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f-Harmonic maps of doubly warped product manifolds

LU Wei-jun'?

Abstract. In this paper, we study f-harmonicity of some special maps from or into a doubly
warped product manifold. First we recall some properties of doubly twisted product manifolds.
After showing that the inclusion maps from Riemannian manifolds M and N into the doubly
warped product manifold M X, xy N can not be proper f-harmonic maps, we use projection
maps and product maps to construct nontrivial f-harmonic maps. Thus we obtain some similar
results given in [21], such as the conditions for f-harmonicity of projection maps and some
characterizations for non-trivial f-harmonicity of the special product maps. Furthermore, we

investigate non-trivial f-harmonicity of the product of two harmonic maps.

81 Introduction

In many physical important examples of Einstein metric, we usually meet the warped prod-
uct metric (WPMe). The concept of WPMe plays an important role in differential geometry as
well as in theoretical physics. It was first introduced by Kruokovio in 1961 (see [15]) and first
treated by Bishop and O’Neill [7] in 1969 in their study of manifolds with negative curvature.

Since then, in Riemannian geometry, WPMes have offered new examples of Riemannian
manifolds with special curvature properties. Beem, Ehrlich and Powell [4] pointed out that
many exact solutions to Einstein’s field equation can be expressed in terms of Lorentzian WPMe.
Furthermore, Beem and Ehrlich [6] concluded that causality and completeness of WPMes can be
related to causality and completeness of their components. O’Neill [18] discussed WPMes and
explored curvature formulas in terms of curvatures of their components. The same author also
examined Robertson-Walker, static, Schwarzchild and Kruskal space-time as warped product
manifold (WPMa).

In general, doubly WPMa can be considered as a generalization of singly WPMa. Beem and
Powell [5] considered these product manifolds for Lorentzian manifolds. Allison [1-2] considered
causality and global hyperbolicity of doubly WPMa and null pseudoconvexity of Lorentzian

Received: 2011-10-28.

2010 Mathematics Subject Classification: 53C25, 58 20, 53C12.

Keywords: f-harmonic map, doubly warped product manifold, projection map, product map.

Digital Object Identifier(DOI): 10.1007/s11766-013-2969-1.
Partially supported by Guangxi Natural Science Foundation (2011GXNSFA018127).



LU Wei-jun. f-Harmonic maps of doubly warped product manifolds 241

doubly WPMa. Conformal properties of doubly WPMa were studied by Gebarowski (cf. [13]
or references therein).

On the other hand, the study of f-harmonic maps comes from a physical motivation, since in
physics, f-harmonic map can be viewed as stationary solution of the inhomogeneous Heisenberg
spin system [16]. In addition, the interaction of f-harmonicity with curvature conditions looks
promising and justifies their study in order to deduce information on weighted manifolds and
gradient Ricci solitons [23].

f-Harmonic maps ¢ : (M, g) — (N, h) with a positive function f € C°°(M) between two
Riemannian manifolds M, N, as a generalization of harmonic maps, were first introduced and
studied by Lichnerowicz [17] (see also Section 10.20 in Eells-Lemaire’s report [11]). It is a
critical point of f-energy

1
B;(6) = , [ fldofd,
The Euler-Lagrange equation gives the f-tension field equation

74(¢) = f7(¢) + do(grad f) =0,
where 7(¢) = Tr,Vd¢ ([12]) is the tension field of ¢.

Since an f-harmonic map with f = const. > 0 is nothing but a harmonic map, we are
interested in non-trivial f-harmonic maps with non-constant function f which are called proper
(or non-trivial) f-harmonic maps. To this end we want to find or construct such examples.
Unfortunately, since the examples of proper f-harmonic maps are rather sparse in common
spaces, constructing such examples becomes very difficult. Our strategy is to extend the domain
manifolds or target manifolds and to construct some special Riemannian metrics.

Motivated by [21] and [3], we discover that the WPMa (either singly or doubly warped) is
a good candidate that allows us to construct some new examples of f-harmonic maps.

In their search for biharmonic maps, Perktag and Kilig [21] studied biharmonic maps between
doubly WPMas, based on generalizing the study of biharmonic maps between (singly) WPMas
in [4]. In the same paper, the authors investigated biharmonicity of the inclusion i,, : M —
M X2y N (vesp. iz, : N — M x(, 5y N) of a Riemannian manifold M (resp. N) into doubly
WPMa M x, 5y N. Also in [21] some characterizations for biharmonicity of the projection from
M x5 N into the first factor M (resp. the second factor N) are given. Further the authors
in [21] obtained two new classes of proper biharmonic maps by using product of harmonic maps
and warping metric.

In this paper, following the ideas in [21], we investigate proper f-harmonicity of the maps
between doubly WPMas. More precisely, we use the methods provided in [3,21] to study another
new type of harmonicity. Our main results are included in Sections 4 and 6. In particular, we
also construct some examples of non-trivial f-harmonic maps in Section 6, Example 6.1.

The organization of this paper is as follows. In Section 2, we review the concepts of f-
harmonic map. In Section 3, we recall the definitions of doubly twisted product manifold
(TPM) and doubly WPMa, respectively, and give a more explicit expression for the Levi-Civita
connection V on a doubly TPM. Section 4 is devoted to analyzing the conditions for both
of the leaves {xo} x N and M x {yo} to be f-harmonic as a submanifold and we show that
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both of the leaves {xo} x N and M x {yp} can not be proper f-harmonic as a submanifold
of doubly WPM M x(, »y V. In Section 5, we give some characterizations for projection
maps 71 : M X, \y N — M and T2 : M X, \) N — N to be f-harmonic in terms of some
particular functions. We also construct an example of non-trivial f-harmonic map. In the
last section, we consider that under imposing certain conditions on the two warping functions,
the product maps ¥ = Idy; X ¢n, U = ng/;TdN and U = Id;x\qSN and more generally
O =y XN (M X(ua) N, g) = (M x N,g @ h) may remain f-harmonic maps.

§2 f-harmonic maps

Recall that the energy of a smooth map ¢ : (M,g) — (N,h) between two Riemannian
manifolds is defined by integral E(¢) = [, e(¢)dv, for every compact domain Q C M, where
e(¢) = 3|dg|? is energy density. Then ¢ is called harmonic if it’s a critical point of energy.
From the first variation formula for the energy, the FEuler-Lagrange equation is given by the
vanishing of the tension field 7(¢) = TryVde (see [12]). As the generalizations of harmonic
maps, biharmonic maps and f-harmonic maps are defined as follows.

Definition 2.1. (i) Biharmonic maps ¢ : (M, g) — (N, h) between Riemannian manifolds are
critical points of the bienergy functional

1
B 0) = [ 1r(0)Pdv,
Q
for any compact domain 2 C M.
(ii) An f-harmonic map with a positive function f € C*°(M) is a critical point of f-energy

functional 1

B0 =, [ fldofdu,. 1)
QeM
The first variation formula for the bienergy which is derived in [14] shows that the Euler-
Lagrange equation for bienergy is

7(¢) = Tr(VPVP7(9) = Vig 7(0)) = Trg(R™ (d6, 7(¢))dg)) =0, 2)
where RV (X,Y) is the curvature operator on N. 72(¢) is called the bitension field of ¢. The

Euler-Lagrange equation for the f-energy is given by 7;(¢) (see [9-10],[19-20])
7(¢) = () + do(grad, f) = 0. (3)
Clearly any harmonic map ¢ is f-harmonic map with gradf € Ker(d¢). We call the non-

harmonic f-harmonic maps with nonconstant function f as proper (or non-trivial) f-harmonic

maps.

83 Riemannian structure of doubly WPMa

First we refer to [24] and give the definition of doubly WPMa.

Definition 3.1. Let (M, g) and (N,h) be Riemannian manifolds of dimensions m and n re-
spectively and let A : M — (0,400) and  : N — (0,400) be smooth functions. A doubly
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warped product manifold (WPMa)G = M x(, ) N is the product manifold M x N endowed
with the doubly warped product metric (WPMe) g = u?g ® A2h defined by
G(X,Y) = (nom)?g(dm(X),dr (Y)) + (X omg)?h(dnay(X), dma(Y))
for all X, Y € T(,,,\(M x N), where my : M x N — M and 72 : M x N — N are the canonical
projections. The functions A and p are called the warping functions.
If either £ = 1 or A = 1 but not both we obtain a (singly) WPMa. If both u = 1 and

A = 1 then we have a direct product manifold. If neither p nor X is constant, then we have a
non-trivial doubly WPMa.

Generalizing the idea of WPMa, Chen [8] defined the twisted product manifold (TPM) to

construct a family of totally umbilical submanifolds with various properties.

Definition 3.2. The doubly twisted product manifold (TPM) of Riemannian manifolds (M, g)
and (N,h) with twisting functions A\, u : M x N — (0,400) is the Riemannian manifold
(M x N, (pom)?ntg + (Xoma)?r3h), denoted by M X, )y N, where my : M x N — M and

2 : M x N — N are the canonical projections, and (u o m1)?7fg @ (X o m2)?7w5h is simply
denoted by g = u?g ® A\2h.

If A and p synchronously depend on the points of both M and N, then we have a non-trivial
doubly TPM. When either 1 =1 or p = pu(x) we have a (simply) TPM with twisting function
A(z,y). When either 4 = 1 or u = p(x) and A depends only on the points on M we have a
(simply) WPMa with the warping function A\(x). For more study on the geometry of doubly
TPM, we refer to [22].

For the Levi-Civita connection of doubly TPM G = M x(, ») N, we have

Proposition 3.1. Let V and V be the Levi-Civita connections of the direct product manifold
M x N and doubly TPM G respectively, where A, i : M x N — (0,+00) are smooth maps.
Then we get the Levi-Civita connection of doubly TPM G as follows:
Vix v (Xa, Yz
= Vi) (X, Ye
1[X2(10gﬂ2 + Ya(log )] (X1,02) + 5[ X1 (log 4®) + Vi (log 4*)} (X2, 02)
+31Xal108X7) + Y3108 X)) 01, Y5) + 31X 108 ) + ¥ilog A 01, )
— 3 12g(X1, Xo)(grad, log pu?, 02) — 3 A2 (Y1, Y2)(grad, log A2, 02)
—31%g(X1, X2)(01, grad,, log %) — A A%h(Y7, Y2)(01, grad,, log A?)

(4)

— -~ ~— —

or
Vi, vy (X2, Y2) = Vix, v (Xz, Y2)
+ o2 [Xo(1?) + Yo (u?
+2i2[X1( )+ Yy (p?
+onz [X2(W?) + V2 (A2
+oxe [X1(N%) + Y1 (A)] (01, Y2)
1 g9(Xq, 2)(grad,u 02) — uzh(Yl,Yg)(gradg)\z,Og)
(Xl,Xg)(Ol,gradh,u) %h(Yl,Yg)(Ol,gradh)\z)
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for any (X1,Y1), (X2, Y2) € T(TG), X1,Xe € T(TM) and Y1,Ys € T(TN), where (X;,Y;) is
identified with (X;,02) + (01,Y;), i = 1,2, and 01 € T,M and 02 € TyN are null vectors.

Since in the whole paper we mainly focus on doubly WPMa, here we omit the proof of
Proposition 3.1.

If the doubly TPM G becomes the doubly WPMa, i.e., A(z,y) = A(z) and p(z,y) = pu(y),
or grad,u = 0 and grad, A = 0, then we have

Corollary 3.1. Let (M,g) and (N, h) be Riemannian manifolds with Levi-Civita connections
MY and NV respectively and let V and ¥V be the Levi-Civita connections of the product manifold
M x N and doubly WPMa G respectively, where A : M — (0,+00) and p: N — (0,+00) are
smooth maps, g = pu2g ® N*h. Then the Levi-Civita connection of doubly WPMa G is of the
form:
Vix, v (X2, Ya)
= Vix,v) (X2, Y2) + 50 X1(A2)(01,Y2) + 512 X2(A?)(01, Y1)

F o Y1(17)(X2,02) + 51 Ya(1?) (X1, 02)

—39(X1, X2) (01, grady,1®) — Jh(Y1, Ya2)(grad A%, 02)
(MVx, Xo + 5, Y1(0?) Xo + 50 Yo(?) X1 — Jh(Y1, Ya)grad A%, 0o)

+(01, "Wy, Yo + 512 X1(A2)Y2 + 512 Xo(A2)Y1 — J9(X1, Xo)grad, pu?)
for any (X1, Y1), (X2,Y2) e I(TG), X1,X2 e I'(T'M) and Y1,Y, € I'(TN).

Remark 3.1. In fact, Eq.(6) agrees with the already known result Eq.(3.3) of [21].

Next we shall discuss some special maps and aim at constructing some examples of proper
f-harmonic maps.

84 f-harmonicity of the inclusion maps

In this section, we consider the inclusion map of M
Z'yo : (M,g) - M X (1,\) N
€T = (.’,U, yo)
at the point yo € N level in M x(, ) N and the inclusion map of N
izy o (N, h) = M X 0) N
Yy (x07 y)
at the point g € M level in M x(, y) N. We obtain some non-existence results for the f-

harmonicity of inclusion maps 7, of M and i,, of N.

Theorem 4.1. Let f : M — (0,+00) be a smooth function. The inclusion map of the manifold
(M, g) into the non-trivial doubly WPMa G is never a proper f-harmonic map.

Proof. Let {e; };”:1 be an orthonormal frame on (M, g). By using the tension field of i,,, we
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have
. . i TG
T(Zyo) = TTQVdZyo = 2(V€_7 dlyo)(ej)
j=
= 3 (Viey00) (€5, 02) = (Ve 5,00) (7)
j=1
by (6)

-0 dpp?) s
2 1, gra h:u lyg *
Here it is obvious from the expression of the tension field of i,, that i, is harmonic if and only

if grad;,p? |;, = 0. From (3), the f-tension field of i, is
. m .
Tf(iyy) = — 5 f(2)(01, grad,y?(y)) + diy, (grad, f(z))

= =) F@)(0n, grady®(y) + (grad, f(), 0o).

Therefore, the inclusion map i, : (M,g) — G for yo € N is a proper f-harmonic map if and

(8)

only if grad, f = 0 and grad,u® = 0. Since 7(iy,) # 0 implies that grad,,u* li,, 7 0, it can be
seen from (8) that f must be a constant function. But this is in contradiction with that G is a
non-trivial doubly WPMa. Thus, we obtain Theorem 4.1.

In the same way, we have

Theorem 4.2. Let f : (N,h) — (0,+00) be a smooth function. The inclusion map of the
manifold (N, h) into the non-trivial doubly WPMa G is never a proper f-harmonic map.

Remark 4.1. (i) Observe that f-tension field 7¢(iy,) of the inclusion map iy, is not of the
form

— 1y /(@) (grad, X (2), 02) + (grad, f (2),02)

(=" Fla)arad, X (z) + srad, f(z),02).

Neither is 7¢(iz,) of the form

n

— 5 )0, grad;,1i?(y)) + (01, grad,, f(y))

=(01, - Zf (y)grad,,1*(y) + grad,, f(y)).
So in the case of doubly WPMa, neither the inclusion map %, nor i,, can be proper f-harmonic
map.
(ii) When p = 1, the doubly WPMa M x(, »y N becomes a singly WPMa M x N. Since the
inclusion iy, : (M,g) — M xx N of M at the level yo € N is always totally geodesic (or from
(7) we see that grad,u? = 0 implies Ti,, = 0), then it is f-harmonic for any warping function

A € C®(M). So in the case of WPMa, f-harmonicity of the inclusion map iy, is trivial.
85 f-harmonicity of the projection maps

Firstly, we study the f-harmonicity of the projection 711 : M x(, xy N — M. We have

Theorem 5.1. The projection 7y @ M™ x(, ) N — (M™,g), 7mi(x,y) = z, of a doubly

WPMa onto its first factor is an f-harmonic map with f : M x N — (0,400) if and only if
1 ~ ~

A (z) f e (z,y) = f(y) for some function f: N — (0,+00).
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Proof. Let {e;}.; be a local orthonormal frame on (M, g) and {€,}n—; be an orthonormal
frame on (N, h). Then {(le;,02), (01, }&a)}

1 -
=1,
H a=1

WPMa M™ x(, ) N™. By (6), we have

’7'(77’1) = T?"ngﬁl = E (;2 Mvdﬁl(e_j702)dﬁ1 (ej,Og) — /}2 dﬁl(v(8j702)(63‘,02) ))

j=1

+ 21 (3 “Var(01,60)d71(01,80) — 2 dR1(V(o,,6.)(01,84) ) )

n _ (9)
=— % > dr((— 5 h(Eas €a)grad, A2, 02) 4 (01, Ve, éq )
a=1
= ,N.grad,A\? o m
= grad, log A" o 7.
Since we have
_en, 1 1 1, 1
dry (grad, f(z,y)) = dwl(jij(/iej,oz><f<x,y))(uej,oz>4—2{3 101,20 (F(,9)) (01, | @)
j=1 a=1
1 _
= grad, f(z,y) o 1.
Putting these facts together, we get
— _ n — 1 —
(7)) = f(x)grad, log(\(2)) o 7 + b erad, f(z,y) o 7 "

1
= f(z,y)grad,log (X" (z) f* (z,y)) o 1.
Thus f-harmonic of 7; implies that A™ f 2 does not depend on the points in M, that is, there
~ 1 ~
exists some function f: N — (0, +00) such that A\*(z)f+* (z,y) = f(y).

For the projection g : M x(,, ) N — N, a similar proof gives

77 (72) = fgrady log(u™ f 22 ) o . (11)
Therefor we have

Theorem 5.2. The projection o : (M™ X, ) N",g) — (N™,h), 72(x,y) =y, of a doubly
WPMa onto its second factor is a f-harmonic map with f : M x N — (0,400) if and only if
w™(y) f a2 (z,y) = f(z) for some function f: M — (0, +oc).

86 f-harmonicity of the product maps

In this section we give a method to construct proper f-harmonic maps of product type.

6.1 The special product maps

A straightforward verification shows that ¥ = Idy; X oy : (M X N,g®h) — (M X N,g@h)
is a harmonic map if Idy : (M, g) — (M, g) is an identity map and ¢ : (N,h) — (N,h) is a
harmonic map. It would be interesting to know whether the product map renders some non-

trivial f~harmonic maps by replacing the product metric in the domain or the target manifold
by a doubly WPMe.
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We first take into account the product map
U =Tdy X on: M™ X(ua N"— (M x N,g®h),¥(z,y) = (z,on(y))- (12)
We obtain

Theorem 6.1. Let (M™,g) and (N™, h) be Riemannian manifolds, and let A € C° (M), p €
C™®(N) and f € C°(M xN) be three positive functions. Assume that \"(x)u™ (y)f(u12 e )(a:, y)
# const. and N : N — N is a harmonic map. Then the product map V = Idy; X on defined
by (12) is a proper f-harmonic map if and only if A and p are non-constant solutions of
grad, A" 1ogfu12 =0, (13)
and
de (grad, log (1™ £ 32)) = 0. (14)
More precisely, U is a proper f-harmonic map if and only if there exists a positive function
i€ C®(N) such that )
A (@) f 2 (2, y) = 1Y) (15)
and
grad,, log (u™ f a2 ) € Ker(dpn).

Proof. By calculation similar to (9) and (10), together with the assumption that ¢y is harmonic,

i.e., 7(pn) =0, we have

(V)
= 2 (5 " Vaney 0019065 02) = BAU(V(e,0)(e5,02))
=
+ 3 (3 "Vidra xden 01,6 Idrar X dpn (01, 80) — 5 Idras X don(Vio, e.)(01,€4) ) )

a=1
n(grad, log X, 02 ) + m( 01, den (grady, logpr) ) + 5 (01, 7(on))
n(grad,log A, 02 ) +m( 01, dpn (grad, logp) )

and
(V) = nf(grad,logA,02)+mf(01,dpn(grad, logp))
+1drn x dpn(grad,z, f,gradyzy, f)
= (nfgrad,logA + legradgf, 02) (17)
+(01,mf don (grady, log 1) + don (52 grad,, f) )
= f((erad, log (\" %), dpw (grady, log (1™ £ 32)) ).
Thus, the f-harmonicity of ¥ implies that
grad, log ()\"fu12 )=0
and
dpn (grad, log (" f2)) = 0,
which amount to )\”(x)fu12 (z,y) = fi(y) for some positive function z € C*°(N), and
grad,, log (4" f 32) € Ker(dipy)
since A" (x) f 2 (x,y) must be independent of z. Hence we obtain the first and the last state-
ments.
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Example 6.1. Let M = R, N = R? and ¢y : R? — R? be defined by on(y,2) = (y — 2,0).
Then one can easily check that 7(pn) = 0 and ¢n is a usual harmonic map. Given A(z) = e”
and p(y, z) = e¥**, (13) and (14) yield

8(f872y—2z (x7y7z)enr) o B
or or 0 -
A(fe " (wyy, 2)emtma) 0 O(f (w,y, 2)emVT™E) 9 =0 (19)
dy 9y 02 o

respectively, which imply that

2z

FO @y 2)e™ It = fi(2)e @)

and
—2y—22

fe (xvywz)enw :fQ(y)y
where f1(z), f2(y) are arbitrary positive functions and o = a(y, z) is any function satisfying

oy = a,. So, we can find
[(.9.2) = [[i(@) faly)e o0 7o) s o s
For instance, we take fi(z) = €%, fa(y) = ¥, a(z,y) = y + 2, then we have two non-constant
warping functions A(z) = e and p(y, z) = €¥* that could guarantee that
U =1TIdy x on : (Rx(,R? g=e""da” @e” (dy* +dz%)) — (RxR?, g = da® @ (dy* +dz?))

1
is proper f-harmonic map with f(z,y,2) = [e(l=Met@=m)y+(=m)z] c—2e 2022

By using f-tension fields of the projections 71 and 7o given by (10) and (11) respectively,
(17) has the expression
(V) = (74(71), don (74 (72)))- (20)
So we have

Corollary 6.1. The product map ¥ : M™ x, \y N* — M x N, ¥(x,y) = (z,¢on(y)) with
harmonic map pn is a proper f-harmonic map if the projections T and To are all proper

f-harmonic maps.

Remark 6.1. Corollary 6.1 provides an approach that can be applied to construct some exam-
ples of non-trivial f-harmonic maps. Of course, by (20) we know that the sufficient condition
“Tf(ﬁ'l) =0= Tf(ﬁ'g)
“r¢(71) = 0 and 74(72) € Ker(den)”.

7 in Corollary 6.1 can change to the necessary and sufficient condition

In Theorem 6.1, if we allow ¢ to be a general map (not necessary harmonic), then we have

Theorem 6.2. Let (M™,g) and (N™, h) be Riemannian manifolds, and let A € C° (M), p €
C®(N) and f € C®(M x N) be three positive functions. Then the product map U = Idy X N
is a proper f-harmonic map if and only if \ is a non-constant solution of

grad, log ()\”fu12 )=0 (21)

and p is a non-constant solution to

deon (grady, log (1™ f3)) + 127'(<PN) =0. (22)

A
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A proof similar to that of Theorem 6.1 can be obtained by simply noting that 7(¥) in (16)
contains the term A=2(01, 7(pn))-

As for the product map
U =gp x Tdy - M™ X0y N" — (M x N, g @ h), ¥(z,y) = (om(x),y) (23)

with harmonic map pp; : M — M and identity map Idy : N — N, we easily obtain analogous

results to Theorem 6.1 and Corollary 6.1.
Finally we turn to consider the case of the product map
U =Tdy % on : (M X N,g&h) — M™ x5 N", U(x,y) = (2,05 (1)), (24)
that is, the case of the product metric on the codomain is doubly warped metric. We see that

the energy density e(pn) plays an important role for the f-harmonicity of the product maps
T = Idyr X on. We have

Theorem 6.3. Let (M,g) and (N,h) be Riemannian manifolds of dimensions m and n re-
spectively, and let X € C®°(M), p € C®(N) and f € C°(M x N) be three positive functions.
Suppose that Idyr : M — M is an identity map and on : N — N is a harmonic map. Then
the product map U= Idj\jx\gozv defined by (24) is a proper f-harmonic map if and only if
e(on)f gradg)\2 —grad f =0 (25)

and
m
~ 5 [ grady,u® + doy (grad,, f) = 0. (26)

Proof. Let {(ej,02), (01, éa)}7 .m. be alocal orthonormal frame on the usual product mani-
fold M™ x N™, where {ej}m_1 “and {%}",1 respectively denote orthonormal frames on (M, g)
and on (N, h). By 7(¢n) = 0, the tension field of U is given by

7(U) = TryenVdU

Z d\I/(e 02) (6]702) d\]:j(v(ej,OQ)(ejv()?) ))
j=1

n

O (Vidps xdon 01,60 Ldrar x don (01,€0) — Idras x don (Yo, e,y (01,84)))  (27)
a=1
= =" (01, grady i) + (01, 7(ox)) — b 3 @ivh(n, €a) (grad, X2, 0)
2 2 &~ !
= (04, —ngradh,uz) — (e(apN)gradg)\z, 02),
thus we get
Tr(¥) = (00, ~ 7 f gradyu®) + (— elpn)f grad,X?, 0)
+Idra x don(grad, f, grady, f)
= (01, =3 f grad;,pu® + don(grad,, f))
+(— e(pn)f grad A? + grad, f, 02).
It follows that Tf( ) = 0 if and only if the following two equations hold

e(en)f gradg)\2 —grad, f =0
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and

m
Yy f grad, i 4 dpn (grad, f) = 0.
Therefore, the theorem is proved.

6.2 The general product maps

In this subsection, we consider the more general product case, i.e., we replace the identity
map Idys by a harmonic map pas : (M, g) — M in Theorem 6.1, then we obtain the following
result.

Theorem 6.4. Let (M™,g) and (N™,h) be Riemannian manifolds, and let A € C*°(M), p €
C®(N) and f € C°(M x N) be three positive functions. Suppose that X (x)u™ (y)f Rt (z,y)
= const. and ppr 2 (M, g) = M, on : N — N are two harmonic maps. Then the product map
Q= oy XNt M™ X2 N — (M x N,g @ h) defined by ®(z,y) = (pm (), on(y)) is a
proper f-harmonic map if and only if A\, u are non-constant solutions of

diar (grad, log (A" £ 42 )) = 0 (29)
and

dpn (grady, log (™ f 2)) = 0. (30)
More precisely, ® is a proper f-harmonic map if and only if )\"(as)fﬂ12 (z,y) € ker(depn) and
W) (2,y) € Ker(dion).

Proof. By calculation similar to (9) and (10), together with the assumption 7(par) = 7(pn) =
0, we have
7(®)

(1 1 -
:Z ( deé(ej,OQ)d(I)(ej’Oz) - qu)(V(ej702)(6j,02) ))
o\m : I

1 ~ 1 _ ~
+y (/\2 Viguxdpn 01,60) 40 X dpn (01,€a) = 5 dpnr x dpn (V0,24 (01, a) ))
a=1

::2 (dapM (T(gaM)) , 02) + n(dcpM(gradg log A), 02)

1
—|—m(01,d<pN(gradh log,u)) + \2 (01,d<,0N(T(<pN)))

=n(den(grad, log A),02) + m( 01, dpn (grady, log )

and
71(®) = nf(dpn(grad,logA),02) +mf (01, dpn(grad, log )
+dpa x dpn (grad,z, f, gradyz), f)
= (fden(grad, log A") +d<pM(#12gradgf),02) (32)
+(01, f don (grad, log u™) + dpn () grady, f))
=f (de (grad, log (A" f ), dpx (grad, log (u™ f 2 ))) :
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Thus f-harmonicity of ® implies that
dp (gradg log ()\"fu12 )) =0
and
den (grad; log (u™ £ 32)) = 0,
which amount to grad, log (A" f :2) € ker(dypyr) and grad, log (u™ f A12) € kerdpy. Hence we
conclude the first statement and the last statement.

By using f-tension fields of the projections 71 and 7o given by (10) and (11) respectively,
(32) has the expression

71 (®) = (don (74(71)), don (74 (72))) - (33)
So we have

Corollary 6.2. The product map ® = oy X on @ M™ X\ N — M x N, ®(z,y) =
(om(x), on(y)) with harmonic maps ppr and N is a proper f-harmonic map if the projections

w1 and T are all proper f-harmonic maps.

Remark 6.2. It is easily seen from (33) that the necessary and sufficient conditions of Corollary
6.2 is 7¢(m1) € Ker(dewm) and 74 (72) € Ker(den).
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