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LIE SYMMETRY ANALYSIS AND PAINLEVE ANALYSIS OF
THE NEW (2+1)-DIMENSIONAL KdV EQUATION

Shen Shoufeng

Abstract. Lie point symmetries associated with the new (2+1)-dimensional KdV equation
Ut + 3UzUy + Ugey = 0 are investigated. Some similarity reductions are derived by solving the
corresponding characteristic equations. Painlevé analysis for this equation is also presented and

the soliton solution is obtained directly from the Bécklund transformation.

81 Introduction

In the analysis of nonlinear evolution equations(NLEEs), a lot of powerful methods such
as inverse scattering transformation, Backlund transformation, Hirota bilinear approach, Lie
symmetry analysis, Painlevé analysis have been established. Lie point symmetry method (group
method) was originally developed by Sophus Lie and is a highly algorithmic method. There have
been considerable important developments which include Lie-Bécklund symmetry, potential
symmetry and so on in Lie symmetry methods!'=2! in recent years. Usually, by means of
the Lie symmetry method, we can study the invariance, symmetry properties and similarity
reductions of NLEEs. In [3], Weiss, Tabor and Carnevale (WTC) presented the Painlevé test for
NLEEs directly. According to WTC method, a NLEE has Painlevé property if it’s solutions are
single-valued about a movable singularity manifold. Up to the present time, the developments
about this method include Kruskal’s simplified method!*, Conte’s invariant method!®! and Lou’s
extended method®. To a NLEE, no matter whether it possesses Painlevé property, certain
physically interesting solutions can be derived by using the truncated Painlevé expansion.

In this paper, we consider the following new (2+1)-dimensional KdV equation!”
A = up + 3uzply + Ugzy = 0. (1.1)

In §2, we discuss Lie symmetries, Lie algebra of symmetry vector fields and similarity reductions.
In §3, we investigate the above equation that is not Painlevé integrable by means of the WTC-
Painlevé analysis method and obtain a soliton solution from Bécklund transformation. The last

section is a short summary and discussion.
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82 Lie symmetries and similarity reductions
Setting the one-parameter Lie group of infinitesimal transformations
x— X=z+eX(x,y,t,u),

y—Y =y+eY(x,y,t,u),

t—>T=t+el(x,y,t,u),

u—U=u+eU(z,y,t,u) (2.1)
with a small parameter ¢ < 1 and the vector field associated with the above group of transfor-
mations 5 5 P P

V=X Y T Uu,_, 2.2
or oy T ot T ou (2:2)
we can obtain the corresponding 3-order prolongation vector field as follows
(3) syt O
pPv=v4+ Y U , (2.3)
1<i+j+1<3 Ui yd 1l
where U'¥’t" are defined by
Uxiyjtl = DwUmiilyjtl — (DIX)umiyth — (DIY)um'i—lyj+ltl — (DIT)Uwi—lyjtl+1, (24)
= DyUxiyjiltl — (DyX)Uwi+1yj—1tl — (DyY)U;I'iyjtl — (DyT)Uwiyj—ltl+1, (25)
= DtUxiyjtlil — (DtX)Uwi+1y_jtl,—1 — (DtY)Uwiy_j+1tl,—1 — (DtT)’U,Iiyjtl. (26)
The invariance of Eq.(1.1) under the infinitesimal transformations (2.1) needs
p@Via]| =0, (2.7)

A=0

Substituting Eqgs.(2.4)-(2.6) into the above equation and using Maple programm, the expressions
for X,Y,T,U can be derived as

X = @ ; 03x+66t+67, (28)
Y = c3y + st + ca, (2.9)
T =cit + co, (210)
U:C?’;Clu—kch—kc?fy—kc& (2.11)

Here we omit the redundant computational process for simplification. Associated with this Lie

group, we have an 8-dimensional Lie algebra that can be represented by the generators

V_x6+t8_u8 V_a V_—x8+8+u8
Yoo "ot 200 27 ot 37 9 92 Yoy T 200
o @ @ 0 Voot ? v o ?

oy’ B 8y+35)u7 N 8x+35)u’ Ox’
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0
Vs = . 2.12
* 7 ou (2.12)
Thus, corresponding commutator table of {V;, (i =1,---,8)} can be constructed (see Table 1).

Table 1 ~ Commutator,[V;, V;] = V;V; — V}V;

1 Va V3 Vi Vs Ve V7 Vs

Vi 0 Vs 0 0 Vs ‘;6 —;/7 ‘gs
Vo Va0 0 0 Vi V= 0 0
Vs 0 0 0o -Va -V B g 5
Vi 0 0 Vi 0 o % 0 0
Vs Vs Vi V5 0 0o 0 5 0
Vo 0 -V T8 "B 0 0 0 0
Ve 7 0 b 0 0 0 0
Ve B0 Vs 0 0o 0 0 0

2 2

In this paper, we don’t pursue the further properties of this Lie algebra.
Theoretically, all of the similarity variables associated with Lie symmetries (2.8)-(2.11) can

be derived by solving the following characteristic equation:

dr dy dt du
x=y-r-Uu (2.13)

Because of the complexity we only obtain certain special similarity reductions by selecting
corresponding arbitrary constants. Some examples are listed as follows.
Case l. ciy=c3=c5=¢=0

Similarity variables are

£:$—07t, n:y_04t7 V(gvn):u_cst' (214)
Co Co C2
Corresponding reduced equation is
—c c c
Ve — "V 4+ 3VeVy + Vegy + = 0. (2.15)
Co C2 C2

Case 2. ¢1 #0,¢4 #0,c3=c5 =c =0
Similarity variables are

2 —
e= (% +er) (aatrenn= C;y—lnlclt+cQ|,V(£,n)=< f;“m) (cxt+e2)?. (216)
4

Corresponding reduced equation is
¢
12V/EVeVy + eV + ) Vi + 2046 Ve — Ve — 261€Viy = 0. (2.17)
Case 3. ¢c; =c3 #0,¢c6 #0,¢5 = 0.
Similarity variables are

Ce C3C7 — C2C¢ _
§=z— Cgt_ 2 In|cst + cof, n = (csy + ca)(cst + c2) 71,
3
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Cg 36303 — CgC4q

v =u-— t In|cst . 2.18
&n)=u 305" 32 nest + co (2.18)
Corresponding reduced equation is
3cs — Cicﬁ + PO 3¢,V — BesnViy + 9¢s VeV + 3c3Veey = 0. (2.19)
3 3
Case 4. ¢1 # c3,¢1 #0,c3# 0,05 =cg =0
Similarity variables are
C1 —C3 €3 —c1 —e3
E= < 5 x—|—07> (et +c2) 21 | n = (csy +ca)(crt +ca) 1,
Vien = (7 Mute) @t (2.20)
Corresponding reduced equation is
2(c1 — c3)V + deanVy, + 2(er — ¢3)€Ve + 12¢3Ve V) — (1 — ¢3)?e3Vee, = 0. (2.21)

83 Painlevé analysis and soltion solution

For a NLEE, its Painlevé test has been performed by Weiss, Tabor and Carnevalel®l. Ac-
cording to this theory, we may expand the field u about a singularity manifold ¢(x,y,t) = 0

as

w="> ui(z,y, )" (z,y,1), (3.1)
=0

where the constant « should be a negative integer and there should be N arbitrary func-
tions in w,;(x,y,t) and ¢(x,y,t) of every branch if it is a N-order NLEE. Inserting u o
uo(z,y,t)p*(x,y,t) we can find that a = —1, up(z,y,t) = 2¢.(z,y,t) and Eq.(3.1) is mod-
ified to
_ 2¢g(x,y,t
~ olay,t)

Then, substituting the above equation into KdV equaiton (1.1), we have

) + Z wi(z, y, t)¢" " (, 9, ). (3.2)

(i + 1)(Z - 1)(Z - 6)¢y¢iuz = F(uiflv s, Uo, ¢ta ¢ma ¢mm; o ')a (33)
where we set u;(z,y,t) = u;, ¢(x,y,t) = ¢ for simplification. This means that the resonances
are given by —1,1 and 6. From Eq.(3.3), the following equations can be found.

1=0, Uy = 2¢, (3.4)

i=1, the compatibility condition is satisfied identically,

this means u; is an arbitrary function
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=3, - 12u3¢y¢i - 3u2y¢925 - 3¢y¢wu2w + ¢wt + 3u2¢w¢my + 3u1m¢my + 3u2¢y¢mm
+ 3U1y¢mm + ¢wwwy =0, (36)
1 =4, U1t + 3u§¢y¢x - 30U4¢y¢i - 4U3y¢925 + 3U1yulx - 2¢y¢xu3x + 16U3¢x¢xy

+ 8U2sPay + 200U2zy + 14UsdyPrs + TU2yPra + PyUoes + Uady + SUsU1y e
+ 3uadyUiz + U2Pray + Uizay = 0, (3.7)
i=25, Ut + BUsUoy y — 24usy P + BuoyUiy + Susdyloy + SutyUsy + 6dyPrtiay
+ 30Ut Pry + 10U Dry + 4Pr U3y + 24Usdy Pre + U3y Pre + 20y U3zs
+ 2uzy + 12uzuady dr + 6ust1y @y + 6usdy iz + 2U3dray + Uzzay = 0,  (3.8)
i=6, Ut + 12u3dy dr + 6usuay by + Sususydy + 6usydr + Suzyuis + 6uzdyus,
+ Sugyay + 3uzdyusy + 3uryuse + 18y Pruse + 48UsPyPry + 12Uss Py
+ 60 Uszy + 36U5Dy Dy + VayPra + 3OyUdes + 3Usdy + 18UsU2Dy Py
+ Uty Pz + UadyUis + 3UsPray + Uspay = 0. (3.9)
By using Maple programm and Kruskal’s simplified ansatz!l ¢ = 2 + 1 (y,t), we can obtain
u;, (1 = 2,3,4,5) in turn from Eqgs.(3.5)-(3.8) and substituting them into Eq.(3.9) yield

wit — Yty — 3yyuiyt + 3Vyruryy + 3Py Uyytiar — 6UyYyrtiay

+ 3ty iy + 3¢§¢th1my = 3Ypbybyyuiee = 0. (3.10)
It means that 1, u; are not arbitrary, namely, this new (2+1)-dimensional KdV equation (1.1)
has not Painlevé property.

Despite this equation does’t possess Painlevé property, certain physically interesting solu-
tions can be derived from corresponding Bécklund transformation,

u=2(Ing) +ui, (3.11)
U1 + 3'LL1I'LL1y + Ulgay = 0, (312)
¢t¢x + Suly(bi + 3¢y¢xulx - 3¢acy¢xx + 3¢x¢xmy + (by(b:c:c:c =0, (3-13)
¢wt + 3u1w¢wy + 3U1y¢m@ + ¢ajajajy = O, (314)

which is obtained by using the truncated Painlevé expansion (3.2) at the constant level term.

If setting u; = a and ¢ = 1 4 ek=+W—FIt the following soliton solution

2kekx+1y—k21t

(3.15)

e 2
—l—a:a—i—k—ktanh{ ki ly—l—klt}

u =
1+ ekx+ly7k2lt 2

can be obtained from Eq.(3.11).
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84 Summary and discussion

In this paper we obtain the following two theorems.
Theorem 1.

The new (2+1)-dimensional KdV equation(1.1) has Lie point symmetries (2.8)-(2.11) and
the generators construct an 8-dimensional Lie algebra.
Theorem 2.

The new (2+1)-dimensional KdV equation(1.1) has no Painlevé property in WTC meaning.
An auto-Bécklund transformation (3.11)-(3.14) is obtained by using the truncated Painlevé
expansion (3.2) at the constant level term.

In addition, similarity reductions and those embedded properties which may be used in
other methods [8~9! are worthy of studying further. For instance, if setting similarity variables

as £ = ct,n = —x + cy,V(&,n) = u, we have a similarity reduction equation
Ve = 3V2 + Vi = 0. (4.1)

Thus, from its nonlinear superposition principle, another new solution
6

= 4-2
“ 2coth[2(—x + cy) — 32¢t] — tanh[—z + cy — 4ct] (42)

can be obtained.
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