,[e %1 (xt —o)l = > ne™, 0<u<b, (3.20)
i=1
where 11, -+, Tamta are 2m + 2 distinct roots of the equation g(x) = 6, k = (k1,--- ,k2m+2)/,
m = (mq,--- ,m2m+2)', and n = (nq,--- ,n2m+2)/ are vectors uniquely determined by the

following linear systems

Ak =1, Am = J;, An = J,,
with I = (1,1,---,1,0,0---,0) € R2™+2 J, = (0,e P ... ¢ Pml 0,... 0) € R2™2 gnd
Jo = (1,0,---,0) € R2™%2 regpectively.
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Remark. If m = 1, then (3.18) is the same as (3.23) in Bo, et al. (2012).
Remark. If b = 400, then from Cai and Kou (2011) we can obtain the Laplace transform of

the ruin time given by
m—+1

E[eiﬁ“] = Z e u >0,
=1
where 71,72, -+ ,"me1 are m + 1 negative roots of the equation ¢(s) = 0, é1,- - ,Cm41 are
determined by

(617 T 7ém+1)B = (17 T 71)7
with the nonsingular matrix B given by

B B . B1

B = B1+r1 B1+r2 B1+rm41
Bm Bm - Bm

Bm+r1 Bm+r2 Bm+Tm+1

The proof of the non-singularity of B can be found in Cai and Kou (2011). But the techniques
they adopted can not be used to justify if the column vectors or row vectors of the matrix A
are linearly independent. We will consider the problem in the future’s research.

The following theorem gives the joint Laplace transform of 7,, and X fu

Theorem 3.3. If the matriz A given by (3.2) is nonsingular, then for v < 81 and 1 > 0,

. 2m—+2
By[e™ %] = Y we™", 0<u<b, (3.21)
i=1
where 11, ,Tomya are 2m + 2 roots of the equation g(x) =6, and w = (w1, wa, - - ,w2m+2)/
s a vector uniquely determined by
Aw = J3,
; _ B Bm ! 2m+2
with Js = (1, g7t oy 50,0, ,0) € REMT2

Remark. If the parameters p,q, p; and ¢; in (1.2) are allowed to be negative, then the risk
model (1.1) is called a mixed-exponential jump-diffusion process. Note that, under the mixed-
exponential jump-diffusion process, the roots of the equation g(z) = § will not necessarily
be distinct. Furthermore, the events which lead the process Y; to cross b can not be divided
into Ag, A1, -+, Ay, Therefore, the techniques used in this paper for studying the Gerber-Shiu
function are not feasible under the mixed-exponential jump-diffusion process with a dividend

barrier.

84 Conclusions

This article considers the Gerber-Shiu expected discounted penalty function under a con-
stant dividend barrier for a two-sided jump-diffusion model whose jump sizes have the hyper-
exponential distribution, which is rich enough to approximate many other distributions, includ-

ing some heavy-tail distributions. Using martingale stopping, we obtain the explicit formulas
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for the Laplace transform of the ruin time and the expected discounted deficit under the hyper-

exponential jump-diffusion model with a constant dividend barrier.
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