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Projected gradient trust-region method for solving

nonlinear systems with convex constraints

JIA Chun-xial ZHU De-tong?

Abstract. In this paper, a projected gradient trust region algorithm for solving nonlinear
equality systems with convex constraints is considered. The global convergence results are de-
veloped in a very general setting of computing trial directions by this method combining with
the line search technique. Close to the solution set this method is locally Q-superlinearly conver-
gent under an error bound assumption which is much weaker than the standard nonsingularity

condition.

81 Introduction

In this paper we consider the nonlinear systems subject to the convex constraints on variable

F(z)=0, x € Q, (1)

where F' : X — R" is continuously differentiable and X C R"™ is an open set containing a
nonempty closed convex set €.

There are quite a few articles using projected gradient methods to solve the convex con-
strained optimization problem [1,2]. When the constrained conditions of the problem are geo-
metrically simple or defined by a set of linear equalities and inequalities, projected gradient, con-
ditional gradient and Newton-like methods are explored extensively in connection with two basic
approaches, namely, the line search and the trust region. The classical Levenberg-Marquardt
method for nonlinear systems (1) computes the trial step by

dy, = —(J (@) (1) + D)~ I ()T F (), (2)
where J(zy) = F'(xy) is the Jacobian and uy > 0 is a parameter updated from one iteration
to the next. Levenberg-Marquardt step (2) is a modification of Gauss-Newton’s step

AN = —(J ()" T (x) " T (k)" F ().
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The parameter juy is used to prevent dj from being too large when J(zx)TJ(x1) is nearly
singular. The Gauss-Newton’s step is undefined when J(zy)?J(z)) is singular. A positive u
guarantees that (2) is well defined. The Levenberg-Marquardt method has a quadratic rate
of convergence if the Jacobian at the solution z* is nonsingular and if uy is chosen suitably
at each step. However, the condition of the nonsingularity of J(z*) is too strong. Recently,
Yamashita and Fukushima [8] showed that under a weaker condition that ||F'(z)|| provides a
local error bound near the solution, the Levenberg-Marquardt method still has a quadratic
convergence if p = ||F(z)||?. Trust region method [2,7] is a well-accepted technique in the
constrained optimization to assure global convergence. In the traditional trust region method,
it is possible that the trust region subproblem needs to be resolved many times with a reduced
trust region radius before obtaining an acceptable solution satisfying some criterions. Hence
the total computation for completing one iteration might be expensive. In order to overcome
this shortcoming, line search technique is often used [10].

Stimulated by the progress in these aspects, we present the projected gradient trust-region
method with line search technique to solve (1). The new proposed algorithm is locally Q-
superlinearly convergent under a weaker assumption which in particular allows the solution set
to be (locally) nonunique. To this end, we replace the nonsingularity assumption by an error
bound condition, which is much weaker than the standard nonsingularity condition.

The organization of this paper is as follows. In section 2, we describe our modified algorithm
which combines the techniques of the trust region method, the projected gradient method and
the line search technique. In Section 3, we prove the global convergence of this algorithm. We
establish other convergence properties such as the order of local convergence of the method
with a local error bound in Section 4.

§2 Algorithm

This section describes and investigates the projected gradient trust-region method for solving
a convex constrained minimization reformulated by (1) under a weaker assumption.

Definition 2.1. Let the solution set X* of problem (1) be nonempty. We say that || F(z)||
provides a local error bound on a neighborhood B; if there exist constants § > 0 and 7 > 0 such
that
7 dist(z, X*) < ||F(x)]|
for x € Bs(x*) N Q, where Bs(z) = {y € R™ | ||y — z|| < &} is the closed ball centered at  with
radius ¢ and dist(y, X*) = inf{||y — z|| | z € X*} is the distance from a point y to the solution
set X*.
For solving (1) we usually consider the related optimization problem
1

min f(z) = 2||F(9c)||2 st. x €, (3)
where f(x) is the natural merit function corresponding to the mapping F. Similar to (2), we
can get d by solving a regularized problem

. 1
min gg(d) = 5 |F(xx) + H;,AH2 + MkHd||2 s.t. zp+deqQ, (4)
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where Hj, € R"*™ is an approximation to the Jacobian F’(xy) (not necessarily existing), pr =
min{1, u||F(x)||} and p is a positive constant. A positive uj guarantees that the solution dy
of the subproblem (4) always uniquely exists.

We first introduce some standard notations for this paper. Given an inner product norm
I - ]I, the projection into a nonempty closed convex set € is the mapping P : R™ — Q defined
by

Pq(x) = argmin{ ||z — x| | z € Q}.

The dependence of P on 2 is usually clear from the context, but if there is possibility of
confusion we shall use Py(x) to denote the projection of x into €.

The analysis of the algorithm requires some basic properties of the projection operator.

Lemma 2.1. Let 2 € R™ be a nonempty closed convez set and let P be the projection into 2.
(1) If z € Q, then (P(x) —x,z — P(x)) > 0 for x € R™.
(2) (P(y) — P(x),y —x) >0 for x,y € R™. If P(y) # P(x), then strict inequality holds.
@3) [1P(y) = P@)| < lly — = for z,y € R™.

See [9] for the proof of Lemma 2.1 and additional information on projections. If we take
z=ux € Qand x =z — EV f(xr) € R, then we can conclude from Lemma 2.1(1) that

(Vf(xk), ok — Pz — EV f(21))) > |2 = fvé(xk)) — el , (5)

for £ > 0. The convergence analysis of the projected gradient trust-region method presented in
the following section also requires the following properties of the projection operator.

Lemma 2.2. If P is the projection into €}, then the function ¢, defined by
¢1(a) = [|P(z + ad) — z|
for a> 0 is isotone (nondecreasing) for x € R™ and d € R™, and the function ¢o defined by

Plx+ad) —x
o) = 1P+ o) =
for a> 0 is antitone (nonincreasing) for x € R™ and d € R™.

The isonicity of ¢, is established by Toint [7], and the result on ¢5 is due to Gafni and
Bertsekas [4]. Moré and Calamai [5] provided an alternate proof of this last result.

The definition of the projected gradient requires some notions from convex analysis. A
direction v is feasible at x € Q if x + 7v belongs to €2 for 7 > 0 sufficient small. The tangent
cone T(x) is defined as the closure of the cone of all feasible directions. The projection gradient
Vaf of f is defined by

Vaf(xz) =argmin{||lv+ Vf(z)| : v € T(x)}. (6)

The proof of the following Lemma can be found in [5].

Lemma 2.3. Let Vo f(x) be the projected gradient of f at x € .

(1) =(Vf(2),Vaf()) = [IVaf(@)]*.
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(2) min{(Vf(z),v): veT(),[lv] <1} =—|Vaf(zl-
(3) The point x € Q is a stationary point of problem (8) if and only if Vo f(x) = 0.

We are now going to describe more precisely the strategy we propose in order to choose, at
the k-th iteration, a candidate for the (k4 1)-th iteration. Our model of the objective function
has the form of problem (4). To meet the need of the trust region strategy, we adopt the
suggestion of Toint [7] or a linearly approximation of di(§) (see (7) below) and choose a step dj,
which gives as much reduction in the model g (d) as one step of the gradient projection method
applied to the subproblem

min{qx(d) | zx +d € Q, ||d|| < pa2Ag}.
The step path of the gradient projection algorithm is given by
di(§k) = P(xp — &V f (k) — k- (7)
Now we turn from the above subproblem to solve a quadratic subproblem
min  gx(dg(£))
(Sk) st (O < p2lr

with e a positive constant. Let & be the optimal solution of the subproblem (S). Following
Toint [7] (also see [2]) instead of solving the subproblem (S), the prepared step generated by
the gradient projection algorithm is of the form dj(£x), where di(§) is given in (7) and &
satisfies the following two requirements. Given constants pg, p1, pe with

1
0<,u0<2 and 0 < p; < po,

the first requirement is that

@ (di(€k)) — qe(0) < po(V f(ak), de(€)) and  ||di (&)l < p2lk, (8)
while the second requirement is that there are positive constants v, and 2 such that
&e>m or & >l (9)

where &, > 0 satisfies

i (dr (&) — ar(0) = (1 — po)(V f(zx), di(&)) or  [ldn(Er)]l = Ay
Similar to [2], we choose a step dj, = d(&x), where 45 > 0 is a constant and &, = min{&,y3}.
If we take the Cauchy point z§ as

28 = Py — kaf(xk)) =T+ dk(ék)7
then (5) implies that

Cc _ 2
<Vf(xk;)7 T — IEE> 2 ka . xk”
) &
for &, > 0. Hence
xC—Jj 2 d 2
o < € el _ el w0)
&k &k

where gk = Vf(xk) = F(a:k)TF’(a:k) and dk = dk(ék).

Now, we describe the projected gradient trust-region (PGTRA) algorithm with line search
technique.
Initialization step
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Choose a parameter ¢ > 0. Choose 8 € (0, ;), Apax > 0, 29 € Q, Ag < Apax, and a

nonsingular matrix Hy € R™*". Set k = 0 and go to the main step.

Main step
1. Compute Vg f(xg).
2. If ||Vaf(zg)|| < e, stop with the approximate solution xy.

3. Approximately solve the subproblem and obtain the step di () which is required to
satisfy the two requirements (8) and (9). In particular, we choose dj, = dj (&) in this

paper.

4. Choose oy = 1,w,w?,. .., until the following inequality is satisfied
flan + ardi) < f(ax) + awBgy di. (11)

Set k41 = Tk + apdy.

5. Calculate pred, = qx(0) — qx(ardy), aredy, = f(xk) — f(zr + ardy), and pr = giZgi.
Updating trust region size Agiq from Ay
[AY/IAIHIYQA/C]? if Pk S m,
Apt1 € ¢ (124k, Ag], if n1 < pr < n2,

(Ak, min{’yﬁ’)Ak) Amax}]7 if Pk Z n2.
6. Update Hj to obtain Hy1, then set k «— k 4+ 1 and go to step 1.

Remark. It is easy to see that the nonmonotonic line search technique
Fak + arde) < f(xi(k)) + arBoi di

can be used in (11), where f(z;x)) = 0<niax(k)f(a:k_j),m(k) = min{m(k — 1), M}, m(0) = 0,
<j<m

and M is a positive integer. We can also prove the global convergence and local convergent
rate of the proposed algorithm with nonmonotonic technique.

83 Global convergence analysis

Throughout this section we assume that F': X C R™ — R” is continuously differentiable.
Given z € int(2) C R™, the algorithm generates a sequence {z} C @ C R™. In our analysis,
we denote the level set of f by

L(zo) ={z€Q] f(z) < f(z0), 2o €Q }.
The following assumptions are commonly used in convergence analysis of most methods for the
convex constrained systems.
Assumption 1. The sequence {z} generated by the algorithm is contained in a compact set
L(zg) on R™.

By Assumption 1 and the continuity of F’(z), there exists a positive constant y, > 0 such
that | F'(zr)|| < x4 for all k.



62 Appl. Math. J. Chinese Univ. Vol. 26, No. 1

Assumption 2. There exists a constant ¢y with 0 < ¢y < qu such that the updating matrix
Hj, € R™ "™ is an approximation to the Jacobian F’(xy), that is,

17" (o) — Hi || < eo min{]|dill, |1k (€e)[1}-

Furthermore, we have | Hy || < ||F'(zy)||+ || F'(xx) — Hi || < xg+€olldill < Xg+€op2Amax = XH-

Define
ar(d) — qx(0) — (Vax(0), d)

wi(d) = P

and

Br =1+ max{ |wi(di (&), |wr(dr)] }-
We can deduce the following lemma from Assumption 2 and (5).

Lemma 3.1. If &, satisfies

@k (dk(§)) — ar(0) > po(V f (), di(§)),
then wy(dk(x)) + €oXy 48 positive and
1 —po
Br

The following lemma shows the relation between the gradient V f(x) of the function and

& >

di (&) generated in the subproblem (Si). We can see that the direction of the trial step
generated in the trust region subproblem is a sufficiently descent direction. By Lemma 3.1, the
following lemma can be similarly proved as in [6].

Lemma 3.2. If & satisfies inequalities (8) and (9), then there is a constant psz > 0 such that
1 lde (&)l

(Vi) = pal ) minga,, L 1E (12)
&k Br &k
Note that if & = &, then (12) holds for & = &; and if £, = 3, then we have
—(Vf(zk), di(Er)) > [”dkgk)']Q%. (13)
k
Since ||H|| < xm, we have the estimate
1 2 2
wk(dk(f)) — 2”de]€” +:uk||dk|| < 1)(%[ + 1’

12 ~ 2

which will be used in our following convergence analysis. We have 1 < 8, < x% + 2 £p.

Lemma 3.3. Assume that Assumptions 1 and 2 hold and V f(-) is Lipschitz continuous with
Lipschitz constant L. If there exists € > 0 such that

(@l ,
&k
for all k, then there is 7 > 0 such that
Ap > 7 (14)

for all k and
ey oem pse(l =By (1 —m2)popsen
F=min{ ', , 5 , L
p2 b Ly L+ /2f(z0)eo + b
Proof. If & > ~y3, then ék = 3. Since ¢, is increasing, we have
[P(zr =73V f(zk)) — 2kl < |1P(2x — &V f(@r)) — 2kl < p2ls.
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Therefore,

1 ||P(zy — -

pps UIP@e= @) —ml e

K2 73 M2

and hence (14) holds.
If & < 73, then ék = &. We first prove that if
€ pze(l—p)
A < mln{b, L2 1, (15)

then oy = 1 must satisfy the inequality (11) in step 4, i.e.,
f@k + di) < f(ax) + Boi di.

If the above inequality is not true, then

flax +di) > f(zr) + Boy d.
Since
f(og +di) = flz) + V(g +nede)” d,
where 7, € (0,1) and V f(+) is Lipschitz continuous with Lipschitz constant L, we have
Lld||* + (1 = B)V f (xx) " di > 0.
By (8) and (12), we obtain Lp3A7 — pse(l — B)min{Ay, ¢} > 0. Since A; < §, we have
Lu3A? — pze(1 — B)Ay, > 0. Then Ay > ”BEL(E@, which contradicts (15).
From the above we see that if (15) holds, then the step size oy = 1 and hence x4 =
2k + di(§k). We now assume that there is a number k such that
ev1 pse(l=B)v (1 —n2)popsey (16)
b’ Lyis 7L+\/2f($0)€0+i) ’
from which we will derive a contradiction.
Let ¢ be the first iteration number such that the inequality (16) holds. When

Ay, < min{

A € pse(l —
Ay < ,ylt < min{b, H3 éu% ﬁ)},
(15) holds for k =t — 1. Hence ay—; = 1. From (8) and (12), we have
Pred;—1 > —po(V f(2i-1), de—1(§-1)) = poprze min{ Ay, Z} = pop3€A¢—1. (17)
From Assumptions 1 and 2 and that V f(-) being Lipschitz continuous, we have
|f (@ + di) = f(xr) + ax(0) — ai(dr))] < (L + /2 (wo)eo + b) | d|? (18)

with 7 € (0,1). Combining (17) and (18), we have

|f(@e-1+ dio1) = fl@r-1) + Prede| _ (L+ V2f (z0)eo + D)3 A7,
|[Pred;_1] - Hops€Ar_1

(L +v/2f (xo)eo + b) Ay <

<1-mn2.
Hop3€ Y1
This implies that p;_1 > n2. By the updating rule for the trust region radius Ay in step 5, we

o1 =1 =

have
e pse(l=F)n (1 —m2)popsey

b’ Lps L+ \/2f(zo)eo+b
This contradicts the assumption that ¢ is the first index with (16) holding.

A <A< mln{

We are ready to state one of our main results.
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Theorem 3.1. Let Assumptions 1 and 2 hold and V f(-) be Lipschitz continuous with Lipschitz
constant L. Let {x} C Q be a sequence generated by the algorithm. Then

i it |G
k—+4o00 ék

Proof. If the conclusion is not true, then there exists ¢ > 0 such that

ld (€

N H > €.
&k

According to the acceptance rule in step 4, we have
. €
flare) < flae) + arBgl die < f(2r) — arBuse min{Ay, b}'
Since {f(zy)} is convergent, we have klim arAr = 0. By Lemma 3.3, Ay > 7, so we get
lim ap = 0.
k—oo
The acceptance rule of oy means that
[0 ~ [0 ~ « ~ e ~
o (VI (), di(@)) + o M dk(@l) = Flan+ Fdu(@)) = fe) > 6 ol du(&),
which implies
(632 2~ AL ~
(1 =B) (Vflzx) i) +oC "lidr(Ex)ll) = 0. (19)
Dividing (19) by ©* lldy(&x)]| and noting that 1 — 3 > 0 and (Vf(zx), dr(&)) < 0, we obtain
(V (@), di(Er)) _

A @l
From k() < max{isAmax, (1)} and der)l = [Pk — 169 (n) = Plaw)]l <

3 \/2f(x0)xg, we have that
Jim (V£ (k). di (€x)) = 0.
Combing the above formula with (V f(xr), dr(&)) < —psemin{Ay, 7} <0, we can get
kh—{go Ax =0,

which contradicts Lemma 3.3.

Theorem 3.2. Let Assumptions 1 and 2 hold and V f(-) be Lipschitz continuous with Lipschitz
constant L. Let {xx} C Q be a sequence generated by the algorithm. Then

lim [l (€x) _o.

k—too &y

Proof. Assume that there is an ¢; € (0,1). Let ”dmg(&"i)u be a subsequence such that
[ (&ma)l
Em,
for all m; (¢ = 1,2,...). Theorem 3.1 guarantees the existence of another subsequence
such that

> €

Hduféu)u
&1,

[l (&)l

&k

> €2



JIA Chun-zia, ZHU De-tong. Projected Gradient Trust-Region Method for the NSCC 65

for m; <k <l; and .
gli
for some €3 € (0,€1). By the acceptance rule in step 4 and Lemma 3.2, we have

f(@rg1) — faw) < anByi di < —owBuses min{Ay, Ebz}

<o,

for m; < k <;. Since {f(z1)} is convergent, we have that

lim OékAk =0.

k—oo, m;<k<l

Similar to the proof of Theorem 3.1, we have the result.

The following result is an immediate consequence of Theorem 3.2 with the condition 0 <
: di () & d
lldw (&) = Il kéfk)”é‘k < I kéfk)“,.yg.

Theorem 3.3. Let Assumptions 1 and 2 hold, f: R™ — R be continuously differentiable on €,
Vf(:) be Lipschitz continuous with Lipschitz constant L, and {x1} be the sequence generated by
the algorithm. Then

Jinn (Jdi | = 0.

Theorem 3.4. Let Assumptions 1 and 2 hold, f : R™ — R be continuously differentiable on €,

Vf(-) be Lipschitz continuous with Lipschitz constant L, and {xj} be the sequence generated by
. . % : C _ % : C —

the algorithm. If kléf}[{ll xp = x*, then klérII{ll zf =" and k]éf}l{ll IVaf(z)|l =0.

The first part of Theorem 3.4 can be proved by |z — 2*|| < || — 2k + ||zx — 2*|| and
Theorem 3.3; the second part can be found in [5].

84 Properties of the local convergence

In this section, we discuss the convergence rate of the proposed algorithm. To establish the
(local) convergence results, we change Assumption 2 to (20) and add another assumption. We
also assume that dj, is the optimal solution of (4).

Assumption 2. There exist constants § > 0 and 7 > 0 such that

I[Hk = F'(zx)](x — 21)|| < 7|z — 2] (20)
for x € Bs(x*) N Q.

By (20), Hy, is bounded and we still use ||Hg|| < xu to express the boundedness of Hy,.
Assumption 3. The solution set X* of problem (1) is nonempty. For some solution z* € X*,
there exist constants 6 > 0, 7 > 0 and 7» > 0 such that

mdist(z, X*) < ||F(2)||
and
|F(z) = F(zx) = Fi(z — )| < 72llz — a3
for x, xy € Bs(x*) N Q.

Using the mean value theorem and the boundedness of F'(zy) on Bs(z*) N, there is a

constant L; > 0 such that
[F(z) = F(y)ll < Lz -y (21)
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for x,y € Bs(x*) N Q.
The constants 7, 6, 7, 7 and L; that appear in the subsequence analysis are always the
constants from Assumptions 2, 3 and (21).

Lemma 4.1. Assume that Assumptions 1 to 3 hold and py, = min{1, u||F(zx)||}. There exist
constants T3 > 0 and 74 > 0 such that the following inequalities hold for xj € Bg (z*)NQ:

(1) lldrll < 73 dist(wr, X7);
(2) ||F(zk) + Hidg|| < 74 dist(xk,X*)g,
Proof. The proof is similar to Lemma 2.3 in [3].

Lemma 4.2. Assume that Assumptions 1 to 8 hold and xj, € Bg (z*). Then the full stepsize
o = 1

is always accepted for k sufficiently large. Moreover, if f(x) is twice continuously differentiable,
then there exists A > 0 such that Ay > A.

Proof. Lex Ty, € X*, ||xr — Tk|| = dist(xg, X*), and di, = argmin gx(d). Then
1 1 1
gide = L IF @)+ F'(@n)di|* = 1P @ell* = di F ()" F' (wx)da

1 1
< GlIF ) + F' () di||” + el die||* — 2|\F(xk)ll2

1 1
< QIF@) = F@e) + F'(a) @ = 2o)l” + e F@ll - 12 = 2el” = [1F @)%
By 2 € B; (z*), we know x,Zr € Bs(xz*). By Assumption 3 and inequalities ||z — Zg| <

|lzx — 2*|| <6 and § < min{1 }, we have

1
> 2(r2+42pLy)

gide < (@llEe = ]t + 20l 7k — aell® = 7|7k - )
< 1(2 2uly6 — 1 — 2<—T12d't X*)?
< (4 2plid = m)llay — zl” < - dist(zg, X7)%
From the acceptance rule of «y and (10),

F@x) — F@n) > —onBold > akﬁjg ldi 2 > 0. (22)

This means that the sequence {f(z1)} is nonincreasing and hence convergent. Then from (22),
we can get

lim akHdk”2 =0.

k—o0

Therefore, we have either

likm infay =0 (23)
or =
Jim ldx||* = 0. (24)

If (23) holds, then there exists a subset K C {k} such that %ir%ak = 0. From the acceptance
€

rule of ay, we have
« «
[k + wkdk) > f(wg) + jﬂggdk-
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Hence,
(0% «
Y (1= B)gldr + ol " ldi])) 2 0. (25)

Dividing (25) by $*||dx|| and noting that g/'dy < — 1 ||dk||* < 0, we can get lim 9 i _ 0 and
“ keK ||dyl|
]llerril(HdkH = 0. Hence (24) holds. Since gy, is bounded and |gf di| = —g¥'d). > 7412 dist(zg, X*)? >
0, we deduce that
klirgo dist(x, X*) = 0. (26)
Since d = argmingg(d) = 3||F(zx) + Hid|? + pl|d||?, we have [F(zx)"Hi]" + (H Hy +
url)dy, = 0, which implies that
F(xx)" Hydy + dig Hy Hidy, = —pug|de . (27)
By Assumption 3,
prdist(xg, X*) < pp = pl|Fap)|| < pLli||zr — Tkl = pLidist(zg, X). (28)
Then by (26)-(28),

F(zy)" Hydy, + df HE Hydy = o(||dg||?). (29)
By Assumption 2, we obtain
1
| Fap) T [F'(x) — Hildy | = | akF(xk)T[F'(xk) — HyJ(xh+1 — i) |
1 . N
< o Lidist(xg, X*) - 7|21 — z?

< Lyrdist(ag, X)) di ||
Thus
g di, = F(x)" [F'(wx) — Hldy, + F(ay)" Hedy, = o(||di|1?) + F(wr)" Hydy, (30)
and
df F' (x) " F' (21)dy = o(||di||?) + df HE Hy.dy,. (31)
By(29)-(31), we have
gi i, + di F' ()" F' (wg)dy, = o(||dk|1?). (32)
Combining (32) with Lemma 4.1 (1), we obtain

flon+de) = flaw) -

1 1 1
= LIF k) + F'(zx)di + o(lldeDI* = IIF(ze)ll* =, g5 di

g di

= b+ IE@ - olldul) + al FT(er)F (e + F ) - of ) + ol )
= olldell®) + 1 F (@)l - olldel) = oflzn - 7).

Furthermore, for sufficiently large k& we have

flar +di) = flar) = Bgide = (2—ﬁ)ggdk+f(xk+dk)—f(xk)—;ggdk
2
< =10~ O)diston, X+ ollloy — 4]%) < 0,

which implies that ap = 1 holds.
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By Assumption 2,
15" () dil|* = || Hyd|® I(F" (xx) — Hi)dy, + Hydi||* — || Hyd |*
= |[(F'(zx) = Hy)dyo||* + dig Hi (F'(xx) — Hy)dy,
= o(|ldk|*)-
The above formula and (28) yield that
[k + di) — qi(dr)

1 1
= f(or) + VS(zr) de + 2dkT-G($k)dk + o(|ldi||*) — 5 |F(zk) + Hedi||” — pel|dic||®

1 1
= GIF@)? + gl + di [F' () F' (k) + S(@)ldi + of[[di]|?)
1
= 1 @) + Hidie||* = pe | ]|

1 1
= F(ap)" (F'(z) — Hi)dy + 5 1F (zx)di I — | Hedr||*] + QdES(xk)dk + o(||dk 1)

— k| i ||®
= o[ dx]*).
Since
Ipredy| = [qk(dr) — ak(0)| > [qr(dr(&r)) — ax(0)]
> oV f(we) di (&)l > clldil?,

we have

(zx) — f(or +di) — qr(0) + qr(dk)
pred,,

which means that pp — 1. Therefore, pr, > 72 and hence Ap41 > Ag.

: )
c o =11 = g | =0

Assume that xg is close enough to x* such that oy = 1 for all k. We get the following results
with proofs similar to those in [11].

Lemma 4.3. Assume that Assumptions 1 to 3 hold, uy, = min{1, u||F(zx)||}, and xx—1 and
) € B (x*). Then there is a constant 75 > 0 such that

dist(xg, X*) < msdist(xp—1, X*) 3.

The next result shows that the assumption of Lemma 4.2 is satisfied if the starting point xg
in the proposed algorithm is chosen sufficiently close to the solution set X*. Let

0 2
(14 673)" 372 g (33)

r= min{2

Lemma 4.4. Assume that Assumptions 1 to 8 hold. If the starting point xo € 2 used in the
proposed algorithm belongs to the ball B,.(xz*), then all iterates x), generated by the proposed
algorithm belong to the ball B (z*).

Lemma 4.5. Assume that Assumptions 1 to 3 hold. Let {x;} be a sequence generated by
the proposed algorithm with starting point xo € B,(z*), where r is defined by (33). Then the
sequence {x} converges to a solution of (1) which belonging to the ball B; (z*).
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We now obtain our main local convergence result of this section.

Theorem 4.1. Assume that Assumptions 1 to 3 hold. Let {x} be a sequence generated by the
proposed algorithm with starting point ©o € B,.(x*), where r is defined by (33) and the limit
point is T. Then the sequence {x} converges locally Q-superlinearly to T at 1.5-order rate of
local convergence.

Theorem 4.1 means that under Assumptions 1 to 3, the distance dist(x, X*) converges to
zero locally Q-superlinearly. We feel that the numerical test will be implemented in practice
further.
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