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u-Separations in generalized topological spaces

GE Xun'? GE Ying!

Abstract. This paper takes some investigations on generalized topological spaces with some p-
separations. Some characterizations of uT;-spaces for i = 0,1, 2, 3, 4, uTp-spaces and pRo-spaces

are obtained and some relations among these spaces are established.

81 Introduction

Let X be a set. A subset pu of exp X is called a generalized topology on X and (X, u) is
called a generalized topological space[4], if p has the following properties:

(1) 0 € p.
(2) Any union of elements of p belongs to p.

Let B C expX and () € B. Then B is called a base[4] for p if {UB’: B’ C B} = pu. We also
say that p is generated by B.

Generalized topological space is an important generalization of topological spaces and many
interesting results have been obtained. In this paper, we investigate separations in generalized
topological spaces and give some characterizations of separations and some relations among
them.

Throughout this paper, a space (X, ), or simply X for short, will always mean a strong
generalized topological space with the strong generalized topology p unless otherwise explicitly
stated. Here, a generalized topology p is said to be strong[4] if X € u. Separation in (X, u) is
called p-separation. A subset B of X is called p-open (or p-closed) if B € p (or X — B € p).
For B C X, let I(B) be the largest u-open subset of B. Equivalently, I(B) is the union of all
p-open subsets of B. Let C'(B) be the smallest p-closed subset which contains B. Equivalently,
C(B) is the intersection of all u-closed subsets which contain B. A point z € X is called a
p-cluster point of B if U N (B — {z}) # 0 for each U € p with x € U. The set of all p-cluster
points of B is denoted by d(B).
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82 Preliminaries

Notation. Let X be a space. Throughout this paper, we use the following notation for z € X
and F C exp X.

(L) nF=n{F:FeF}

(2) UF =U{F: F e F}.

(3) pa ={U:2 €U € pu}.

(4) Cpa) = {CU) : U € pis}.

(5) N(x) = Nto-

(6) N(z) = NC(pa)-

The following puT;-space for i =0, 1,2, 3,4, uTp-space and puRy-space are generalizations of
T;-space[6] for i = 0,1,2,3,4, Tp-space[l] and Rg-space[5,7], respectively.

Definition 2.1. Let X be a strong generalized topological space. X is called a uTy-space (resp.
wTh-space, uTa-space, uTs-space, pTy-space, uT'p-space, pRo-space) if X satisfies the following
uTo-separation (resp. uTi-separation, puTh-separation, uTs-separation, pTy-separation, uTp-
separation, uRo-separation) condition.

(1) uTo-separation: If x,y € X and = # y, then there is U € p such that either U N {z,y} =
{a} or Un{z,y} = {y}.

(2) pTh-separation: If x,y € X and x # y, then there are U,, U, € u such that U, N {z,y} =
{z} and Uy N{z,y} = {y}.

(3) pTy-separation: If z,y € X and x # y, then there are U, € p, and Uy € p, such that
U, NU, = 0.

(4) pTs-separation: If © ¢ F with F' p-closed, then there are U, € u, and Up € u such that
FcUpand U, NUp = 0.

(5) uTy-separation: If Fy and Fy are u-closed and Fy N Fy = (), then there are Uy, Us € p with
Fy Cc Uy and F5 C Us such that Uy NU; = 0.

(6) uTp-separation: If x € X, then there are p-open U and p-closed F such that {z} = UNF.
(7) pRo-separation: If x € U € p, then C({x}) C U.

Remark 2.1. (1) If u is a topology on X, then u-separations in X are separations in topological
space X.

(2) A pTi-space is called a p-regular space (or p-normal space) if it is a uTs-space (or
uTy-space).

(3) Tt is clear that pu-normal space = p-regular space => uTs-space = pT;-spaces =—>
wly-spaces.

(4) None of the implications in (3) can be reversed.

(5) p-normal space (or p-regular space) in (3) cannot be relaxed to uTy-space (or puT5-regular
space).

The following proposition is known.
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Proposition 2.1. Let B be a subset of a space X. Then the followings hold.

(1) I(B) Cc B C C(B).

(2) I(I(B)) = I(B) and C(C(B)) = C(B).

(3) If B' C B, then I(B") C I(B), C(B') C C(B) and d(B’) C d(B).
(4) I(B) = B iff B is p-open.

(5) C(B) = B iff B is p-closed.

(6) C(B) = X — I(X — B) and I(B) = X — C(X — B).

(7) 2 € C(B) if UNB # 0 for each U € pu,.

(8) z € I(B) iff U C B for some U € py.

(9) C¢(B) =BUd(B).

(10) = & d({z}) for each z € X

Remark 2.2. The equalities I(By N Bg) = I(B1)NI(B2) and C(B1UBy) = C(B1)JUC(By) do
not hold. In fact, let X = {a,b,c} and p = {0, {a, b}, {b,c},{c,a}, X}. Then I({a,b}N{b,c}) =
I({0}) = 0 # {b} = {a, b} N {b,¢} = I({a,b}) N I({b,c}) and C({a} U {b}) = C({a,b}) =
{a,b} = {a} U{b} = C({a}) UC({D}).

We now give a sufficient condition such that I(B; N Bz) = I(By)NI(Bz2) and C(B; UBy) =
C(B1) UC(Bs2) hold. The following definition come from [2,8].

Definition 2.2. Let X be a space.

(1) Let € X and U € p,. Then x is called a representative element of U if U C V for each
Ve .

(2) A space X is called a Cy-space if Cy = X, where Cj is the set of all representative
elements of sets of p.

(3) Let z € X. The set Md(z) ={U € py : U DV € up, = V = U} is called the minimal
description of x.

Remark 2.3. Let X be a space and x € X. If p, is finite, then = ¢ Cy iff |Md(x)| > 1 in
which |Md(x)| is the cardinality of Md(x). (See [2].)

Proposition 2.2. Let By and By be subsets of a Cy-space X. Then
(1) I(Bl N Bg) = I(Bl) n I(BQ)
(2) C(Bl @] Bg) = C(Bl) @] C(BQ)

Proof. (1) I(B1 N By) C I(By) N 1(B2) from Proposition 2.1(3). If x € I(By) N I(B2), then
there are Uy,Us € g such that Uy € By and U C By. Since X is a Cy-space, © € Cj.
So there is U € u, such that x is a representative element of U, and hence U C U; and
U C U;y. Consequently, x € U C Uy NUs C By N By. It follows that @ € I(By N Bg). Thus,
I(Bl) N I(BQ) C I(Bl N Bg) This proves that I(Bl N Bg) = I(Bl) n I(BQ)

(2) By (1) and Proposition 2.1(6), C(B; U By) = C(B;) U C(B,).

Proposition 2.3. Let X be a space. If v is finite, then the followings are equivalent.
(1) X is a Cy-space.
(2) I(B1 N By) = I(B1) N I(Bs) for each By, By € exp X.
(3) C(B1UBy) =C(B1)UC(Bs) for each By, By € exp X.
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Proof. (1) = (2) It follows from Proposition 2.2.

(2) = (1) If X is not a Cy-space, then there is z € X such that = ¢ Cy. By Remark 2.3,
|Md(x)| > 1. So there are Uy, Uz € Md(z) such that Uy # Uy, hence x € U1NUz = I(U1)NI(Uz).
On the other hand, for each U € p,, U ¢ Uy NUs because Uy, Us € Md(z). So x & I(U; NUs).
This contradicts I(U; NUs) = I(Uy) N I(Us).

(2) <= (3) It holds by Proposition 2.1(6).

Remark 2.4. “Finite” in Proposition 2.3 cannot be omitted. In fact, let X be the closed
interval [0,1]. Then I(By; N Bg) = I(By) N I(Bz2) and C(By U Bz) = C(By) U C(Bs) for each
B1, By € exp X, but X is not a Cy-space.

83 The main results

Lemma 3.1. Let X be a space and x € X. Then C({z}) = X — U( — ug).

Proof. Let y € C({z}) = X —I(X —{z}). Theny ¢ I(X —{z}). U € py, then U ¢ X —{z},
and hence x € U, ie., U € py. So py C iz, and hence u — pip C p — py. It follows that
U(pe — ptg) C U(p — py). It is easy to see that y & U(p — py). So y & U(u — pz). Consequently,
y € X —U(p — pz). On the other hand, let y € X — U(u — pz). Then we have y € C({z}) by
reversing the proof above. This proves that C({z}) = X — U(u — uz).

Proposition 3.1. Let X be a space and z,y € X. Then the following are equivalent.
(1) Un{z,y} ={x,y} for each U € pi.
(2) y € N(2).
(3) pa C pry-
(4) N(y) C N(z).
(5) C({z}) c C({y}).
(6) z € C({y})-

Proof. (1) = (2) Let U N {x,y} = {x,y} for each U € p,. Soy € U for each U € p,.
Consequently, y € N, = N(z).

(2) = (3) Let y € N(z) = Nty. U € iy, then y € U, and so U € p,. Consequently,
Mo C fhy-

(3) = (4) Let py C py. Then N(y) = Npy C Npty = N ().

(4) = (1) Let N(y) C N(z). Then y € N(y) C N(z). So, for each U € pu,, y € U. Note
that € U. It follows that U N {z,y} = {z,y}.

(3) = (5) Let g C py. Then p — py C p — piz, and hence U(p — py) C U(pt — ). So
X —U(p— pe) € X —U(p — py). By Lemma 3.1, C({z}) C C({y}).

(5) = (6) Let C({z}) € C({y}). Then z € C({}) € C({y}).

(6) = (3) Let z € C({y}) = X —U( — pyy). Then « & U(p — py). So, if U € p — puyy, then
x ¢ U. Consequently, if U € p,, then U € p,. This proves that pz C piy.

Corollary 3.1. Let X be a space, x,y € X and x # y. Then the following are equivalent.
(1) Un{z,y} ={z} for some U € p,.
(2) pa & py-
3) = & C({y}).
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Theorem 3.1. The following are equivalent for a space X .
(1) X is a pTo-space.

(2) Ifr,ye X and x # y, then py & fuy or py ¢ o

(3) If v,y € X and x # y, then v ¢ C({y}) ory & C({z}).

(4) If v,y € X and x # y, then puy # py.

(5) If v,y € X and z # y, then C({z}) # C({y}).

Proof. (1) <= (2) <= (3) They follow from Corollary 3.1.

(2) <= (4) It is obvious.

(3) = (5) Let z,y € X and = # y. Without loss of generality, assume that = ¢ C({y}).
Since x € C'({z}) by Proposition 2.1(1), C({z}) # C({y}).

(5) = (2) If for z,y € X and = # y, C({z}) # C({y}). Without loss of generality, assume
that there is z € C({z}) and z ¢ C({y}). By Proposition 3.1 and Corollary 3.1, u, C u, and

W & By SO fig & py.

Theorem 3.2. The followings are equivalent for a space X.
(1) X is a pTi-space.
(2) Ifv,ye X and x # y, then py & p1y and piy € fig.
3) Ifr,ye X andx #y, then x ¢ C({y}) and y & C({z}).
(4) {z} = C({x}) for each x € X. So each singleton of X is p-closed.
(5) {z} = N(z) for each x € X.
(6) If v,y € X and z # y, then C({z}) N C({y}) = 0.

Proof. (1) <= (2) <= (3) They follow from Corollary 3.1.

3)= 4) Let z € X. If y € X and y # =, then y & C({z}). So C({z}) C {x}. On the
other hand, {z} C C'({z}) by Proposition 2.1(1). It follows that {z} = C({z}).

(4) = (B)Let z € X andy € N(z). f y # x, then = & {y} = C{y}) = X — I(X — {y}),
and hence z € I(X — {y}). So there is U € u, such that U € X — {y}, i.e,, y ¢ U. This
contradicts y € N(z) = Nuy. So y = x. This proves that N(x) C {x}. On the other hand, it is
clear that {z} C N(z). So N(x) = {z}.

(5) = (1) Let z,y € X and = # y. Then y ¢ N(z), and hence there is U, € u, such that
y & Uy. Thus U, N{z,y} = {z}. In the same way, there is U, € p, such that U,N{z,y} = {y}.
Consequently, X is a uTi-space.

(4) = (6) Let x,y € X and = # y. Then C({z}) = {z} and C({y}) = {y}. So C({z})N
C{y}) ={z}n{y} = 0.

(6) = (4) Let z € X. If y € X and y # z, then C({z}) N C({y}) = 0. It follows that
y & C({z}) because y € C({y}). So C({z}) C {z}. On the other hand, it is known that
{z} € C({z}). Consequently, {z} = C({z}).

It is well-known that a topological space X is a T-space iff each finite subset of X is closed.
Can “singleton” in Theorem 3.2(4) be replaced by “finite subset”? The following example shows
that the answer of this question is negative.

Example 3.1. There is a pTi-space X with a finite subset F' of X such that F is not p-
closed. Let X = {a,b,c} and p = {0,{a, b}, {b,c}, {c,a}, X}. Then (X, p) is a pTi-space, but
F = {a, b} is not u-closed.
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Proposition 3.2. Let F' be a subset of a Cy-, uT1-space X. Then the followings hold.

(1) d(F) = 0.
(2) F is p-closed.

Proof. (1) Let x € X. Since X is a Cy-space, there is U € pu, such that x is a representative
element of U, and hence U C V for each V € p,. It follows that U C Nuy = N(x). By Theorem
3.2, N(z) = {z}. Therefore, U = {z}. It is clear that U N (F — {z}) = 0. So = & d(F). This
proves that d(F) = (.

(2) By Proposition 2.1(9) and (1) of this proposition , C(F) = FUd(F) = FUl = F. It
follows that F' is p-closed by Proposition 2.1(5).

Lemma 3.2. Let X be a space and U,V € p. Then UNV =0 iff C(U)NV = (.

Proof. Sufficiency is clear, we only need to prove necessity. f UNV =, then U Cc X -V
and X —V is p-closed. By (3) and (5) of Proposition 2.1, C({U) Cc C(X —V)=X —V. So
cUu)ynv =40.

Theorem 3.3. The following are equivalent for a space X .

(1) X is a pTsr-space.

(2) If x,y € X and x # y, then there are U, € pgy and Uy, € p, such that C(U,) N U, = 0.
(3) If z,y € X and x # y, then there is U, € u, such thaty ¢ C(Uy).
(4) If z,y € X and x # y, then there is Uy € uy such that ¢ € U, C C(U,) C X — {y}.
(56) {z} = N(x) for each z € X.

Proof. (1) = (2) It follows from Lemma 3.2.

(2) = (3) It is clear.
(3) = (4) Let z,y € X and z # y. Then there is U, € pu, such that y ¢ C(U,). So
C(Uy) € X —{y}. Consequently, z € U, C C(U;) C X — {y}.
(4) = (5) Let z € X. It is clear that {x} C N(z). On the other hand, if y € X and
y # x, then there is U, € pu, such that z € U, C C(U;) C X — {y}. So y & C(Us;), and hence
y & N(z). This proves that N(z) C {x}. Consequently, {z} = N(x).

(5) = (1) Let z,y € X and = # y. Then y &€ {z} = N(z). So there is U, € u, such that
y & C(Uyg). By Proposition 2.1(7), there is Uy € p,, such that U, N C(U,) = 0. It follows that
U,NU; =0. So X is a uThr-space.

Theorem 3.4. The following are equivalent for a space X .
(1) X is a uTs-space.
(2) If v & F with F p-closed, then there are Uy, € py and Up € p such that F C Up and
(UT) NUp =
(3) Ifx & F wzth F p-closed, then there is Uy € py such that C(U,) N F = 0.
(4) If x € X and Uy € g, then there is Vi, € py such that x € V, C C(Vy) C Uy.
(5) F=n{C(U): F CU € u} for each p-closed subset F' of X.

Proof. (1) = (2) It follows from Lemma 3.2.
(2) = (3) It is clear.
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(3) = (4) Let z € X and U, € p. Then X — U, is p-closed and x &€ X — U,.. So there is
Vi € g such that C(V,) N (X — U,) =0, hence C(V,,) C U,. It follows that € V, € C(V,) C
Us.

(4) = (5) Let F be a p-closed subset of X. It is clear that F ¢ N{C(U) : F C U € u}.
On the other hand, if z € F', then © € X — F. So there is U, € pu, such that z € U, C C(U,) C
X—-F. PuwUp=X-C(U,), then F CUp € pu. Since Up C C(Up) C X —U,, = ¢ Up, and
sox & N{C(U) : F CU € u}. This proves that N{C(U) : F C U € u} C {x}. Consequently,
{z} =n{C{U): F CU € u}.

(5) = (1) Let « ¢ F with F p-closed. Then z ¢ N{C(U) : F C U € u}. So thereis U € u
such that U D F and = ¢ C(U). Put U, = X — C(U). It is clear that x € U, and U, NU = 0.
So X is a pTs-space.

With proofs similar to those of Theorem 3.4, we have the following theorem.

Theorem 3.5. The following are equivalent for a space X .

(1) X is a pTy-space.

(2) If F1, Fy are p-closed and Fy N Fy = 0, then there are Uy,Us € p such that Fy C Uy,
Fy c Us; and C(Ul) NUy = 0.

(3) If F1, F» are p-closed and Fy N Fy = 0, then there is U € u such that Fy C U and
CU)NFy =0.

(4) If F is p-closed and F C U € p, then there is V € p such that F CV C C(V) CU.

Each Ts-compact topological space is normal. The following example shows that the similar
result in strong generalized topological space is not true.

Example 3.2. There is a puTs-, finite space X such that X is not p-regular. Let X =
{a,b,c,d, e} and let u be the strong generalized topology on X generated by {0, {a, b}, {c}, {b, d},
{b,e},{a,c,d},{a,c,e}}. It is clear that X is a uTs-space. Consider a € {a,b} € uq. It is easy
to check that there is no U € p such that a € U C C(U) C {a,b}. By Theorem 3.4, X is not
p-regular.

Lemma 3.3. Let x € X. If d({z}) is not u-closed, then C(d({z})) = C({x}).

Proof. Let d({z}) be not u-closed. Since d({z}) C C({z}), C(d({z})) C C(C({z})) = C({z}),
so we only need to prove that C({z}) C C(d({z})). Note that C({z}) = {z} Ud({z}) and
C(d({z})) = d({x}) U d(d({z})). It suffices to prove that = € d(d({z})). Since d({z}) is not
p~closed, so there is y € d(d({z})) — d({z}). Since y is not any p-cluster point of {z}, there
is U € p such that y € U and U N ({z} — {y}) = 0. On the other hand, y € d(d({=z})),
so UNnd({z}) # 0. Pick z € UnNd({z}), then U N ({z} — {z}) # 0 because z € U € u
and z is a p-cluster point of {z}, and so U N {z} # 0. Note that U N ({z} — {y}) = 0. So

z =y € d(d({z})).

Theorem 3.6. The followings are equivalent for a space X.
(1) X is a uTp-space.
(2) d({z}) is p-closed for each x € X.
(3) For each x € X, there is U € p such that {z} = C({z})NU.
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Proof. (1) = (2) Let X be a pTp-space and z € X. Then {z} = U N F for some p-open
subset U and some p-closed subset F. If d({x}) is not u-closed, then C(d({z})) = C({z}) by
Lemma 3.3. Since z € C({z}) ¢ F, UNC({z}) = {z}, and so U N C(d({z})) = {z}. By
Proposition 2.1(9), C(d({z})) = d({z}) Ud(d({z})). So (U Nd({z})) U (U Nd(d({z}))) = UN
C(d({z})) = {z}. By Proposition 2.1(10), = ¢ d({z}). Note that U Nd({z}) C {z}, so
Und({z}) = 0. It follows that U Nd(d({z})) = {z}. Consequently = € d(d({z})), i.e., z is
a p-cluster point of d({z}). This shows that U N (d({z}) — {z}) # 0. which contradicts with
Und({z}) = 0.

(2) = (3) Let z € X and d({z}) is u-closed. By Proposition 2.1(10), z ¢ d({z}). Let
U=X—-d{z}),thenz e U e pand UNd({z}) =0. SoUNC{z}) =Un{z}ud({z})) =
(U N{z}) U (Und({z})) =Un{z} ={x}.

(3) = (1) Let « € X. There is U € p such that {z} = U NC({z}). Note that C({z}) is
p-closed. So X is a uT'p-space.

Theorem 3.7. A uTi-space is a uTp-space and a pTp-space is a pTy-space.

Proof. Let X be a pTi-space and € X. Then {z} = C({z}) by Theorem 3.2. If y # «x,
then y & {z} = C({z}) = {z} Ud({z}), and so y & d({z}). On the other hand, = ¢ d({z})
by Proposition 2.1(10). Thus d({z}) = 0. Note that X € p, so d({z}) = 0 is u-closed. By
Theorem 3.6, X is a uTp-space.

Let X be a uTp-space. Then d({z}) is u-closed for each z € X by Theorem 3.6. Let z,y € X
such that y # x. If © € C({y}), by Proposition 2.1(7), there is U € p, such that U N{y} =0,
ie., UN{z,y} = {z}. fz € C{y}) = {y} Ud({y}), then z € d({y}). Let U = X — d({y}),
then x ¢ U. d({y}) is p-closed, so U € u. Note that y & d({y}) by Proposition 2.1(10), so
y € U. Consequently, U N {z,y} = {y}. This proves that X is a uTp-space.

Remark 3.1. By Remark 2.1(1), we see that uTy-space 7= pTp-space 7= pT1-space.

By Theorems 3.6 and 3.7, d({z}) is p-closed for each x € X if X is a pTi-space. The
following example shows that for a finite subset F' of a uTi-space, d(F) need not be u-closed.

Example 3.3. There is a pTi-space X with a finite subset F' of X such that d(F) is not
p~closed. Let X = {a,b,c,d} and u = {0, {a,b,c},{a,b,d},{a,c,d},{b,c,d}, X}. Then (X, p)
is a puTy-space. Let F' = {a,b}, then d(F) = {c,d} is not u-closed.

Theorem 3.8. The followings are equivalent for a space X.

(1) X is a pRo-space.

(2) For each z,y € X, if v & C({y}), theny & C({x}).

(3) For each z,y € X, if v € C({y}), theny € C({x}).

(4) For each z,y € X, C({z}) = C({y}) or C({z}) NC{y}) =0, i.e., {C({zx}) : z € X'}
is a partition of X for some X' C X.

Proof. (1) = (2) Suppose that X is a pRo-space. Let z,y € U and = ¢ C({y}). Then
x € X —C{y}) = I(X —{y}). So thereis U € p such that x € U C X — {y}. Since X is a
uRo-space, C({z}) CU C X — {y}. It follows that y & C({z}).

(2) = (3) It is obvious.
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3) = (1) Let x € U € pand y € C({z}). Then z € C({y}) = X — I(X — {y}). So
x & I(X — {y}). It shows that U ¢ X — {y}, and hence y € U. This proves that C({z}) C U.
So X is a puRy-space.

(3) = (4) Let z,y € X. If C({z}) N C({y}) # 0, then there is z € C({z}) N C({y}). So
z € C({z}), and hence x € C({z}). It follows that C({z}) C C({z}) and C({z}) C C({z}).
Consequently C({z}) = C({z}). In the same way, C({z}) = C({y}). So C({z}) = C({y}).

(4) = (3) Let z,y € X. Then C({z}) = C({y}) or C({z}) N C({y}) = 0. If x € C({y}),
then z € C({z}) N C{y}) # 0. So C({z}) = C({y}). Consequently y € C({y}) = C({z}).

Theorem 3.9. The following are equivalent for a space X .
(1) X is a pTy-space.
(2) X is a uTp- and puRo-space.

Proof. (1) = (2) Let X be a uTy-space. Then X is a uTp-space by Remark 2.1(3). For each
x € X, {z} = C({z}) by Theorem 3.2. Tt follows that {C({z}) :z € X} ={{z}:2 € X} isa
partition of X. So X is a uRp-space by Theorem 3.8.

(2) = (1) Suppose that X is a uTp- and pRp-space. Let z,y € X and = # y. Since X is
a uTp-space, C({z}) # C({y}) by Theorem 3.1. So C({z})NC({y}) = 0 by Theorem 3.8 since
X is a pRy-space. By Theorem 3.2, X is a uTi-space.

Remark 3.2. By Remark 2.1(1), Tyo-space = Ry-space and Rg-space 7= Ty-space, so uTo-
space 7= uRy-space and pRg-space 7= uTy-space.

84 Some separations in topological spaces

A.Csészér[?)] formulated some separation axioms by replacing open sets by an arbitrary
family of subsets of a topological space. In this section, we compare our notions and results
with those of Csdszdr.

Definition 4.1. [3] Let X be a topological space and £ C exp X.

(1) To-separation: z,y € X and x # y imply the existence of K € £ containing precisely one
of z and y.

(2) Ty-separation: x,y € X and x # y imply the existence of K € £ such that © € K and
y¢ K.

(3) Ty-separation: z,y € X and x # y imply the existence of K, K’ € ¢ such that z € K,
ye K' and KNK'=1.

(4) Si-separation: If x,y € X and there is K € £ such that z € K and y ¢ K, then there is
K’ € ¢ satisfying y € K and ¢ ¢ K'.

(5) Sa-separation: If z,y € X and there is K € £ such that x € K and y ¢ K, then there
are K/, K" € £ such that x € K', y € K" and K' N K" = .

Remark 4.1. (1) If X is a generalized topological space with generalized topology £, then X
has Ty-separation (resp. Tj-separation, Th-separation) in the sense of Definition 4.1(1) (resp.
Definition 4.1(2), Definition 4.1(3)) is equivalent to that X is a pTy-space (resp. pTi-space,
uTh-space).

(2) Ti-separation (resp. Th-separation) is equivalent to S1- and Tp-separation (resp. So-
and Tp-separation)[3].
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Let X be a set and & C expX. As in [3], for each x € X, x{x} denotes the subset
{lyeX:yeKeéf¢=ze K}of X.

Remark 4.2. Let x € X. If X is a generalized topological space with generalized topology &,
then k{z} = C({z}) by Proposition 2.1(7).

A .Csaszér obtained the following results in [3].

Proposition 4.1. [3, Lemma 3.1] Given z,y € X, v{z} # r{y} if and only if there is K €
containing precisely one of x and y .

Proposition 4.2. [3, Lemma 3.2] X has Sy-Separation if and only if x € K € & implies
k{z} C K.

Proposition 4.3. [3, Proposition 3.3] Let X be a generalized topological space with generalized
topology &. If X has Sy-separation, then {k{z} : x € X'} is a partition of X for some X' C X.

The following remark results the three propositions above to generalized topological spaces.

Remark 4.3. Let X be a generalized topological space with generalized topology &.

(1) By Remark 4.2, Proposition 4.1 is the same as (1)<=(5) in Theorem 3.1.

(2) By Remark 4.2 and Proposition 4.2, X has S;-separation is equivalent to X has puRp-
separation.

(3) From (2) above, Theorem 3.8 and Remark 4.2, X has S;-separation if and only if
{k{x} : z € X'} is a partition of X for some X’ C X, which shows that Proposition 4.3 can be
reversed.

Acknowledgment: The authors would like to thank the referees for their valuable comments
including the improvement of Proposition 3.2 and the suggestion of Section 4.
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